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b− a

n
∈ [a,b], j = 0, . . . ,n.
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/X��¯y�S�_��ÙýÉ©­�®Z�¥�ÊÉSË�¯"��¯|¯¬�S±¿§B¨¥�©�Ê��¯�¯"�E�©�P¯"�E��¯¸·¿«"¨B�_�_�©�"�_¯��=�S�¥�Ê¢¬�Î���p�ÊÉS���S�Î�S�h®S¢¬��§�±�¯¬±��E�����
�"¢Ê¨",S�5¯¬�S¢���� ¢"��¯"�_¨¥�2¢"�¥���Ê±¿�_¢	��Ç ) �S���G®À¨¥¢¸�E#��S�E��¯�¯¬�S®S®Z�E¯"�E��¯�$�� ) ±����pÙ�±�¯¸�Ê�ý�S� ���_¢¸�ç¨¥±¿�
���E�¡ S¢¬�:,À�S±-�S�y�_�E�Y®Z�E¢¬�"�_�Y�_�©�Ê¯��S�8¢"�_¯¬��¨¥�8¢¬�E���Ê±¿�_¢����8$��S�y��¨r�_�E���À¨¥±�¯¬¯Ê¨¥���_�y�S�y���_¯��_�¥�h·
®Z�E¢¸�Ê�_�Y�_�©�"¯���­�®Z�_¯P�S�E�S¯P®Z�_¢"�Y���P�S�h®S¢¬��§¥�E±�¢�����¯��_�E�Y®-�¥¢¬�Ê�������©�Ê¯y´)���Ê��¢"¯	�&Ç ) ¨¥���Ê¢"�Y®À¨¥¢¸�E#
���E�S¯î¯"�S®S®Z�E¯¬�E�S¯7$��S�ª�������E��®Z�E¢¸�Ê�_�Y�_�©�@ E�¿�E À¨¥�À�S��¢"��¯"��¨B�ø®Z�_���Ý3��"¢"�ª�S�_�S��±¿���S�_¯î�_�E�Y®Z�E¢¸·
�"�_�Y�_�©�Ê¯��E �¯"�_¢¸§E��¯ ¯"�S¢��çÉÀ¨"$����r¯¬�Ê¨B�Ê±¿�E�8�S�P�_�E�Y®��ç¨" E�-�/Ì���¯ÈÉ©­�®Z�¥�ÊÉSË�¯"��¯> E�_���_¢Ê¨B���_¯&#S�Ê¢"¨¥�S¯¸·
®Z�E¯¬�_�_¯U�r�S�E¯D���E�S�S���_¯	#�¢"��§�±¿�_�S�S���©�.�r¯"�S®�®-�E¯¬�_¢8$��S�"#�®Z�E�S¢��çÉS¨-$��S�y¯¬�Ê¨B�Ê±¿�E���S�È�_�E�Y®��ç¨" E�-#
���E¯��_�E�S¢¬ -��¯��E S¯"��¢¬§¥�_�_¯È¯"�E�©�ª����¯�¢"��¨B��±�¯"¨B�Ê±¿�E�S¯�� ) �����Y����Ë_���Ð�S�������Ý¨¥�= ¥�y�S����­�®Z�

Yij = fi(tj) + εij =

K
∑

k=1

llk (Xi) f
∗
k (tj) + εij, i = 1, . . . ,m, j = 0, . . . ,n,

Hu�tJ
�-´�#�����¯y´)�E�S���"±��E��¯

(f ∗k )k=1,...,K

¯¬�E�©�r�¿�_¯y�_�¥��®Z�E¢¬�"�_�Y�_�©�Ê¯y��­�®Z�_¯·HN�E� ®S¢¬�-,À��¯y��­�®Z�_¯KJy�S�h�Ý¨
¯¸�ç¨B�"±��E�H�S���_�E�Y®��Ê¨- E�8�_�E��¯"±����_¢"���-#³�E S¯¬�_¢¸§E�_¯ø¯"�S¢��Ý¨± E¢"±¿���¿��H\£�JMÞ³���_¯Î§B¨¥¢¬±Ý¨¥ S�¿�_¯h¨¥�¿��¨B�"�E±�¢¬�_¯
���E���E S¯¬�_¢¬§¥�_��¯

(Xi)i=1,...,m

¯"�¥����¯¬�S®S®Z�E¯"���_¯P±<� ±<� ���Z������§B¨¥�����S¢"¯ �S¨¥�S¯y� ) �_��¯"�_�r S���Î�S±¿¯"��¢"���
{1, . . . ,K} #¥��������¯����E¢"¢¬�_¯¬®-�E���S�_�©�î¨¥��Ù|§B¨¥¢"±�¨¥ S�¿�_¯��pÙ��� EË��S�_¯R±¿�S�_�E�������_¯³¨�­©¨¥�©�R���S�D±��GÛÀ�S�_���_�¯¬�S¢����³�Ê¢Ê¨r,À��¢¬�E���"±��_¢ÝH «¬�E�S¢&�S����¨ª¯¬�_��¨¥±����-#���¨B���_���S¢"±¿�_¢�¯"�_�¥�Ý¨¥±¿¢"�-#_���p�Ê�_�¥¢"�E�¿�� E±��"#����"�-�µJ¶Þ^����¯�§B¨^·
¢¬±Ý¨¥ ����_¯Ð¨¥���_¨B�Ê�¥±�¢"��¯

(εij)i=1,...,m, j=0,...,n

�Y���S����±¿¯"�_�©�Ð���¡ S¢¬�S±¿� �S�Î����¯"�S¢¬�-�&Ì���¯�É�­�®Z�¥�ÊÉ�Ë_¯"��¯
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�S�E��¯��E�©�=�À¨B�"�S¢"�����¿�_�Y�_�©�ø���E�S�S��±¿�­� ���Ê±��¿±�¯¬�_¢h�S�S�ô�Y���"ÉS���S�ô�S�ô���Ý¨¥¯¬¯"± ,À��¨B�"±��E� ¨¥���"�E�ø¨(·
�Ê±%$��S�ø¨r,À� � ) �_¯¸�Ê±��Y�_¢|����¯r®S¢¬�-,À��¯���­�®-��¯

(f ∗k )k=1,...,K

��ÇÐ��®S�¿�S¯	#&�S�¥�S¯Î¨�§E�E��¯r´N¨¥±¿�|¨¥®�®-���7�
�S��¯r®S¢¬±��S��±�®Z�_¯r���ø�Ý¨=�ÊÉ��_�E¢¬±��ø���ø� ) ¨¥®S®�¢"�_�©�"±�¯"¯"¨- E�ø¨",À�G� ) ��¯¬�Ê±¿����¢r�¿���S�¥�¡ S¢"���E®��"±���¨¥�w�S�
�_�¥��®Z�E¢¬�"�_�Y�_�©�Ê¯

K
�W/�¨��Y���"ÉS���S�Î�_¯¸��¢"�_¯¬�S�Y�_�h�À¨¥�S¯��¿�¡�çÉÀ¨¥®S± �Ê¢¬� � �p���S���Ê¨¥±��¿�����r�À¨¥��¯P�¿�

�çÉÀ¨¥®�±¿�Ê¢¬�8£G��Ç ) ¨¥���Ê¢¬�=®À¨¥¢¸�E#
�S¨¥�S¯¡�¿�ø�çÉÀ¨¥®�±¿�Ê¢¬� � #��S�E�S¯¡���&,À�S±¿¯"¯¬�E�S¯h�Ý¨��S±�¯¸�ç¨¥�S���=�S�
Rn+1$��S±&�_¯¸�È���Ê±��¿±�¯¬�_�y���¥¢"¯��S�P�S�¥�"¢"���_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E�8���ª�_�����E�©�"¢"�E�S¯��S���|®S¢¬�E®S¢¬±����"��±��Y®-�E¢¸�ç¨¥�©�"�

®Z�E�S¢D�S�B�Ê¢"�Ð���Ê���S�-�ÀØR�8�&Ä-���	#S�S�E��¯��_�E�S¯¸�ç¨B�"�E�S¯8$��S�y�S�¥¯��S�E�S�S���_¯&#=$��S±�¯"�¥�������_¯D´)�E�S�p�Ê±¿�E�S¯
�S�ý�Ê�_�Y®S¯&#��S��®-����§E���©�Î®À¨¥¯23��Ê¢¬�ø�S±¿¯"��¢"±��Y±����_�_¯P¨�§E�����S�S���S±�¯¸�ç¨¥���_�ø���Ý¨¥¯¬¯"±%$����ø�_�¥���Y�h�Ý¨
�S±¿¯¬�ç¨B�S�_�D���S�_�¿±��S±¿�_�S���-�©Ì��p�"�"��®S¢"�E ����_��¨B�"±!$��S����¯¬�³®À¨B¢w�pÙ��_�Y®S�¿�D���"�S�S±������À¨¥�S¯0Å Ç>/W�U�E�rÆ=$��S±
�_¯¸�P�_�E�S¯"¨¥�_¢¬�k�=� ) ¨¥�À¨B�¿­�¯"�h�S�Î´)�E�S�p�Ê±¿�E�S¯��S� �Ê�_�Y®S¯&#X�E�5���E�S�S���_¯r�p§E�E�¿���Ê± §E��¯	#&�E�ý�S�E�S�S���_¯
���¥�= E±¿�"�S�S±¿�À¨¥����¯	�BÌ��_¢¸�ç¨¥±¿�S�_¯R���ª���E¯R�_�E��¢" Z�_¯³®S¢"��¯"�����"�_�©���S�E�S���S��¯³¯"±��Y±���¨¥¢"± �Ê��¯����ª¯¸�Ê¢¬�S���"�S¢"�HN���_¯��_�¥�S¢" Z�_¯�¯¬�_�¡ S��¨¥ S�¿�_¯��"¢Ê¨¥��¯"�Ý¨^�Ê�_��¯D����¯D�S�S��¯�®À¨¥¢D¢"¨¥®S®Z�E¢¬�D¨¥��Ù�¨¥���Ê¢¬�_¯ßJ7$���±�¯"�E�©��®S¢¬±�¯¬�_¯
�_���_�¥��®��"�y®À¨¥¢��S�B�Ê¢"���S±¿¯¬�Ê¨¥�S�_�

∆ (x,y) =

√

(x− y)′D (x− y),

��´�#
x
�p�
y
¯¬�E�©�¡�¿�_¯�§E�_�p�Ê���S¢"¯

(fi1(tj))j=0,...,n ∈ Rn+1
�p�

(fi2(tj))j=0,...,n ∈ Rn+1
#�¨�§¥�_�

�S��¯D§¥¨B���_��¢"¯
(i1,i2)

�À¨B�S¯ {1, . . . ,m}2
Þ���¨¡�ø¨B�"¢"±¿�_�

D
#��S� �Ê¨¥±��¿���

n+ 1
#��_¯¸���S�&,À��±��y®À¨¥¢��_�_¯

�_�¿�_�Y�_�©�Ê¯
Dkl =

(n+ 1)− |k − l|
n+ 1

, k = 1, . . . ,n+ 1, l = 1, . . . ,n + 1./&¨y���p�ÊÉS���S���S�ª�_�Ý¨B¯"¯"± ,À��¨^�Ê±��¥��¨B���Ê�E��¨B�"±!$��S�D�p���S��®S¢¬��§�±�¯¬±��E�Y�_¯¸�����E�Y®À¨¥¢"���2HN�À¨¥��¯î�¿���çÉÀ¨^·
®S± �Ê¢"�|£�J0�����S�r�Y���"ÉS�����|� ) �_¯¸�Ê±¿�ø¨B�"±��E���S��¯Ð®À¨¥¢"¨¥�YË��Ê¢¬�_¯ª�S�ô�Y����Ë_�����S�P�Y�_�Ý¨B�= E�ÃHN�tJ8$��S±
�_¯¸�  À¨B¯"�_�|¯"�S¢Ð�Ý¨h�ø¨^Ù�±¿��±¿¯Ê¨B�"±��E�����r�Ý¨Y���� ^·õ§�¢Ê¨¥±¿¯"���¡ S�Ý¨B�S�_�"�/Ì����¬�Ê�r���_¢"��±�Ë_¢¬�r�Y���"ÉS�����P´N¨¥± �
¨¥®S®Z�_�=�����S���pÙ��Ê���S¯"±¿�E��¯¸�Ê���çÉÀ¨¥¯¸�Ê±!$��S���S��� ) ¨¥�% E�E¢¬±¿�ÊÉ����îØî°àHNØ
Ù�®Z�_�p�ç¨B�"±��E�Y¨¥���ø°�¨^Ù�±��Y±�¯Ê¨(·
�Ê±¿�E�«JM�SØR���¶Ä��p�E#/����¯D§B¨¥¢"±�¨¥ S����¯�¨¥�¿��¨B�"�E±�¢¬�_¯

(Xi)i=1,...,m

���Ê¨¥�©�È���E�8�E S¯"��¢¬§¥�_�_¯&#�� ) ¨¥�% E�E¢¬±¿�ÊÉ����
Øî°����E�S¯R®Z�_¢"�Y���³���ª��¨^Ù�±��Y±�¯¬�_¢��S�S������ ^·õ§�¢Ê¨¥±¿¯"���¡ S�Ý¨B�S�_�î�_�E�Y®S�¿���Ê����®À¨¥¢R�S��¯³¯"±��r�S�Ý¨B�"±��E��¯
�S���_��¯�§¥¨B¢"±Ý¨B S����¯	�
mpmrÙ¬Ú5t � o�s­á��pt�s=t uXjwvPq8nX�_vyu&m�o|q

/X�_¯��çÉÀ¨¥®S± �Ê¢¬�_¯.�Y�p��¦�¯¬�E�©�ª�S�_�S±¿�_¯.�Î� ) ���"�S�S���S�������SË_�¿� �S�y�Ê¢"¨¥�S¯¬�Ý¨B�"±��E�
fi(·) = f (· − θ∗i ) + εi(·), i = 1, . . . ,m,

HN¦pJ
��´�#

f : R → R
�_¯¸�Y�S�S�8´)�E�S���"±��E�

T
·�®Z�_¢¬±����S±!$��S�ø±��S���E�S���S�FH

T = b − a
JMÞR����¯h§B¨¥�¿�_�S¢¬¯

(θ∗i )i=1,...,m ∈ Rm
¯¬�E�©�È�¿�_¯D®S¨¥¢Ê¨¥�YË��"¢"��¯��S�y�Ê¢Ê¨B�S¯"��¨B�Ê±¿�E��±����_�E�S���S¯&�ÀØR���¶Ä��p�E#S��¨¡�_��¨¥¯"¯¬±%,À�_¨^·

�Ê±¿�E� ���_¯Ð���E�S¢¬ -��¯ ±�¯¬¯"�S��¯ �S�LH � J����E�S¯y¨h´N¨¥±¿�È�_�E��¯¬�ç¨^�Ê�_¢C$��S�-#-�À¨¥�S¯ ���_¢¸�ç¨¥±¿�S�_¯È�S�_¯ ���Ý¨¥¯¬¯"��¯	#
����¯h�_�E�S¢¬ -��¯�¯¬�_�¡ ��Ý¨¥±¿�_�©�h¯"���S�_���S±�¢¬���¿�_¯h�S�S��¯ø�S��¯ø¨B���Ê¢¬�_¯h®À¨¥¢h�S�S��¯"±¿��®������Ê¢"¨¥�S¯¬�Ý¨B�"±��E���
Ç ¨¥��¯��S�B�Ê¢"�ª�_�¥���"�pÙ��Ê�"#����_��¨|®Z�_����¯ ) �pÙ�®S�¿±!$��S�_¢�¨¥±¿¯"�_�Y�_�©�î�_�ø¯"�S®S®Z�E¯"¨¥�©�7$��S�È����®SÉS���S�E�YË_�S�
¨¥�¿��¨B�"�E±�¢¬�î���D´)�E¢"��¨B�Ê±¿�E�P�S�_¯R���E�= E��¯¬�Ê±¿�E�S¯w�����Ê¢"¨",À�D¢¬�E���Ê±¿�_¢� ©¨¥¢"���D�Ý¨ª�Ã3�����¯¬�Ê¢¬�S���"�S¢"��� ) �S�
«¬�E�S¢2� � ) ¨¥���Ê¢"���ø¨B±�¯y§B¨¥¢"±¿�ø�À¨¥��¯r���Y�Ê����®S¯&#�� ) ��¯¬�¸·^�^·õ�S±�¢¬�ø�À¨¥��¯¡�Ý¨¡«¬�E�S¢"���_�-��Ç ¨¥��¯¡�����çÉÀ¨^·
®S± �Ê¢"�Ã�*#��S�E�S¯|¢"��¯"�S�Y�E�S¯|���_¯|¢"��¯"�S� �ç¨B�"¯|�ÊÉ��_�E¢¬±!$��S�_¯|�E ��"�_���S¯	#��S���Ê¨¥±��¿���E��¯P�¿�_¯|���¥�"±¿§B¨B�"±��E�S¯
�������E�S�S�E��¯����_¯�¢¬�_¯¬�S�¿�Ê¨B�Ê¯D¯¬�S¢��S�¥�"¢"� ®S¢¬��§�±�¯¬±��E�8�S� �"�_�Y®S¯��S�y®À¨B¢"�_�¥�S¢"¯&�§/X�y�çÉÀ¨¥®S± �Ê¢"�y¦Î��¯¬�
� ) ¨¥¢¸�Ê±������È¯"�E�S�Y±�¯&#��S�¥�S¯�­=�&Ä-�_�p�Ê�S�E��¯È� ) ��¯¬�Ê±¿�ø¨^�Ê±��¥�ø�S��¯ª®S¨¥¢Ê¨¥�YË��"¢"��¯

(θ∗i )i=1,...,m ∈ Rm
®À¨¥¢

�S�S�h�Y���"ÉS�����Î�S�
M
·���¯¬�Ê±¿�ø¨^�Ê±��¥����/X�h�����SË����¡�p�Ê�S�S±¿�h�_¯¬�P���ý´N¨¥± ���S�_���S±¿���S�ý�Y���SË����LH)¦pJ



� £ Q*R>SUTWV�X>V@Y
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®S¨¥¢w�S�h®À¨¥¯¬¯Ê¨- ¥�0� �Ý¨  À¨¥¯¬���S� â �E�S¢¬±��_¢��S���S�E¯w´)�¥�S���"±��E�S¯8H � JK�©²R���S¯R®�¢"�_��±�¯¬�_�Y�_�©�E#E���h�S�¥�ç¨B���
j
���y�S�¥�¡ S¢"�����E��®����pÙ�� �"�_�($��S�

j2 = −1
#À���y�Y���SË���� �p�Ê�S��±��y¯ ) �_��¢"± �

dil = e−jlα
∗

i cl(f) + wil, i = 1, . . . ,m, l = −(n− 1)/2, . . . ,(n− 1)/2,

�-´�#
n
��¯¬�È¯"�S®S®Z�E¯¬�¡±��Y®À¨¥±¿¢	Þ��¿�_¯�§B¨¥�����S¢"¯

(cl(f))l∈Z

¯"�¥���Ð����¯È�����¶®���±������"¯Ð�S� â �E�S¢¬±��_¢��S�P�Ý¨
´)�¥�S���"±��E�

f
Þ_���_¯X®S¨¥¢Ê¨¥�YË��"¢"��¯ (

α∗i = 2π
T
θ∗i
)

i=1,...,m

¯¬�E�©���S�E¯&®À¨¥¢"¨¥��Ëp�Ê¢¬�_¯X�S�w�"¢Ê¨¥�S¯¬�Ý¨B�"±��E�y���E¢¸·
��¨¥�¿±�¯"��¯	ÞX�¿�_¯�§¥¨B¢"±Ý¨B S����¯|¨B����¨^�Ê�E±¿¢"�_¯

(wil)i=1,...,m, l=−(n−1)/2,...,(n−1)/2

¯"�¥���r±<� ±<� ���X�_�¥��®S�¿�pÙ��_¯
�p�P�����S�_�¿±�¯¬�_�©�P���Î S¢¬�S±¿�P�S�Y����¯"�S¢¬�-�&ÚÐ±¿�S¯"±N#X�Ý¨= À¨¥¯¬����� â �E�S¢¬±���¢P��±Ý¨- E�¥�À¨¥��±¿¯"�¡� ) �¥®-��¢Ê¨B�"�_�S¢
���ª�"¢Ê¨¥�S¯¬�Ý¨B�"±��E�h�p���S�¥�S¯�®Z�_¢¬���p��� ) �_¯¸�Ê±¿����¢î�¿�_¯³§B¨¥�����S¢"¯î�S�_¯�®À¨¥¢"¨¥��Ëp�Ê¢¬�_¯î�S�ª�"¢Ê¨¥��¯"�Ý¨^�Ê±��¥�Y���
�Y±���±��Y±�¯Ê¨B�������y��¢"± �ÊË_¢¬�y�_�Y®S±�¢¬±!$��S�

Mn(α) =
1

m

m
∑

i=1

n−1

2
∑

l=−n−1

2

δ2
l |c̃il(α)− ĉl(α)|2 ,

�-´�#
α = (αi)i=1,...,m ∈ Rm Þ

c̃il(α) = ejlαidil, i = 1, . . . ,m, l = −(n− 1)/2, . . . ,(n− 1)/2,

��¯¬�ª���y�����¶®Y�_±����©�È��� â �E��¢"±���¢D¢"��®SÉÀ¨¥¯¬�-Þ
ĉl(α) =

1

m

m
∑

i=1

c̃il(α), l = −(n− 1)/2, . . . ,(n− 1)/2,

��¯¬�h��¨ ����­¥�_�S�S�=���_¯h�_���&®Y�_±¿�_�©�Ê¯Î¢¬�_®SÉS¨¥¯"��¯	ÞR�Ý¨�¯"�S± �Ê�
(δl)l∈Z

��¯¬�h���E�©§E�_�S¨¥ S���������©���çÉ��E± ·
¯¬±��"�ÈÖª�E�S¯����E�©�"¢"�E�S¯��Ý¨H�_�¥�S¯"±¿¯¬�ç¨B�S�_�5�S�G� ) ��¯¬�Ê±¿�ø¨^�Ê�_��¢��¥ ��Ê����� �À¨¥�S¯��_�G�Y���SË_�¿�ý¯¬�_�Y± ·
®S¨¥¢Ê¨¥�Y���"¢"±%$����-#S¨B±��S¯¬±($����P¯"¨Y���E¢"��¨¥��± �Ê�Ð¨¥¯¬­��Y®��Ê�¥�"±!$��S�"�
mpmpmrÙ�Ú*��t�nX}�kDj
v|q8z�t nXuXj
{8z�u�{�j
t��p�pt
Ç ¨B�S¯¡�����çÉÀ¨¥®S± �Ê¢¬� � #��S�E�S¯¡���Ý¨¥¢9 E±�¯¬¯"�E��¯|�¿�ø�Y���SË�����HN¦pJM�
ØR�I�¶Ä��p�E#
� ) ���Ê±��¿±�¯"¨B�Ê±¿�E���S�����

�Y���SË_�¿�È¯ ) ��¯¬��¨�§E��¢"���A3��Ê¢¬� ±����&®Y��¨¥��� �À¨¥��¯D�S�¥�"¢"�Ð�_¨¥�S¢¬� �S� ®S¢¬��§�±�¯¬±��E���S�Ð�"¢Ê¨",À�"�ÀÌ����Ý¨r®Z�_���
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p0

#��S�E�S¯¡�����_�E���À¨¥±�¯¬¯"�E��¯Î���_¯|�S�E�S���_�_¯h�S��§�± �Ê��¯"¯"�­$��S�ø®-�E��¢¡����¯r®Z�_¢"±¿�����_¯
¯¬�"¢"±¿���Ê�������©��±���´)��¢"±����S¢"��¯0�

p0

µ
V s
j0(p), p ∈ {1, . . . ,p0 − 1}, s ∈ {1, . . . ,S}./ ) ±¿�S�_�: E�_�S��¢Ê¨¥�¿�y®-�¥�S¢�� ) �_¯¸�Ê±���¨B�"±��E�Y�S�
'�²î² �_¯¬�	#S� ) �S�S��®À¨¥¢¸�E#=$��S�y� ) ± �Ê±¿�S�_¢"¨¥±�¢¬�È¯¬�S¢����&$����_�

�S�E± ��¯"�P�S��¢"�E�S�¿�_¢���¨h®�¢"��§�±¿¯"±��¥��®Z�_���C3p�Ê¢¬�P���_�_�¥��®Z�E¯"������¯¸�ç¨B�"±��E�S¯����P���E�Y®��ç¨- ¥�-�ÀÇ ) ¨¥���"¢"�
®À¨¥¢¸�E#=$��S�P�Ý¨¡���E�S�À¨B±�¯"¯"¨¥�S���2�h�S��±��S¯¸�ç¨¥�©�

H
�S��¯�§�± �Ê�_¯¬¯"��¯

(

V s
j0(p)

)

p≥p0®Z�E�S¢ �Ê�¥���Ê��¯y���_¯y¯¸�ç¨B�"±��E��¯y�S�h�_�E�Y®��ç¨" E�¡�S�h� ) ±¿�"±��S��¢Ê¨¥±¿¢"�"#Z���E�S¯y®Z�_¢"�Y�������h´N¨B±�¢"�r���¡�_¨¥�����S�
�S��'�²î²\�-ÚÈ±��S¯¬±<#À�S�B�Ê¢"�P®S¢¬�E S��Ë������S�|®S¢"�p§�±�¯"±¿�E���S�|�"�_�Y®S¯È���|®À¨B¢"�_�¥�S¢"¯È�_¯¬�Ð�S� ®�¢"�E S�¿Ë_�Y�
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���=®S¢"�p§�±¿¯"±¿�E�I�S�_¯h���E�S¢" Z�_¯h�S��§�± �Ê�_¯¬¯"�8®Z�E�S¢Î�çÉÀ¨-$��S�8¯¸�ç¨B�"±��E�I�S�=���E�Y®��ç¨- ¥�-�R²��E�S¢Î�_�p�"�"�
®�¢"��§�±¿¯"±��¥��#R�S�E�S¯h´N¨¥±¿¯"�E�S¯h� ) É©­�®-�B�ÊÉSË�¯"��$��S��¯"�S¢Y�çÉÀ¨-$��S��¯¬�Ê¨B�Ê±¿�E� �������E��®��ç¨- E�"#R±���� Ù�±¿¯¬�"�
�����S�¥�¡ S¢"�>,S�S±X�S���_�E��¢" Z�_¯ª�S�y§�± �Ê��¯"¯"��$��S±X¢"��®S¢"��¯"�����"�_�©�E#6�5$����_�!$��S��¯.ÛS�S���"�À¨B�Ê±¿�E�S¯�®S¢¬Ë_¯	#
�¿�_¯h�_�¥��®Z�E¢¬�"�_�Y�_�©�Ê¯h��­�®-��¯ø¯¬�S¢������¬�Ê� ¯¸�ç¨B�"±��E�H�S������¯"�S¢¬�-�îÇÐ�E���-#î�S�E�S¯Y¯"�S®�®-�E¯¬�E�S¯Ã$����
�"�E���"�P���E��§E�����¿�P���E�S¢¬ -���S��§�±¿�Ê��¯"¯¬�|®Z�_���C3��"¢"�P¨¥®S®�¢"��Ù�±��Y�_��®À¨¥¢�� ) �S���S���_��¯Ð®S¢¬�-,À��¯D��­�®Z�_¯&�
²��E�S¢�� ) �_¯¸�Ê±���¨B�"±��E�����5���_¯ ®�¢"�-,À�¿¯	#��S�¥�S¯�´N¨B±�¯"�¥�S¯�¨¥®S®Z�_���V���S�5�Y���"ÉS���S�5���Ý¨¥¯¬¯"±%$����ý���
���Ý¨¥¯¬¯"± ,À��¨B�"±��E�|ÉS±���¢Ê¨¥¢¬�çÉS±!$��S���p��� �S�h®S¢¬±��S��±�®Z��� ) ¨¥®S®S¢¬�_�©�Ê±¿¯"¯"¨- E�-��ÇÐ¨¥�S¯R�Ý¨È¯"�_�p�Ê±¿�E�h¯"�S± §¥¨B���"�-#
���E�S¯w�S���_¢¬±¿§E�¥�S¯w����®S¢"±¿�S�_±¿®-�î�S�D��¨È���Ý¨¥¯¬¯"±%,S��¨B�"±��E���r/&¨ �Y���ÊÉ����S���S�D®S¢¬��§�±�¯¬±��E�×� ®S¢"�¥®S¢"���������
®S¨¥¢"�¿�_¢D��¯¬�È�S���Ê¨¥±��¿���_�È�À¨¥�S¯��¿�y�çÉÀ¨¥®S± �Ê¢"�|£G�
û�ü�c d q=t s8m�n�u�v|q8z�t vP}8}=j�o|}=j�m�k�t e q=o|n s=o|q�q=k�t�n
Ç ¨B�S¯����¥�Ê¢¬���Y���"ÉS����������®S¢¬��§�±�¯¬±��E�6#R�S�E�S¯h´N¨¥±�¯¬�E�S¯Y¨¥®S®Z�_�0�ý�S�S�����p�ÊÉS���S�8�S���_��¨¥¯¸·

¯¬±%,À�_¨B�Ê±¿�E�HÉS±���¢Ê¨¥¢¬�çÉS±!$��S�"�@/�¨ �_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E�VÉS±���¢Ê¨¥¢¬�çÉS±!$��S�8�_�¥�S¯"±¿¯¬�Ê���ý���Ý¨¥¯¬¯"��¢��S�� E¢"�¥�S®-�
� ) ±¿�S�S±¿§�±¿�S�S¯î�_���S�=���E�¡ S¢¬�Ð¢"���S�S± ���S�Ð�_�Ý¨B¯"¯"��¯	�SÌ��_�Ý¨P�S�E�S¯�®-��¢"�Y���D���Ð¢"��¯"�S�Y�_¢�� ) ±���´)�¥¢"��¨^·
�"±��E�8���E�©�Ê�_�����À¨B�S¯È���¥�Ê¢¬�|���çÉÀ¨¥�©�Ê±¿�����¥���S�P�S��®À¨¥¢¬�	�6/&¨h��±¿¯"���_� ®S�Ý¨¥�����S�r��¨h���Ý¨¥¯¬¯"± ,À��¨B�"±��E�
É�±��_¢"¨¥¢"�çÉ�±!$��S�y�S���_�_¯¬¯"± �Ê�|¨¥��®�¢"��¨B�Ý¨¥ S�¿� �Ý¨¡���&,À�S± �Ê±¿�E�

• �S��¯È±¿�S�S±¿§�±¿�S�S¯D�p�Ê�S�S±¿�_¯&#
• � ) �S�S�P�S±�¯¸�ç¨¥���_�ÃHN�E�8¯¬±��Y±��Ý¨B¢"±¿�"�zJR�_�©�Ê¢¬��±��S�S± §�±��S�S¯&#
• � ) �S�S�P�S±�¯¸�ç¨¥���_�ÃHN�E�8¯¬±��Y±��Ý¨B¢"±¿�"�zJR�_�©�Ê¢¬���_�Ý¨B¯"¯"��¯È� ) ±¿�S�S±¿§�±¿�S�S¯	�/X��¯=±��S�S± §�±��S�S¯�¯"�E�©�8±¿�_±ª�S�_¯�´)�E�����Ê±¿�E�S¯��Y�_¯¬�S¢"���_¯8¯"��¢��S�:�S�E�¡ �¢"��,À��± �S�ô®Z�E±��©�"¯�� ) �S�

±¿�©�Ê�_¢¸§B¨¥���¿�
[a,b] ⊂ R

#&®S���S¯|®S¢"���_±¿¯"�_�Y�_�©�|¯"�S¢|����¯|®Z�E±��©�"¯
ti = a + i−1

n
, i = 1, . . . ,n

�
¾ª�
±¿�S�S± §�±¿�S� ��¯¬�=���E�S�ô�S��§¥�_�p�Ê�_��¢=¢"�_���

x = (x1, . . . ,xn)
′ ¨�§E��� n ∈ N∗ HN����¯¬­��¡ Z�E��� = ′ >�p�ç¨¥�©������¯¬­��¡ Z�E�¿�ª���È�Ê¢"¨¥�S¯¬®-�E¯¬±¿�"±��E�h� ) �S�S�È�ø¨B�"¢"±¿�_�zJM�©Ç ¨¥��¯��_�p�"�"�Ð¯"�����"±��E��#©���E�S¯&«¬��¯¬�Ê± ,À�E�S¯

�¿�r�çÉS�¥± Ù����Î�Ý¨ø�S±¿¯¬�Ê¨¥�S�_�r�_�©�Ê¢¬�Y±¿�S�S± §�±¿�S�S¯È���Ê±¿��±�¯¬�_�|�À¨¥�S¯y�¿�r�çÉÀ¨¥®�±¿�Ê¢¬�Y£±H9Åë/�°�/&¤©£rÆËJ¶�XÌ��p�"�"�
��±�¯¬�Ê¨¥�S���-#�$����Î�S�E�S¯ ���¥�Ê��¢"�E�S¯

∆
#Z�_¯¸���S�&,S�S±��"#-®Z�E�S¢È�S�_��Ùô±��S��±¿§�±��S��¯

x ∈ Rn
���
y ∈ Rn

#
®S¨¥¢

∆(x,y) =
√

(x− y)′D(x− y),
H � � � J

�-´
D
�_¯¸�ª�S�S�P�ø¨B�"¢"±¿�_�>$��S�P�S�E�S¯��S�p�ç¨¥±¿���¿�_¢"�¥�S¯D®S�¿�S¯��ç¨¥¢¬���/ÇÐ��®S����¯	#/¨",À���S�P���¥���"¢"��¢8$����

∆
�_¯¬�� S±��������S�È��±�¯¬�Ê¨¥�S���-#��S�E�S¯î�Y�E�©�Ê¢"��¢"�E��¯Ý$��S�ª�Ý¨��ø¨^�Ê¢"±¿�_�

D
�_¯¸�� S±¿�_���S�&,À��±��p·õ®-�¥¯"±¿�"±¿§¥�-�

²��E�S¢D���_��¨*#��S�¥�S¯�¨¥�S¢¬�E�S¯� Z�_¯¬�E±��������¿�_�Y��� � � � ��Ú&§B¨¥�©��� ) �_�S�¥�S�_��¢ª��� �������Y�-#��S�¶,À�S±�¯¬¯"�E��¯
��¨¡�ø¨^�Ê¢"±¿�_� �_¨¥¢"¢¬�_���S�+'��gf�®S��± �ßB

A
H9Å ÞP� � �"ÆËJ¶#S�����Ê¨¥±��¿���

m ∈ N∗ #À®À¨¥¢�¯¬�_¯ª�_�¿�_�Y�_�©�Ê¯
∀i = 1, . . . ,m, ∀j = 1, . . . ,m, aij = c− |i− j|,

�-´
c ∈ R

�À���E±¿�	#S¯"�¥�S¯�´)�E¢"�Y�y�ø¨^�Ê¢"±¿�_±¿�_���¿�-#

A =











c c− 1 . . . c−m + 1

c− 1 c

� � � ������ � � � � � �
c− 1

c−m + 1 . . . c− 1 c











.
H � � £�J

h�jmlªlnj ��iN� C è×ýmÖ¶Õ�è¶ãMÿ5ÎÊÑ�å-Ñ§Õ7ýmè�æ å1ÿ1å-ÕNãMÎ<äKè
A
(@Ñ6ÐrÕ^Ö |A| (ÝýmÖH:�Ñ§Î<èUì*å-ã�H � � £�J+çrå-ÔGÕ

|A| = 2m−2(2c−m + 1).
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A
(Aæ åÜäKÐræ!ÐrÑ§Ñ6è

(l − 1) x æ åÜäKÐræ!ÐrÑ§Ñ6è l (ì§ÐrÔmã�Õ�ÐrÔmÕ
l = 2, . . . ,m

(@Ñ6ÐrÔpÏ5Ð,&	Õ�è¶Ñ6ÐrÑ*Ï

|A| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

c −1 . . . −1

c− 1 1

< < < <<<<<< <<< < < <
−1

c−m+ 1 1 . . . 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

y ÎÊÑ*Ï¶Îz(Uè¶Ñ�ýmÖ¶ç-è¶æ!ÐKìtì*å-Ñ§ÕUäKè2ýmÖ¶Õ�è¶ãMÿ5ÎÊÑ�å-Ñ§Õ�ì*å-ã�ã9å¶ìtì§ÐrãMÕ x æ å+ì�ãßè¶ÿ5Î{a¶ãßè;äKÐræ!ÐrÑ§Ñ6è)(�Ñ6ÐrÔtÏ;Ð,&	Õ^è¶ÒÑ6ÐrÑ*Ï
|A| =

m
∑

l=1

(−1)l+1(c− l + 1)|Al1|,
H � ���tJ

Ð}|9( |Al1| èKÏ¶Õ;æ!è�ýmÖ¶Õ^è¶ãMÿ5ÎÊÑ�å-Ñ§Õ;ÿ5ÎÊÑ6è¶Ômã�ýmè A årÏKÏzÐzä¶Î<Ö x æ~-ÈÖ¶æ!Ö¶ÿ·è¶Ñ§Õ al1 (�ä�-ÈèKÏ¶ÕuÒ x ÒPý-ÎÊãßè)(×æ!èýmÖ¶Õ�è¶ã¶ÿ5ÎÊÑ�å-Ñ§ÕUýmè;æ å­ÿ1å-Õuã¶Î<äKè�ä4å-ãMãßÖKè
Al1

Ð,&	Õ�è¶Ñ§Ô«è1è¶Ñ��rÕÍå-Ñ§Õ8æ åkæ Î é-Ñ6è
l
è¶Õ8æ å�äKÐræ!ÐrÑ§Ñ6è

1
ýmèæ åÃÿ1å-ÕuãMÎ<äKè

A
< C -Èè�+&ì�ãßèKÏKÏ¶Î<ÐrÑþH � �µ�tJ:Ïzè>Ï¶ÎÊÿ:ì�æ Î :Uè�è¶Ñ�ãßè¶ÿ1å-ã��	Ô=å-Ñ§Õ��	Ô§è+æ!èKÏ;äKÐræ!ÐrÑ§Ñ6èKÏ

(l− 1)è¶Õ
l
ýmèAæ å·ÿ1å-ÕNãMÎ<äKè

Al1
ÏzÐrÑ§ÕUÖ<étå-æ!èKÏUì§ÐrÔmã+Õ^ÐrÔmÕ

l = 2, . . . ,m− 1
< y ÎÊÑ*Ï¶Îz(

∀l = 2, . . . ,m− 1, |Al1| = 0.
H � � ¦pJ

$ èUì�æ ÔtÏ)(@Ñ6ÐrÔtÏ2å-ç-ÐrÑ*Ï
Am1 = −A′

11

(Ýý.-ÈÐ}|
|Am1| = (−1)m−1|A11|.

H � � � J
I å-ã2äKÐrÑ*ÏzÖ~�	Ô§è¶Ñ§ÕH(�å-ç-èKäÃH � � ¦pJ�è¶Õ�H � � � J)(ÀÑ6ÐrÔpÏ2Ð,&	Õ^è¶Ñ6ÐrÑ*Ï:æ~-Èè�+&ì�ãßèKÏKÏ¶Î<ÐrÑLÏ¶ÔmÎÊçrå-Ñ§Õ^èÝì§ÐrÔGã
H � ���tJ?�

|A| = (2c−m + 1)|A11|.y ç-èKä2ýmèKÏ;ä4å-æ!ä¶ÔmæµÏAÏ¶ÎÊÿ5ÎÊæ å-ÎÊãßèKÏ)(5�&å-Î!Ï	å-Ñ§ÕÝå¶ìtì§è¶æ x H � � ¦pJ;è¶Õ×H � � � J)(�Ñ6ÐrÔtÏ5Ð,&	Õ�è¶Ñ6ÐrÑ*Ï

|A11| =

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 −1 . . . −1

1 1

< < < <<<<<< < < < < < <
−1

1 . . . 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 2|B11|,

å-ç-èKä)( |B11|
æ!èÃýmÖ¶Õ�è¶ãMÿ5ÎÊÑ�å-Ñ§Õ8ÿ5ÎÊÑ6è¶ÔGã�ýmè

A11

årÏKÏzÐzä¶Î<Ö x æ~-ÈÖ¶æ!Ö¶ÿ·è¶Ñ§Õ7Ï¶ÎÊÕuÔ«Ö×Ï¶ÔGã5æ å;ì�ãKè¶ÿ5Î{a¶ãßèæ Î é-Ñ6è;è¶Õ@æ å+ì�ãßè¶ÿ5Î{a¶ãßè;äKÐræ!ÐrÑ§Ñ6è2ýmè
A11

< I å-ã+ãßÖKä¶Ômã¶ãßè¶Ñ6äKè)(�Ñ6ÐrÔtÏ5Ð,&	Õ�è¶Ñ6ÐrÑ*Ï
|A11| = 2m−2.$ -ÈÐ}|Læ!è�ãßÖKÏ¶ÔGæ Õ<å-Õ{<

�

ÖÈ�¥�S¯��S�¶,À�S±�¯¬¯"�E��¯��ø¨B±��©�Ê���À¨¥�©����¨5��¨B�Ê¢¬±��_�
D
#î���Ê±¿��±¿¯"�_���À¨¥��¯��Ý¨ý�S�&,À��±¿�Ê±¿�E� H � � � JY�S� �Ý¨

�S±¿¯¬�ç¨B�S�_�
∆
#S®À¨¥¢����_¯��_�¿�_�Y�_�©�Ê¯

Dij =
n− |i− j|

n
, ∀i = 1, . . . ,n, ∀j = 1, . . . ,n.
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nD =











n n− 1 . . . 1

n− 1 n

� � � ������ � � � � � �
n− 1

1 . . . n− 1 n











.
H � � �tJ

� o~}«°�}xy	s�w~s�}�v ��i%¤ C - å¶ìtì�æ Î<ä4å-ÕNÎ<ÐrÑ
∆
ýmè;æ å
ýmÖH:�Ñ§ÎÊÕNÎ<ÐrÑ�H � � � JT(8å-ç-èKä×æ å­ÿ1å-ÕNãMÎ<äKè

D
ýmÖH:�Ñ§Î<èì*å-ã�H � � ��JT(8èKÏ¶Õ@ÔGÑ6è×ý-Î!Ï¶Õ<å-Ñ6äKè>Ï¶Ômã

Rn <
� o~jm�W��j ��i ¨ $ - å¶ì�ãTaKÏ1æ!è1æ!è¶ÿ5ÿ·èJ29<w2}(Cæ!èKÏ·ýmÖ¶Õ^è¶ãMÿ5ÎÊÑ�å-Ñ§ÕÊÏAì�ãMÎÊÑ6ä¶Îµì*å-Ô,+�ýmèÃæ å�ÿ1å-ÕNãMÎ<äKè

nDÏzÐrÑ§Õ�Õ�ÐrÔpÏAÏ¶ÕuãMÎ<ä¶Õ^è¶ÿ·è¶Ñ§Õ(ì§ÐzÏ¶ÎÊÕuÎ �ßÏ)(Uè¶ÑnèH�>è¶ÕH(
∀m = 1, . . . ,n, 2m−2(2n−m+ 1) > 0.y ÎÊÑ*Ï¶Îz(Ýæ å­ÿ1å-ÕNãMÎ<äKè

nD
èKÏ¶Õ0ýmÖH:�Ñ§Î<è0ì§ÐzÏ¶ÎÊÕNÎÊç-è)(.è¶ÕUæ~- å¶ìtì�æ Î<ä4å-ÕuÎ<ÐrÑ

∆
(0ýmÖH:�Ñ§Î<è;å-ç-èKä;æ!è.ì�ãßÐ	ý-ÔGÎÊÕÏzä4å-æ å-ÎÊãßè

x′Dy
(UèKÏ¶Õ6&	Î<è¶Ñ�ÔGÑ6è×ý-Î!Ï¶Õ<å-Ñ6äKè*<

�/&¨��S�&,À��±¿�Ê±¿�E�Y�S�È��¨y�S±�¯¸�ç¨¥�S���
∆
®Z�_���73p�Ê¢"�ª�_��¨¥¢4 ¥±��0���S�_¯³´)�E�S�p�Ê±��¥�S¯	��Öª�E�S¯����¥�Ê��¢"�E�S¯

∆�¿�_¯w���_��Ù¡�S±�¯¸�ç¨¥�S���_¯&#©�_�h¯"��¢¬��´)�_¢"¨¥�©�E#E� ) ¨¥®�¢"Ë_¯R�¿�_¯R¨B¢4 E�S�Y�_�©�"¯	#t� ��¨Ð�S�&,S�S±¿�"±��E�¡§¥�_���"�E¢"±¿�_�¿�����¥�
´)�¥�S���"±��E�S���_���¿�-�-���E±¿�_�©�

f
�p�
g
�S�_��Ùô´)�E�S�p�Ê±¿�E�S¯Ð��� C0

+([a,b])
#���´ C0

+([a,b])
��¯¬�y� ) ���S¯"���¡ S�¿�

���_¯
´)�E�����Ê±¿�E�S¯��_�E�©�Ê±¿���S�_¯R±¿���"�	 E¢"¨¥ S�¿�_¯	#(®Z�E¯"± �Ê± §E�_¯
���w Z�E¢¬�S�_��¯	#E�S�¶,À�S±¿�_¯w¯¬�S¢w� ) ±��©�"�_¢¬§B¨¥�¿���
[a,b]

�/&¨Î�S±¿¯¬�ç¨B�S�_�
∆
���©�Ê¢"�P����¯��S�_��Ù8´)�E�S���"±��E��¯

f
���
g
��¯¬�ª�S�&,S�S±���®À¨¥¢

∆(f,g) =

√

∫ b

a

∫ b

a

(f(u)− g(u))(f(v)− g(v))
(b− a)− |u− v|

(b− a)
du dv.

H � � ` J
� o~}«°�}xy	s�w~s�}�v ��i {uC - å¶ìtì�æ Î<ä4å-ÕNÎ<ÐrÑ

∆
ýmè�æ åAýmÖH:�Ñ§ÎÊÕNÎ<ÐrÑ�H � � ` J7èKÏ¶Õ�ÔGÑ6è7ý-Î!Ï¶Õ<å-Ñ6äKèÀÏ¶Ômã C0

+([a,b])
<

� o~jm�W��j ��i���� æ�Ï¶Ô��þÕ7ýmè�ÿ·ÐrÑ§ÕNãßè¶ãb�	Ô§è�æ~- å¶ìtì�æ Î<ä4å-ÕNÎ<ÐrÑ
〈f,g〉 =

∫ b

a

∫ b

a

f(u)g(v)
(b− a)− |u− v|

(b− a)
du dv

èKÏ¶Õ.ÔmÑ�ì�ãKÐ	ý-ÔmÎÊÕ8Ïzä4å-æ å-ÎÊãKè×Ï¶ÔGã C0
+([a,b])

<
�ÝèKä¶ÎCèKÏ¶Õ�&	Î<è¶ÑÜæ!èkä4årÏ)(�ì�ÔGÎ!Ï*�	Ô§èAì§ÐrÔmã1Õ�ÐrÔmÕ^èAì*å-ÎÊãßèýmè��EÐrÑ6ä¶ÕNÎ<ÐrÑ*Ï
f
è¶Õ
g
ýmè C0

+([a,b])
(@Ñ6ÐrÔtÏ×å-ç-ÐrÑ*Ï)(

� ì§ÐrÔGã+Õ�ÐrÔGÕ λ ∈ R, 〈λf,g〉 = λ〈f,g〉 (� 〈f,g〉 = 〈g,f〉 (� 〈f,f〉 ≥ 0
(Uè¶ÑnèH�>è¶ÕH(

f ≥ 0
è¶ÕWì§ÐrÔmã+Õ^ÐrÔmÕ

(u,v) ∈ [a,b]2, 0 ≤ (b−a)−|u−v|
(b−a) ≤ 1

(
� 〈f,f〉 = 0 ⇒ f = 0

(8è¶ÑOèH�>è¶ÕH(�ì�ÔmÎ!Ï*�	Ô§è
f ∈ C0

+([a,b])
(ÝÑ6ÐrÔpÏ2å-ç-ÐrÑ*Ï

〈f,f〉 = 0 ⇒ ∀(u,v) ∈ [a,b]2, f(u)f(v)
(b− a)− |u− v|

(b− a)
= 0

⇒ f = 0.$ -ÈÐ}|
æ!è�ãßÖKÏ¶Ômæ ÕÍå-Õ{<
�
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Ç ¨¥�S¯P�S�¥�"¢"�h�_�¥���"�pÙ��Ê���S�h�_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E� �S�h�_�E�S¢¬ -��¯|���Y§�±¿�"�_¯¬¯"�-#&�¿�Î®S¢"±¿�S�_±¿®À¨¥�w±¿���"�_¢93��

�S���_�p�"�"�P��±�¯¬�Ê¨¥�S���
∆
¢"�_¯¬±��S���À¨B�S¯��Ý¨¡®S¢¬�E®-�¥¯"±¿�"±��E�=¯¬�S±¿§B¨¥�©�"�-�

� or}«°�}�yEsÊw~s�}xv ��i ³�� ÐrÎ<è¶Ñ§Õ
f : [a,b] → {0,1} è¶Õ gε : [a,b] → {0,1} ýmÖH:�Ñ§Î<èKÏ7ì*å-ã

f(t) = ll[a,b](t)− ll]α,β[(t),è¶Õ
gε(t) = ll[a,b](t)− ll]α+ε,β+ε[(t),å-ç-èKä)(

a < α < β < b
è¶Õ
ε ∈ I = [a− α,b− β]

< y æ!ÐrãßÏ)(
∆2(f,gε) =

{

−2
3(b−a) |ε|3 + 2(β−α)

(b−a) |ε|2 ∀ε ∈ [α− β,β − α] ∩ I,
2(α−β)3

3(b−a) + 2(α−β)2

(b−a) |ε| ∀ε ∈ (]−∞,α− β[∪]β − α,+∞[) ∩ I.
� orjm�(��j ��i ²u� ÐrÔtÏ�ì§ÐrÔmç-ÐrÑ*Ï7Î<ä¶Îz(�Ï	å-Ñ*Ï\ì§è¶ãMÕ^è8ýmè�émÖ¶Ñ6Ö¶ã4å-æ ÎÊÕ�Ö)(xÑ6ÐrÔpÏ7ãßèKÏ¶ÕNãßè¶ÎÊÑ�ý-ãßèUå-Ô,++çrå-æ!è¶ÔmãKÏì§ÐzÏ¶ÎÊÕuÎÊç-èKÏ0ýmè

ε
< y ÔtÏKÏ¶Îz((Ñ6ÐrÔtÏ7Ï¶Ôzìtì§ÐzÏzÐrÑ*Ï��	Ô«è

β−α < b−β (\è¶ÕWÑ6ÐrÔpÏ.ä4å-æ!ä¶Ômæ!ÐrÑ*ÏÝÏzÖ�ì*å-ãßÖ¶ÿ·è¶Ñ§Õ
∆2(f,gε)

å-ç-èKä
ε ∈ [0,β−α]

è¶Õ�å-ç-èKä
ε ∈]β−α,b−β]

< y ÎÊÑ*Ï¶Îz(�ýtå-Ñ*Ï.æ!èAä4årÏ
0 ≤ ε ≤ β−α (Ñ6ÐrÔtÏ2å-ç-ÐrÑ*Ï

f(t)− gε(t) = −ll]α,α+ε](t) + ll[β,β+ε[(t),ýmÐrÑ6ä
∆2(f,gε) =

∫ b

a

∫ b

a

(f(u)− gε(u))(f(v)− gε(v))
(b− a)− |u− v|

(b− a)
du dv

=

∫ b

a

∫ b

a

(−ll]α,α+ε](u) + ll[β,β+ε[(u))(−ll]α,α+ε](v) + ll[β,β+ε[(v))
(b− a)− |u− v|

(b− a)
du dv

=

∫ b

a

∫ b

a

ll]α,α+ε](u)ll]α,α+ε](v)
(b− a)− |u− v|

(b− a)
du dv

−
∫ b

a

∫ b

a

ll]α,α+ε](u)ll[β,β+ε[(v)
(b− a)− |u− v|

(b− a)
du dv

−
∫ b

a

∫ b

a

ll[β,β+ε[(u)ll]α,α+ε](v)
(b− a)− |u− v|

(b− a)
du dv

+

∫ b

a

∫ b

a

ll[β,β+ε[(u)ll[β,β+ε[(v)
(b− a)− |u− v|

(b− a)
du dv

=
2

(b− a)

(
∫ α+ε

α

∫ α+ε

α

(b− a)− |u− v| du dv −
∫ β+ε

β

∫ α+ε

α

(b− a)− |u− v| du dv

)

=
−2

3(b− a)
ε3 +

2(β − α)

(b− a)
ε2.

$ å-Ñ*Ï+æ!è×ä4årÏ;Ð}|
β − α < ε ≤ b− β

(�æ!èKÏ5ä4å-æ!ä¶ÔGæµÏ>ÏzÐrÑ§Õ�Ï¶ÎÊÿ5ÎÊæ å-ÎÊãßèKÏ)(@å-ç-èKä
f(t)− gε(t) = −ll]α,β[(t) + ll]α+ε,β+ε[(t).$ -ÈÐ}|Læ!è�ãßÖKÏ¶ÔGæ Õ<å-Õ{<
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/ ) ���Ê±¿��±¿¯Ê¨B�"±��E�=�S�r�Ý¨���±�¯¬�Ê¨¥�S���

∆
®-�¥�S¢Ð��¨��_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E�ô¨B���Ê�E��¨B�"±!$��S���S�¡�S�¥¯Ð�_�¥�S¢" Z�_¯ ���

§�± �Ê�_¯¬¯"�|�_¯¬�  S±����Y«¬�S¯¬�"±%,À���r®À¨B¢È��¨�®S¢¬�E®-�¥¯"±¿�"±��E� � � ` �ZØR�ô�&Ä-���	#��Ý¨Î´)�E�S�p�Ê±¿�E�
f
�S�E�S�S���r�À¨B�S¯

�����¬�Ê�h®S¢"�¥®-�E¯¬±¿�"±��E�ô¯¬±��¡�����-#��S�Î�ø¨B�S±�Ë�¢"�¡�Ê¢¬Ë_¯�¯"±¿��®���±%,S�_�-#Z�Ý¨��çÉ����"�����Y��¨�§�± �Ê��¯"¯"�h�Y�_¯¬�S¢"���
�¿�E¢"¯R� ) �S���È���E�= E��¯¬�Ê±¿�E�h�S���"¢Ê¨",S�ª¢¬�E���"±��_¢&#E¯"��¢î���ø®Z�E±��©�³�S�E���S���S��¢¬�_¯¬��¨¥��#��S�y«¬�E�S¢R�S�¥�S�S�-�
ÇÈ�Î®S���S¯&#���¨�´)�E�S�p�Ê±��¥�

gε
¯"±��r�S���"#-�¿�¡�Ã3����P��­�®-�Î�S�Î®�ÉS�_�S�¥��Ë��S�Î�ø¨B±�¯È�"¢Ê¨¥��¯"�Ý¨^�Ê�r�S¨¥�S¯y�Ý¨

«¬�¥�S¢"�S���-�/ÚÐ±¿�S¯"±N#S�Ý¨h®S¢¬�E®-�¥¯"±¿�"±��E� � � ` �S�E�S¯ª�S± �C$��S�|®S����¯ª�¿��®SÉS�_���E��Ë��S�P¯"�_¢"¨������E±% E�S�y�À¨¥��¯
�¿�=�Ê�_�Y®S¯&#R� ) �_¯¬�¸·^�^·õ�S±�¢¬�-#R®S�¿�S¯

ε
¯"��¢Ê¨O E¢Ê¨¥����#R®S����¯���¨ ��±�¯¬�Ê¨¥�S���������"¢"���S�E¯Y�S�_��Ù ���E�S¢¬ -��¯

f
�p�
gε
¯"��¢Ê¨± E¢Ê¨B�S�S�-�À/�¨�,= E�S¢"� � � ���S�E��¯Î���E�©�"¢"���S�H� Ù�����®������S��¯h�S±�¯¸�ç¨¥�S���_¯

∆(f,gε)�¥ ��Ê�������_¯È¨�§¥�_�P����¯D§¥¨B���_��¢"¯��S�
f
���ª�S�

gε
�S�&,À��±��_¯�®À¨B¢

a = 0, b = 1, α = 0.2
�p�
β = 0.5

�
Öª�E�S¯����E��®S¨¥¢"�E��¯�¨¥�S¯¬¯"±����_¯�§B¨¥�����S¢"¯�¨¥��Ù�§B¨¥�����S¢"¯��E ��Ê�����S�_¯ª¨�§E���P��¨¡�S±�¯¸�ç¨¥���_�y�_���_��±¿�S±����S�S�
���Ý¨¥¯¬¯"±%$����-�-ÇÐË_¯A$��S�

ε ≥ β − α
#-� ) ��¯¬�¸·^�^·õ�S±�¢¬�r�SË�¯>$��S�¡�S�E¯Ð�S�_��Ù �çÉ����Ê��¯y�S�r§�±¿�"�_¯¬¯"�¡� ) �E�©�

®����S¯�� ) ±��©�Ê��¢"¯¬�_���"±��E�6#Z��¨Y��±�¯¬�Ê¨¥�S���|���S�_�¿±��S±¿�_�S�S�P¢"��¯¬�"�|���E�S¯¬�Ê¨¥�©�Ê�"��Æ���¨¥®S®À¨B¢Ê¨"â¿���S�E�S��$�� ) ���S�
�Y���"ÉS���S�È��� �_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E�ø À¨B¯"�_�Ð¯"�S¢D���S�Ð�S±¿¯¬�Ê¨¥�S�_�Ð�_�Ý¨B¯"¯"±%$��S�Ð�S�Ð®-�����U3p�Ê¢"�Ð�&®Y��¨¥��� �À¨¥��¯
��¨¡�_�E��¯¬�Ê¢¬�S���"±��E���S���_��¨¥¯"¯¬�_¯� S±¿�_�8¯"��®À¨¥¢"���_¯&�
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 æ]å�! � � � " t Ñ'�*å-ÔmÕw(.æ!èKÏ��EÐrÑ6ä¶ÕNÎ<ÐrÑ*Ï
f
è¶Õ
gε
ýmÖH:�Ñ§Î<èKÏ1ýtå-Ñ*Ï�æ å5ì�ãKÐKì§ÐzÏ¶ÎÊÕuÎ<ÐrÑ�29<�4?(Cå-ç-èKä;æ!èKÏçrå-æ!è¶ÔmãßÏ*�

a = 0, b = 1, α = 0.2
è¶Õ
β = 0.5

< C å6�EÐrÑ6ä¶ÕuÎ<ÐrÑ
f
èKÏ¶ÕÝè¶ÑLÕuã4å-ÎÊÕ«ì�æ!è¶ÎÊÑ/(�æ å��EÐrÑ6ä¶ÕuÎ<ÐrÑ

gε′
èKÏ¶ÕÝè¶Ñ�ì§ÐrÎÊÑ§ÕuÎÊæÊæ!ÖKÏsL

ε′ ∈ [0,β−α]
O·è¶ÕÀæ å��EÐrÑ6ä¶ÕuÎ<ÐrÑ

gε′′
èKÏ¶Õ7è¶Ñ�ÕuÎÊãßÖKÏ�L

ε′′ ∈]β−α,b−β]
O,<y Ô�ÿ5ÎÊæ Î<è¶Ô9((æ!èKÏ0çrå-æ!è¶ÔmãßÏ.ýmè

∆(f,gε)
ì§ÐrÔmã

ε ∈ [0,b−β]
< t Ñ�&KårÏ)((æ!èKÏ0çrå-æ!è¶ÔmãßÏ.ýmè0æ å;ý-Î!Ï¶Õ<å-Ñ6äKèè¶Ô§ä¶æ Îuý-Î<è¶Ñ§Ñ6èAè¶Ñ§ÕuãKè

f
è¶Õ
gε
ì§ÐrÔmã

ε ∈ [0,b−β]
< C å1ý-ãßÐrÎÊÕ^èCç-è¶ãMÕNÎ<ä4å-æ!è>ýtå-Ñ*ÏCæ!èKÏ>ýmè¶Ô,+�é-ã9å¶ì��§èKÏý-Ô3&KårÏ2å�ì§ÐrÔmã�å9&¶Ïzä¶Î!ÏKÏzè

β − α
<
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/X�_¯w¢¬�_¯"���¿�ç¨^�Ê¯w�S��¯w®S¢¬��§�±�¯¬±��E�S¯
�S�U'�² ¯"�E�©�³�S�p�ç¨¥±¿������¯&�À¨¥�S¯w��¨Ð¯"�����"±��E�Y£G� � �S�Î�çÉS¨¥®S±¿�"¢"�D£G�

ÖÈ�¥�S¯Ð¯¬�E�S��±% E�S��¢"�E�S¯ª¯"±¿��®����_�Y�_�©�È±���±\$��S�r�_�_¯Ð®S¢"�p§�±¿¯"±¿�E�S¯Ð���r�Ê����®S¯È�S�r®S¨¥¢"���E�S¢"¯Ð¯"�E�©�y¨B¯¸·
¯"�&Bø¯"¨B�Ê±¿¯¬´N¨¥±¿¯Ê¨¥�©�Ê��¯	#��_� ���ø¯¬�_�S¯¡�-´ ����¯|���E�= E��¯¬�Ê±¿�E�S¯|�S���"¢Ê¨",À��¯"�E�©�¡¨¥¯"¯¬�	B� S±¿�_� ��¯¬�"±��Y�_�_¯&�
Ç ) ¨¥���Ê¨¥�©�¡®S�¿�S¯×$��S���Ý¨��Y���"ÉS���S�����Ê±��¿±�¯¬�_�h±���±î�����_�E��¯"±���Ë_¢"��®À¨¥¯|�Ý¨=�Ê�¥�Ê¨¥��± �Ê�h�S�_¯r�S�E�S�S���_¯
�S±¿¯"®Z�E�S±� ����_¯&�ÀØR� �¶Ä��p�E#Z�S�E�S¯ª®-�¥��§E�E��¯Ð¯"��®S®-�¥¯"�_¢C$��S�|� ) ±¿�©�Ê¢"���S�S�p�Ê±¿�E�8�S�_¯È�S�E�S�S���_¯È�S�|���p·
 S± �³�����S�_¯î�S�E�S���_�_¯��S���ç¨¥��ÙÎ� ) ���_���S®À¨B�"±��E��¨¥�Y�_�¿±��E¢¬�_¢"�¥���w���_¯³¢¬�_¯"���¿�ç¨^�Ê¯	��²�¨¥¢����E�©�Ê¢¬�-#��S�¥�"¢"�
�Y���ÊÉ����S�h� ) �_¯¸�¡®À¨B¯|�S±¿¢"�����Ê�������©�¡¨¥®�®S��±¿��¨¥ S�¿����� ) ���S¯"���¡ S���h�S��¯r�S�¥�S�S�_��¯r¢¬�_�_���_±��¿��±¿�_¯	��Ø³�
�&Ä-���	#
¨B®S¢"Ë�¯¡�S±%Ä-�_¢¬�_�©�Ê¯|�_¯¬¯Ê¨¥±¿¯¡±��S�����À¨B���|�_��¯¡�S�E���S�_��¯¡�À¨¥�S¯r�S�¥�Ê¢¬�ø�Y���"ÉS�����-#&�S�E�S¯¡¨�§¥�E�S¯
�_�¥�S¯¬�Ê¨B�Ê�>$��S�y��¨r®S¢¬��§�±�¯¬±��E��� ) �p�ç¨¥± �D®À¨¥¯�����±����¿�_�S¢¬�-�m/ ) ���Ê±��¿±�¯"¨B�Ê±¿�E�h�S�_¯��S�¥�S�S�_��¯��S� �S�� S±¿�D���
�S�y�ç¨B��Ù8� ) �����_�S®S¨B�Ê±¿�E�8¯ ) ¨�§¥Ë_¢¬�23p�Ê¢"��®S�¿�S¯��S�_�¿±��_¨B�Ê�"�
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��­8¨¥���ÊÉS�E¢¬¯_µZ° ¨B¢"��/&¨�§�±¿�_���¿� ∗ # ¶ ��¨¥��·¸°�±¿�çÉS�_�W/X�E�S Z�_¯ ∗ ¨¥��� ØR��±¿��° ¨-B_¨ ∗∗ �
∗ ÌDÖÐÕÈ��·Ý/&¨¥ Z�E¢Ê¨^�Ê�E±¿¢"�Ð���r°�¨B�ÊÉS���ø¨^�Ê±!$��S��¯Ø�$��S±�®Z���S�P²³¢¬�E À¨¥ �±���± �Ê��¯	#����ç¨B�"±�¯¸�Ê±!$��S�y�p�Ð°������_��±¿¯Ê¨B�"±��E�
¾ °�Õ¢�E�©£-�r·î �¦^�Ê±��Y�_�©��¦�£ � #S¾ª�S±¿§¥�_¢"¯¬±¿�"�|²�¨¥¢"±¿¯È���S�� � ¦E¤ � × ¢"¯Ê¨�­=���_�S� Ù
∗∗ /�¨B -�E¢"¨B�Ê�¥±�¢"�Ð�S�|���ç¨B�"±�¯¸�Ê±!$��S�Ð���È²R¢"�E À¨B S±��¿±¿�Ê��¯¾ °�ÕJÌ ��� ���r·�¾ª�S±¿§¥�_¢"¯¬±¿�"�|²�¨¥�S����¨B À¨B�Ê±¿�_¢��� �G#S¢"�E���Ê�y�S�PÖÐ¨B¢" Z�E�S�S�
â ·�� � ¤E�©£�'��E�����E�S¯¬���_�_���pÙ�¦
° ¨¥¢¬�-��/&¨�§�±¿�_���¿�¨§ ��¨B�ÊÉ�� ��·õ®S¯"�S�6� ´)¢
¶ ��¨B��·¸°�±¿�çÉS�_�N�µ/X�E�� -��¯)§ �ø¨^�ÊÉ�� ��·�®�¯"�S��� ´)¢
ØR��±¿�-� ° ¨-B�¨�§y��¨B�"É�� ��®S¯¸·\�Ê��¯¬�-� ´)¢
ÚÐ S¯¸�Ê¢"¨¥���_µm'�É��Ð®S�S¢¬®-�¥¯"�Ð�B´��ÊÉ�±�¯�Â��¥¢~�h±�¯&#©�E���"ÉS�È�¥�S�ÈÉS¨¥�S��#©�Ê�P¯¬�"�S��­YÉS�zÂ��"�|´)�E¢¬�_��¨B¯¬�

¢"�E¨¥�V�"¢Ê¨"®Y�)��±��* G�E� ÉS±! EÉtÂ�¨�­ ������Â��E¢~��¯=¨¥����#³�E� �"ÉS���B�ÊÉS��¢�ÉÀ¨B�S��#³�Ê�ý�S�_¯¬�_¢"±¿ -��´)���Ê��¢"�
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®S¢¬�¥�Ê���_�E�7HN���¥�"�"�_�ô�¿±��S�EJª¨¥��� ¨B´]�Ê��¢È�ÊÉ��r®S¢¬�¥�Ê���_�E�7HN¯¬�E��±¿� �¿±��S�EJ¶�/Æ��ô�ÊÉS±¿¯Ð� ÙS¨B��®S�¿�-#Z�E�S� ­��"ÉS�
�ÊÉ�±�¢"�ý�_��¢¬§E��ÉÀ¨¥¯P��±¿¯"¯¬±��= 8�À¨B�Ê¨ ¨¥���G±�¯��&$��S¨¥�î�"� −1

´)�E¢�¯"�E�Y��®Z�_¢¬±����S¯	�����=#(Â�����¨¥�5¯"�_�
�ÊÉS¨B���S�¥�ª¨¥�¿���ÊÉ��P�Y±�¯¬¯"±¿�= ¡§B¨¥���S��¯�¨¥¢"�����E��®������"�_�8 ©­��ÊÉ��P®�¢"�¥�"�����E�<�
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 æ]å�!�£G� £ "ÀI æ!ÐrÕ�Ï±Ð^��ÁFÏ�ì§èKè4ý�ä¶ÔGãMç-èKÏ�Ð^��Á�äKÐrÑ*ÏzèKä¶ÔGÕuÎÊç-è�ýtå,vzÏ
�EÐrãLÕH�§è±äKÐrÔmÑ§ÕNÎÊÑmé±Ï¶ÕÍå-ÕuÎ<ÐrÑÑ§ÔmÿQ&¶è¶ã`2,7,(�&¶èH�EÐrãßè+Õw�§èUì�ãßÐrÕ�ÐzäKÐræ;L^ýmÐrÕNÕ�è4ýÃæ ÎÊÑ6èROÃå-Ñ�ý·å��MÕ^è¶ãAÕw�§èUì�ãßÐrÕ^ÐzäKÐræ�LNÏzÐræ ÎuýÃæ ÎÊÑ6èRO,<�ÂUÑ§æ¾vÕw�§è+Õw�mÎÊã9ýLä¶ÔGãMç-è#�*årÏ>ÿ5Î!ÏKÏ¶ÎÊÑmé·ýtå-Õ<å9<#½1è;ä4å-ÑLÏzèKè+ÕH�*å-Õ�Õw�§èUì�ãßÐrÕ^ÐzäKÐræ(ýmÐzèKÏAÑ6ÐrÕUäKÐrÿ:ì�æ!è¶Õ^è+å-æÊæÿ5Î!ÏKÏ¶ÎÊÑmé�çrå-æ Ô«èKÏÃLÍÑ6ÐrÕ�è4ý −1
O,<

´�µ{´�µ � ÷ªëRìScÄ¸�é³ð©í�aP��ÅÇÆ c�ígÈÐë�ï
'�ÉS��¨¥±¿�2�¥´��"ÉS�î¯¬�Ê����­�±�¯X�ÊÉ��î´)�E�¿���zÂ�±��* =�_ÚD�
¨ª���&ÂI�À¨�­

ξn0

#(¨B�&�"±��Y�
H ∈

[

t0+49
10

, t0+50
10

[ #
���E¢"¢¬�_¯¬®-�E���S±��= Î�"�Y®Z�_¢¬±����

t0
#=Â����E �¯"�_¢¸§E�P�ÊÉS��¯"®Z�_�����Y��¨B¯"�S¢¬�_�Y�_�©�Ê¯
Y s
n0

(t), ∀t < t0, ∀s = 1, . . . ,S,

�"É��S¯	#=Â��|���_�_�8�Ê�h´)�E¢¬�_��¨B¯¬�
Y s
n0

(t), ∀t ≥ t0, ∀s = 1, . . . ,S,

±¿���¥¢"�S��¢È�Ê��®S¢"���S±��p�È�"ÉS�|�"¢Ê¨�§E�����"±��Y���E��¨Ã ¥±¿§E��� ± �Ê±����_¢Ê¨B¢¬­��ÀÆ����S�_����#��E���_�2Â��; E�p� ¨B�����ÊÉ��
§B¨¥�¿�S�_¯

Y s
n0

(t)
#&´)�E¢P¨¥�¿�

t ≥ t0
¨¥���5´)�E¢|¨¥���R���E�S�©�Ê±¿�=  ¯¸�ç¨B�"±��E��¯

ζs, s = 1, . . . ,S
#X�"ÉS�_�nÂ��

�_¨¥�H¯"±¿��®S� ­ý�S�_�S���_�=�ÊÉS���"¢Ê¨�§E���D�Ê±¿���Y´)¢"�E� �E�S�=®Z�E±��©�¡�"� ¨¥�S�¥�"ÉS�_¢h¨B�r�Ê±��Y�
H + h

#�´)�¥¢
¨B��­

h ≥ 0
� ¡ �_�S���-#��"ÉS�¡±¿���"�_¢¬�_¯¬� ±�¯��Ê�·,À���ô�ÊÉS�r�"�_�S���_�S�p­ô�¥´R�"ÉS�¡�S�¶Âe�S¨�­

ξn0

#�¨B�S�ô�S�¥�
§B¨¥¢¬±Ý¨B�"±��E��¯w¨¥¢¬�E�S�S�Î�ÊÉ�±�¯
�"�_�S�S���S��­-�p'�ÉÀ¨B�î±�¯w���¥�R�ÊÉS���_¨¥¯"��±¿�h�"±��Y��¯¬�_¢"±¿�_¯î¨¥®S®���±��_¨B�Ê±¿�E�S¯&#¥¨¥���
�"ÉÀ¨B� ) ¯UÂ�É©­­Â��|�S±¿�S� ) ���S¯"���ÊÉ��_�
�

É5�ª¨¥¯"¯¬�S�����"ÉÀ¨B�R´)�E¢R�_¨¥�çÉø���E�S�©�Ê±¿�= �¯¬�ç¨^�Ê±��¥�
ζs
#E�ÊÉS��¢"��±�¯î¨y���S�¡ Z�_¢

ms

�¥´-¢"�_®�¢"�_¯¬�_�©�ç¨(·
�"±¿§¥�Ð Z�_ÉÀ¨�§�±��E��¢"¯��B´&¢"�©¨¥���Ê¢Ê¨r®��)��±¿�= =#��S�¥�Ê���

f1, . . . ,fms

� ¡ ���S�_�"#��ÊÉ��È´)�E¢¬�_��¨B¯¬�Ê±¿�= ¡�Y���"ÉS���



Y/�kjl�
Z�[�ÉÃQ��\_CV�ZÊ�0X:V@T � �
��¨B�� Z�y�S±¿§�±¿�S�_�8±��=��Â�����¨¥±¿�=®À¨¥¢¬�"¯_µ

• ��¯¬�"±���¨B�Ê�Y�ÊÉS�=¯¸�ç¨¥�S�S¨¥¢"�H®S¢¬�-,À����¯	# f1, . . . ,fms

#
´)�E¢¡�_¨¥�çÉH�_�E�����"±��= ¯¸�ç¨B�"±��E�
ζs, s =

1, . . . ,S
#

• ��¯"�y�ÊÉS��¯"�P¯¬�Ê¨¥�S�À¨¥¢¬��®�¢"�-,À�¿�_¯D�"�h´)�¥¢"�_�_¨¥¯¬���"¢Ê¨�§E���&�"±��Y�-�â �E¢R¯Ê¨Ë�¥�Ð�B´�¯¬±��Y®S��±¿�_±¿��­-#¥�p§E�_�ø±¿´Z�ÊÉS��¯"�ª¯¬�ç¨B�S�À¨¥¢¬�ø®S¢¬�-,À����¯³�S�_®Z�_�S���E�h�ÊÉS�ª�_�E�����"±��= P¯¬�Ê¨B�Ê±¿�E�
ζs
#tÂ��:Â�±��¿�À�S�¥�Ê�

m
�ÊÉ��È���S�¡ Z�_¢��¥´X Z�_ÉÀ¨�§�±��¥�S¢"¯�¨¥�S�

f1, . . . ,fm
#��"ÉS� ¨B¯"¯"���_±�¨B�Ê���ø¯¸�ç¨¥�S�S¨¥¢"�

®S¢¬�-,À����¯	�ZÆ��S�S���_��#-¯"±����_�|�"ÉS�r¯¸�Ê�S��­ ±¿¯Ð��¨B¢"¢"±¿�_���E���Ð´)�¥¢È�_¨¥�çÉ ¨¥�S�ô�p§E��¢¬­��_�E�S�©�"±��= �¯¸�ç¨B�"±��E�6#
±¿�D±�¯��S�¥�ª�S���_��¯"¯Ê¨B¢¬­8�Ê�h¯"®Z�_��±¿´]­��"ÉS��¯¬�Ê¨B�Ê±¿�E�=±��S���pÙ

s
�

'��� E�p����¯¬�Ê±¿�ø¨^�Ê�E¢¬¯R�¥´�¯¸�ç¨¥�S�S¨¥¢"��®S¢"�-,S���_¯
f1, . . . ,fm

#tÂ��È��¯"����Â��|�S±%Ä-�_¢¬�_�©���Y���"ÉS���S¯_µ�¨
�Y± Ù��Ê�S¢¬�È�Y���S�_�/±������_�p�Ê±¿�E�8£G���*#�¨¥�S�=¨¥�ø�_�Y®S±�¢¬±���¨B�À�_�Ý¨B¯"¯"± ,À��¨^�Ê±��¥���Y���"ÉS����±��8���_���"±��E��£G� ¦=�
ÚÐ�¿¯"�=#X±¿�5�¥¢"�S��¢��"����¨,�B�ø¨¥�©­ ���E��®S¨¥¢"±¿¯"�E�S¯� Z����Â��_���G�Ê¢"¨�§¥�_�³�Ê±¿���¡´)�E¢¬�_�_¨¥¯¬�"¯r�S¯¬±��= 8�ÊÉS��¯"�
��Â������p�ÊÉS���S¯&#«Â��; E�p�y¨
Õ^èKÏ¶ÕÝÏ	å-ÿ:ì�æ!è|�¥´

NT = 19
�S¨�­�¯&�6'�ÉS±¿¯È�Ê��¯¬�Ð¯Ê¨¥�Y®S���+Â�±��¿�X -�|�S¯"���

±�� ���_�p�Ê±¿�E�H£G� � �Ê��´)�E¢"����¨¥¯¸�¡¯"±¿�¡�S��¨B�Ê���5�Ê¢"¨�§E�_�î�Ê±¿����¯	�
×y ©§�±��¥�S¯"� ­�#WÂ����çÉ��E¯"�ø�"ÉS���À¨�­�¯¡�¥´
�ÊÉ�±�¯D�Ê��¯¬��¯"¨¥��®����y¢Ê¨B�S�S�E�Y�¿­�±��8¨¥�¿�����E��®������"�y�À¨�­�¯ª±¿�8¨¥���-�_�E��¯"�_�����Ê± §E�P�_�E�����"±��= h¯¸�ç¨B�"±��E�S¯&�
Æ��S�S���_��#�Â��ª�S�_�������E��®������"�D�À¨�­�¯��p§E��¢¬­pÂ�ÉS�_¢¬�Ð±¿�¡�ÊÉS��¢"�E¨¥�h¯"�_�p�Ê±¿�E�Î�Ê�� -��¨B S���D�"��´)�¥¢"�_�_¨¥¯¬�	�
× �S¢��_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E�=���p�ÊÉS���OH\���_���"±��E��£G� ¦pJ��_¨¥�8 -�y¯¬�_�_� ¨¥¯�¨Î���_¨¥¢"�S±¿�= r�"ÉS�_�E¢¸­=�Y���ÊÉ��B·

�S�E�¿�� ¥­-��'�ÉS�ª����¨B¢"�S±¿�= y�ÊÉS���E¢¬­h±¿¯î S¨¥¯"���ø�E�Y���_¨¥¢"�S±¿�= y´)¢"�E�e�ÊÉS�ª®À¨¥¯¸�î�"�|®�¢"�_��±����î�ÊÉ��ª´)���"�S¢"�"�
Æ�� �E¢"���_¢y�Ê�8®S¢¬�����_�_�ý±��ý¨=¯"±¿��±¿�Ý¨¥¢�´N¨¥¯¬ÉS±��E�6#���¨B�çÉG¯¬�Ê¨B�Ê±¿�E���À¨B�Ê¨¥ À¨¥¯¬�h±�¯y�S± §�±¿�S�_� ±¿���"����Â��
¯Ê¨B��®S�¿�_¯�µ

• ¨Oÿ·Ð	ýmè¶æ�Ï	å-ÿ:ì�æ!è¶#X�S¯"���G�Ê���_¯¸�Ê±���¨B�"��¯¸�ç¨¥�S�S¨¥¢"� ®�¢"�-,À�¿�_¯&#WÂ�± �ÊÉ NM

���E��®������"���S¨�­�¯H
80%

�¥´��"ÉS���À¨B�Ê¨tJ¶#
• ¨�æ!è4å-ã¶Ñ§ÎÊÑméÃÏ	å-ÿ:ì�æ!è¶#Z�S¯"�����Ê����¯¬�Ê±¿�ø¨^�Ê���ÊÉS�¡�¥®��Ê±¿�ø¨¥�&���S�¡ Z�_¢Ð�¥´³¯¬�Ê¨¥�S�À¨¥¢¬��®S¢"�",À����¯	#Â�± �ÊÉ

NL

���E�Y®S���p�Ê�y�À¨�­�¯;H
20%

�¥´��ÊÉS���À¨B�Ê¨tJ¶�
Æ������_�p�Ê±¿�E�ô£m�µ�*#�±��8�E¢"���_¢D�Ê�h��¯¬�Ê±¿�ø¨^�Ê� �ÊÉ��P���5���S�zÂ�� ®À¨¥¢"¨¥�Y���Ê��¢"¯��¥´��ÊÉ��P�Y± Ù��"�S¢"�y�Y�����_�<#Â��P��¯"���ÊÉS���Y���S����¯Ê¨B��®S�¿�-�
S�ü�c Ì m)Íøu�{�j�t�� oYs=t��
Æ�� �"ÉS±�¯Y®À¨¥¢¸�E#�Â�� ¨¥±���¨B�ø¢¬�_®S¢¬�_¯¬�_�©�Ê±¿�= ¢"�E¨¥�V�"¢Ê¨"®Y�
Â�±¿�ÊÉ ¨5�Y± Ù��"�S¢"�8�Y���S���<�RÚÈ¯ø¨

��¨B�"�"�_¢¡�¥´È´N¨¥���	#�Â�� ¨¥¯¬¯"�S�Y�=�ÊÉÀ¨^�Î�ÊÉS�8�À¨¥±¿�¿­G��§E�¥�����"±��E�I�¥´ª�ÊÉ��8§¥�_ÉS±¿�_�¿��¯¬®-���_� ±�¯Î�S¢"¨zÂ��
´)¢"�¥� ¨¡�Y± Ù��Ê��¢"� �¥´�®S¢¬�E À¨¥ �±���± ��­������=#�±¿��±¿¯D�S�_���_¯¬¯Ê¨¥¢¸­=�Ê�Î�_¯¸�Ê±¿�ø¨B�"�Ð�ÊÉ��y�_�E�Y®-�¥�S�_�©�Ê¯��¥´��"ÉS�
�Y± Ù��Ê�S¢¬�-#&¨¥¯�Â������î¨¥¯P�ÊÉS���E®��Ê±¿�ø¨B�w���S�¡ Z�_¢r�B´��_�E�Y®Z�E�S�_�©�"¯	�
���S�çÉ �Y���"ÉS���5ÉÀ¨¥¯|¨¥��¢¬��¨¥��­
 Z�_�_���S¯¬�_�  �����´)�E¢�¨�$��S¨¥��± �ç¨B�"±¿§E�Ð¯¬�Ê����­=�¥´�¢"�©¨B���"¢Ê¨"®Y�y±��OÅ ÇÐ���E� � Æ&�¥¢+Å ÌDÇ ²��U�¥�-Æ<�
´�µ � µ·¶ ùüë�ïÐcX`ÎïÈcXðg¸ZìSaR¹Èí�abë��
�����

ζs, s = 1, . . . ,S
#S�ÊÉS�|�_�E�����"±��= Y¯¬�Ê¨B�Ê±¿�E�LÂ��r¨¥¢"�P¯¬�"�S��­�±��= *� â �E¢��"ÉS±�¯�¯¬�Ê¨B�Ê±¿�E��#À�_¨¥�çÉ

�À¨�­
ξn,n = 1, . . . ,N

#rÂ����¥ S¯"��¢¬§E�D�"ÉS��§¥�_ÉS±¿�_����¯"®Z�_�_�Y¨B�
�S±�¯¬�_¢¬���Ê���Ê±��Y�_¯
t = 1, . . . ,T

#~Â�±¿�"É
T = 180

�¥�����E#(´)�E¢���¨¥�çÉ
n = 1, . . . ,N

#
yn = t(yn(1), . . . ,yn(T )) ∈ RT

�ÊÉS�î§E�_�p�Ê�E¢��¥´À�À¨B±��¿­
�E S¯¬�_¢¸§E�_��¯"®Z�_���S¯	#�¨¥�S�

Yn = t(Yn(1), . . . ,Yn(T ))
�ÊÉS�����E¢"¢¬�_¯"®Z�E�S��±��= �¢Ê¨B�S�S�E� §E�_�p�Ê�E¢&�tÉG�

¨¥¯¬¯"�S�Y�-#�¨¥¯@$��S�¥�Ê����±��ø�������Ê±¿�E�ø£G� £m�µ�*#©�"ÉÀ¨B�³�ÊÉS��¢"�Ð¨¥¢"�
m
�S± Ä���¢"�_�©��¨¥¢"�çÉ�����­�®-��¯	#

f1, . . . ,fm
#Â�ÉS��¢"��´)�E¢r¨¥���

j = 1, . . . ,m, fj = t(fj(1), . . . ,fj(T )) ∈ RT
��'�ÉS�=¨¥¯¬¯"�S�Y®��"±��E�  Z�_É�±��S�

�ÊÉ�±�¯³�����S������±¿�= Ð±¿¯R�ÊÉÀ¨B�îÉS±% EÉtÂD¨�­Î�"¢Ê¨"®Y��®SÉS���S�E�Y�_�À¨|¨¥¢"��±����S�_®Z�_�S���_�©��´)¢¬�E� �"ÉS�È®�¢"��§�±¿�E�S¯
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�S¨�­�¯&#�¨B�S�ý�"ÉÀ¨B���ÊÉ��_¢"��¨¥¢¬�Y� Ù��� E�_���E�S¯�§¥¨B¢"±Ý¨B S����¯ �ÊÉÀ¨B�������Ê��¢"�Y±��S�Î�"�
Â�ÉS±¿�çÉ5®S¨B�"�"�_¢"� �ÊÉ��
�¥ S¯"��¢¬§E���H�À¨B�ç¨� -�����E�= *�w���*#��"ÉS���Y��¨¥¯¬�S¢"���B´��ÊÉS�ø§¥�_ÉS±¿�_�¿�ø§E�������_±¿��­5¨B�r�E�S��®Z�E±¿���r�_�E�Y�_¯
´)¢¬�E� �¥�S�Î�¥´î�ÊÉS�h®S¢¬��§�±��E��¯y®À¨B�"�"�_¢¬�S¯	#�Â�± �ÊÉý¨¥� �E S¯¬�_¢¬§B¨B�"±��E� �S�¥±�¯"�"#6Â�ÉS±¿�çÉOÂ��Y¨¥¯"¯¬�S���Î�"�
 Z�PÞ�¨¥�S¯"¯¬±Ý¨¥�6� ¡ ���S�_�"#/�"ÉS�������S������¨¥�� Z�+Â�¢¬±¿�¬�Ê�_��µ

Yn =

m
∑

j=1

llj(Xn)fj + εn, n = 1, . . . ,N,
HL£G� � J

Â�É��_¢"�
• Xn, n = 1, . . . ,N

#Ð¨B¢"�ý±<� ±<� ���D�S�E�@�E S¯¬�_¢¬§B¨¥ ���� §¥¨B¢"±Ý¨B S����¯	#D�ç¨Ë��±¿�= H§¥¨B���S��¯�±¿�,�"ÉS�
�S±�¯¬�_¢¬���Ê�P¯"�p� {1, . . . ,m} #

• εn ∈ RT ,n = 1, . . . ,N
#(±¿¯�¨ÈÞ�¨¥�S¯"¯¬±Ý¨¥�y§¥�_���"�E¢	#^±����S�_®Z�_�S���_�©��´)¢¬�E� �"ÉS���¥ S¯"��¢¬§B¨B�Ê±¿�E�S¯&#Â�±¿�"É�§B¨¥¢"±�¨¥�S���

σ2IT
#tÂ�±¿�"É

IT
�ÊÉS�

T ×T ±��S�����"±¿��­Î��¨B�"¢"± Ùx�t'�ÉS�ª�E S¯¬�_¢¸§¥¨^�Ê±��¥�S¯����E�Y�´)¢"�E� �_�E�S�©�"±��= �¯¬�Ê¨B�Ê±¿�E�S¯�Â�ÉS±¿�çÉr¨B¢"�î¨¥���^�ÊÉS�³¯"¨¥���"#�¯Ê¨B�"±�¯¸´]­�±¿�= D�Ê���"ÉS��$��S¨¥��± ��­ �_�¥���"¢"�E�¿¯	�¡ ���S�_���ÊÉS�y§B¨¥¢¬±Ý¨¥�S���y±�¯D�Ê¨,�¥��� �_�¥�S¯¬�Ê¨¥�©�È�&$��À¨¥�X�Ê�
σ2
�'�É��y�S�5���S�zÂ��8®À¨¥¢Ê¨B���p�Ê�_¢¬¯�¨¥¢"�Bµ��"ÉS� ���S�¡ Z�_¢��¥´&���E�Y®-�E���_�©�Ê¯

m
Þ��"ÉS�y¨¥¢¬�çÉS����­�®Z�_¯

fj, j =
1, . . . ,m

Þ³�"ÉS���S�E±�¯¬�=§¥¨B¢"±Ý¨B�S�_�
σ2
Þ³¨¥¯�Â������ª¨¥¯Î�ÊÉ���®À¨B¢Ê¨¥�Y���"�_¢"¯Y�¥´È�ÊÉS�8�Ý¨EÂ �¥´

Xn

�@'�É��
��±�¯"��¢"�p�Ê�ª�Ý¨EÂ��¥´

Xn

±¿¯³�_�©�Ê±¿¢"�_� ­Î�çÉÀ¨¥¢"¨¥���"�_¢¬±!B_���ø ©­h�ÊÉS�ª®S¢¬�E À¨¥ S±¿��± �Ê±���¯
πj = P(Xn = j), j =

1, . . . ,m
�

Æ��ý¨·,À¢¬¯¬��¨¥®�®S¢"�©¨B�çÉ�#6Â���¨B¯"¯"�����r�"ÉÀ¨B�
m
±�¯������~Â��6�����_�¿�_���"±��= ��ÊÉS�Î¢¬±! EÉ©�y���S�¡ Z�_¢Ð�¥´

�Y���S�_�¿¯D±�¯D�"ÉS�y�Ê�E®S±¿�y�¥´w���_�p�Ê±��¥� £m�µ�*� £G� ¡ �_�S���-#À�ÊÉ��P®S¨¥¢Ê¨¥�Y���"�_¢¬¯��"�h -���_¯¸�Ê±¿�ø¨B�"�_�8¨¥¢¬�¥µ
Ψ = t(π1, . . . ,πm,f1, . . . ,fm,σ).

H\£m� £�J
�����

y = (y1, . . . ,yN)
�"ÉS�ø�¥ S¯"��¢¬§E���V§B¨¥�¿�S�_¯|�¥´��ÊÉ���¢Ê¨¥���S�E��¯Ê¨¥�Y®S�¿�

Y = (Y1, . . . ,YN)
�

����� ¨¥��¯¬�
x = (x1, . . . ,xN )

�ÊÉ��5�S�¥� �E S¯¬�_¢¸§E�_�@§¥¨B���S��¯��¥´|�ÊÉS�ý¢Ê¨B�S�S�E� ¯"¨¥��®����
X =

(X1, . . . ,XN)
�

â �E¢��_¯¸�Ê±¿�ø¨B�"±��= 
Ψ
#(Â������E�S¯"±¿�S�_¢P�ÊÉS�Y��¨^Ù�±��¡�S� ��±��¥�_�¿±�ÉS�������_¯¬�"±���¨B�Ê�¥¢	�����=#��"ÉS�ø�¿�� B·

�¿±z�B�_��±¿ÉS��������¨¥�� -�>Â�¢¬±¿�¬�Ê�_��±��=�"ÉS�y´)�E���¿�~Â�±¿�= |´)�¥¢"��µ
L(y; Ψ) =

N
∑

n=1

log

(

m
∑

j=1

πjφ(yn; fj,σ)

)

,
H\£m�µ�tJ

Â�É��_¢"�
φ(·;µ,σ)

±�¯��ÊÉS�P�S���S¯"± ��­8�¥´w¨�Þ�¨¥�S¯"¯¬±Ý¨¥�8§E�����"�E¢.Â�± �ÊÉ����_¨¥�
µ ∈ RT

¨¥�S�8§B¨¥¢"±�¨¥�S�_�
σ2IT

�§'�ÉS���¿�� B·��¿±z�B�_��±¿ÉS�����Y�_¯¸�Ê±���¨B�"�E¢D�¥´
Ψ
±¿¯�¨Î¢"���¥���¥´��ÊÉS���	$��À¨^�Ê±��¥�

∇ΨL(y; Ψ) = 0,Â�É��_¢"� ∇ΨL(y; Ψ)
±�¯R�ÊÉ��. ¥¢Ê¨¥�S±¿�_�©�î�¥´

L
Â�±¿�ÊÉh¢¬�_¯"®Z�_�p���"�P�"ÉS�ª�S�5���S�zÂ��ø®À¨B¢Ê¨¥�Y���"�_¢"¯³�¥´

Ψ
�

Æ��,¨I��± Ù��Ê�S¢¬�ô�����S���<#�¨¥�À¨¥�¿�� E�E�S¯��Ê� �ÊÉ��ý�¥�S��¯¬�"�S�S±����: �­:°��E/X�_±¿¯"É,¨¥�S�@����¨¥�¿�Ð±��Å °ô�*�¥�"Æ<#��"ÉS�h¯"�E�¿���Ê±¿�E���¥´î�ÊÉS�h®S¢¬��§�±��¥�S¯��	$��À¨B�"±��E� ��¨B�5 Z�h�_�E�Y®S���"�_�ý�&®Y�_±¿�_�©�Ê� ­�Â�±¿�"É5¨B�
Øî° ¨B�! E�E¢¬±¿�"ÉS��#w¨¥¯ø± ��±¿¯ø¯¸�ç¨B�"�_��±¿� �ÊÉ���Â��E¢~�V�¥´+�D¨B¯¬´)�E¢¬�*¨¥�S�:°��E/&¨¥�çÉS��¨¥��±��©Å��D°�� � Æ
�¥¢�Å °��E/W�©£~Æ<�@'�ÉS�ôØî° ¨B�! E�E¢¬±¿�"ÉS�àÂ�¨¥¯���¢"��¨^�Ê�_�  �­ ÇÐ����®S¯¸�Ê��¢	#Ý/�¨B±�¢"� ¨¥�S��Õª�S �±�� H)¯"���
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Å Ç>/&Õ `�` ÆÊJ �Ê���ø¨(Ù�±¿��±%B_�¡�"ÉS���¿�� B·õ��±z�B�_�¿±�ÉS�����
Â�±¿�"ÉG�Y±�¯"¯¬±��= 8�À¨^�ç¨*�&Æõ�|�_�À¨¥ ����_¯&#\Â�± �ÊÉ5¨�¢¬�p·
�_��¢"¯"± §E�8�Y���ÊÉ�����#��Ê�ý�çÉÀ¨¥�= E�=�"ÉS�8®S¢"�E ����_� �¥´È�ø¨^Ù�±¿��±%B_±��* ��ÊÉ����¿�� B·õ��±z�B�_�¿±�ÉS�����ý±��©�"� �"ÉS�
®S¢¬�E S����� �¥´���¨^Ù�±��Y±!B_±¿�= |�"ÉS���_�E�Y®S�¿���Ê���8���� B·õ��±��¥�_�¿±�ÉS�����Y�B´��"ÉS�������S�_�Lµ

LC(y,x; Ψ) =

N
∑

n=1

m
∑

j=1

llj(xn) log (πjφ(yn; fj,σ)) .
H\£G� ¦pJ

���p�
Zn = (Znj)j=1,...,m = (llj(Xn))j=1,...,m

�6'�ÉS±¿¯ §¥¨B¢"±Ý¨B S���|�_�E�Y®S���p�Ê��¯Ð�ÊÉS�Î�Y���S�_��¯"±����_�
±¿� ®-�E±¿�©�Ê¯ �E���AÂ�ÉS±��çÉý�_��¨¥¯"¯ �"ÉS�h¢Ê¨¥�S���E� §¥�_���"�E¢

Yn
 -�����E�= ¥¯Ð�Ê�=�6'�ÉS±�¯ §B¨¥¢¬±Ý¨¥ S�¿�|´)�E�¿���zÂ�¯y¨

�¡�S� �Ê±¿�S�E�Y±Ý¨¥�À�S±¿¯¬�"¢"±� ����Ê±¿�E�kÂ�±¿�"É����5���S�zÂ�� ®À¨¥¢"¨¥�Y���Ê��¢
π = t(π1, . . . ,πm)

�
/X���ª�S�_¯¬�_¢¬±� Z���"ÉS�

p+ 1
¯¸�Ê�_®��¥´��ÊÉS�PØî°�¨B�! E�E¢¬±¿�"ÉS�������p�

Q
(

Ψ,Ψ(p)
)

= E
[

LC(Y,X; Ψ)|Y = y; Ψ(p)
]

,
HL£G� � J

�ÊÉ��¡�pÙ�®Z�_���Ê¨¥�S�p­��¥´³�ÊÉS�Î�¿�� B·õ��±z�B�_�¿±�ÉS�����=�B´R�ÊÉS�Î���E��®������"�r�À¨^�ç¨*#-�_�E�S��±¿�Ê±¿�E�À¨¥�¿�¿­��"���ÊÉS�Î�¥ �·
¯"��¢¬§¥�_�ý�À¨B�ç¨G#�¨¥�S�±Â�± �ÊÉ�¢"��¯"®Z�_�p�P�"���ÊÉS�¡§B¨¥�¿�S�¡�¥´³�"ÉS�Î®À¨¥¢"¨¥���p�Ê��¢Ð�_�¥��®S���Ê�_�ý¨B�Ð�ÊÉS�Î¯¸�Ê�_®
p
#GÂ�¢"±¿�¬�Ê���

Ψ(p) �§'�ÉS���
Â��|�¥ ��ç¨¥±¿�
Q
(

Ψ,Ψ(p)
)

=

N
∑

n=1

m
∑

j=1

E
[

Znj|Yn = yn; Ψ
(p)
]

log (πjφ (yn; fj,σ)) .

¡ ���S�_�"#E�ÊÉS��¯¬�Ê��®
p+1

�¥´/�ÊÉ���Ø�°ÿ¨¥�% E�E¢¬±¿�ÊÉ��J±�¯w�S± §�±��S���Î±��©�Ê� ��Â���¯¬�ç¨" E�_¯�µ¥�ÊÉS��� Ù�®-�����ç¨^�Ê±��¥�
¯¬�Ê¨- E�1HNØÝJ�¨¥�����"ÉS���ø¨^Ù�±¿��±%B�¨B�"±��E�Y¯¬�Ê¨- E�ÃH\°�J µ
�9¯�� Æ�� �"ÉS±�¯|¯¬�ç¨" E�-#
�"ÉS��¢"¨¥�S�S�E��§B¨¥¢"±�¨¥ S�¿�

Znj
±�¯¡¢¬�_®S��¨¥�_���I ©­ ±¿�"¯r� Ù�®Z�_�p�ç¨¥����­�#R���E�S�S± ·

�"±��E�À¨B���¿­ �"�ý�"ÉS�8�E S¯"��¢¬§¥�_���À¨^�ç¨*#³¨¥���þÂ�± �ÊÉV¢"�_¯¬®-�����Y�Ê� �ÊÉS�8���S¢"¢¬�_�©��§B¨¥�¿�S�8�¥´Ð�"ÉS�
®À¨B¢Ê¨¥�Y���"�_¢_µ

τ
(p)
k (yn) = E

[

Znk|Yn = yn; Ψ
(p)
]

= P
(

Znk = 1|Yn = yn; Ψ
(p)
)

=
π

(p)
k φ

(

yn; f
(p)
k ,σ(p)

)

∑m
j=1 π

(p)
j φ

(

yn; f
(p)
j ,σ(p)

) .

� ¥ � Æ��8�ÊÉS±¿¯�¯¬�Ê¨- E�-#S�"ÉS���ø¨(Ù�±¿��±%B�¨B�"±��E��±�¯����E�S�S�S�p�Ê���ô ©­=�çÉS���E¯"±¿�= Y�"ÉS�y§B¨¥���S�y�B´��"ÉS�|®S¨^·
¢"¨¥���p�Ê��¢

Ψ
�ÊÉÀ¨^�³�ø¨^Ù�±¿��±%B_�_¯

Q(Ψ,Ψ(p))
�BÆõ�ÀÂ�±��¿�� Z�UÂ�¢"± �"�"�_�

Ψ(p+1)
��'�ÉS����¯¬�"±���¨B�Ê�E¢¬¯

¨¥¢¬� �ÊÉS�y´)�E�¿���zÂ�±��* E¯_µ
π

(p+1)
j =

1

N

N
∑

n=1

τ
(p)
j (yn),

f
(p+1)
j =

∑N
n=1 τ

(p)
j (yn)yn

∑N
n=1 τ

(p)
j (yn)

,

σ(p+1) =

(

1

NT

N
∑

n=1

m
∑

j=1

T
∑

t=1

τ
(p)
j (yn)

(

yn(t)− f
(p)
j (t)

)2
)1/2

.
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��[PYG[���� X>V Q�_0R#��[ � _
���8Q\[^V�_«ª!R:_.Q\[ � TWV�Y¬����Z�[PY9­
'�É����Y���S���mÂ��D�S¯¬�-#^�S�S�S��¢4 E���_¯��ÊÉS��¨B¯"¯"����®��"±��E��¯���§E��¢
�ÊÉ��DØî° ¨¥�! ¥�E¢"± �ÊÉS�
#	Â�ÉS±¿�çÉ¡�_�S¯¬�S¢"��¯
± �Ê¯����E�©§E�_¢9 E�_���_�-�
Æ����E¢"�S��¢ª�"�ø¨�§¥�E±���������¨¥�X�Y±���±���¨*#mÂ��rÉS¨�§¥�r�S¯¬�_��¨h¯¬�"���çÉS¨¥¯¬�"±��|¨¥®S®S¢¬��Ù�±¿�ø¨B�"±��E�=�B´
�ÊÉ��

Øî° ¨¥�! E�¥¢"±¿�"ÉS�
#-�ÊÉ��=��ÚÐØ�° ¨¥�! E�¥¢"±¿�"ÉS�
�X���S�çÉ ¨¥�! E�¥¢"±¿�"ÉS� ÉS¨¥¯| Z�_��� �S�p§E�_�¿�E®Z�_��#�¨¥�S�5±¿�Ê¯
���E�©§E��¢4 E���S�_�=ÉÀ¨B¯¡ -���_�I®S¢¬��§E�_�6#
 ©­ ÇÈ�_�¿­¥�E��#w°��E�S�¿±��S��¯r¨¥����/�¨�§�±������¿�Y±¿��Å Ç>/�°����-ÆN��'�É��
��¨¥±¿�5¨B��§B¨¥�©�ç¨- E�h´)�E¢��S¯¬±��= ô��Ú Øî° ¨¥�% E�E¢¬±¿�ÊÉ�� ¢Ê¨^�ÊÉS��¢P�"ÉÀ¨¥� Øî° ¨¥�! E�¥¢"±¿�"ÉS� ±¿¯P�"ÉÀ¨B���ÊÉ��
´)�¥¢"�Y�_¢&±�¯�����¯"¯
¯¬�_�S¯¬±¿�"±¿§E���Ê�È�"ÉS���çÉ��E±������¥´S�"ÉS��¯¸�ç¨¥¢¸�Ê±¿�= Ð®Z�E±��©��±��P�ÊÉS��¨¥�! ¥�E¢"± �ÊÉS�
� â �E¢�¨C E�����
�çÉ��E±����y�¥´&�ÊÉS��±���±¿�Ê±�¨¥��±%B�¨B�"±��E�Î®S¨¥¢Ê¨¥�Y���"�_¢¬¯	#��"ÉS���E���Ê���E�Y� �¥´��ÊÉS� ��Â��ø¨B�! E�E¢¬±¿�"ÉS��¯�¨¥¢¬�A$���±¿�Ê�
�"ÉS�r¯"¨¥�Y�-#§Â�ÉS±��¿�-#À´)�E¢È¨� À¨B�ô�çÉS�E±¿�_�-#/�ÊÉ��r�_¯¸�Ê±¿�ø¨B�"�_¯. E±¿§¥�_�� �­�¯"���_�_��¯"¯¬±¿§E�h¨B®S®S��±¿��¨B�"±��E��¯��¥´
Øî° ¨¥�% E�E¢¬±¿�ÊÉ�� ��¨¥�= Z�Ð´N¨¥¢��"ÉS� �E���Ð´)¢"�E� �ÊÉ�� �¥�ÊÉ��_¢"¯&�/× ���ÊÉS�Ð�_�E�©�Ê¢"¨¥¢¬­-#À��ÚÐØî° ®�¢"��§�±��S��¯
�"ÉS�Ð¯"¨¥�Y�Ð¢"��¯"�S� �Ê¯&� â �E¢����E¢¬�Ð¨B -�E�����"ÉS� �_�¥��®À¨B¢"±�¯¬�E�ø Z����Â��_���8¯¬�Ê���çÉÀ¨¥¯¸�Ê±¿�È§E��¢"¯¬±��E�S¯��¥´��ÊÉ��
Øî°�¨¥�! ¥�E¢"± �ÊÉS�
#tÂ��P¢"�p´)�_¢��Ê��Ì��_�¿�_��Ù8¨¥�S�nå-æ�</±¿�FÅë��ÌDÇ>�-�"Æ<#WÅ ÌDÇ>�©£"Æ��E¢+Å Ì�ÌDÇ:� � Æ<�

'�ÉS�ø¯¬�Ê��®
p + 1

�¥´��ÊÉ��=��ÚÐØ�° ¨B�! E�E¢¬±¿�"ÉS� �_�¥����¯|´)¢"�¥� �ÊÉS��¯¸�Ê��®
p + 1

�B´��ÊÉS�øØ�°
¨B�! E�E¢¬±¿�"ÉS� ±��=�ÊÉS�y´)�E�¿���zÂ�±��* 2Â�¨�­Zµ
�9¯2� '�ÉS�yØ ¯¸�ç¨- E�È±�¯î¢"��®S�Ý¨¥���_�� �­ø¨|¯¬±��¡���Ý¨B�"±��E�Î¯¸�ç¨- E�"��Æ��Y�ÊÉS±¿¯�¯¸�ç¨- ¥�-#pÂ��È�S¢Ê¨EÂ

K(p+1)¢"�_¨¥��±%B�¨B�"±��E�S¯��¥´
�ÊÉS�|�¡�S�¿�"±��S�¥��±�¨¥�-§B¨¥¢¬±Ý¨¥ S�¿�
Znj

#«Â�¢"± �"�"�_�
zknj, k = 1, . . . ,K(p + 1)

#
¨¥�_���E¢"��±��= ��Ê�P�ÊÉS�ª�S±�¯¸�Ê¢¬±� S���"±��E�5 ¥±¿§E���ø ©­h�ÊÉS��§B¨¥�����_¯³�¥´��"ÉS�ª®À¨¥¢Ê¨B���p�Ê�_¢¬¯�¨^�î�"ÉS�ª¯¬�Ê��®
p
#
Ψ(p)

�§'�ÉS�P���� ^·���±��¥����±�É������h±�¯D�ÊÉ��_�������S±%,S�_�=±��=�"ÉS�y´)�E���¿�~Â�±¿�= ×Â�¨�­-µ
Q̂p (Ψ) = Q̂p−1 (Ψ)

+ γp+1





1

K(p+ 1)

K(p+1)
∑

k=1

N
∑

n=1

m
∑

j=1

zknj log
(

π
(p)
j φ

(

yn; f
(p)
j ,σ(p)

))

− Q̂p−1 (Ψ)



 ,

Â�ÉS�_¢¬�
(γp)p≥1

±�¯�¨Î¯"�&$����_�S���r�¥´�®-�¥¯"±¿�"±¿§¥�y¢"��¨B��¯	�
� ¥ � '�ÉS�r°�¯¸�ç¨- E���¥´��ÊÉ��|¨B�! E�E¢¬±¿�"ÉS� �ç¨,�B�_¯ª®S�Ý¨¥����¨¥¯�®S¢"�p§�±��E�S¯¬�¿­-�
É5�øÉS¨�§¥���S¯¬�_� �ÊÉ�±�¯r�Y���S±%,À��� ¨¥�% E�E¢¬±¿�ÊÉ�� ±��5�E�S¢�Â��E¢��«#�Â�±¿�"ÉI¨����S�Y�_¢¬±��_¨¥�Ý ¥�����G�çÉS�¥±��_�
�B´|�"ÉS� ¯"�	$��S���S�_��¯

(γp)p≥1

¨¥���
(K(p))p≥1

#UÂ�ÉS±¿�çÉ ���_¨¥�S¯��"�V�"ÉS� ¢"�_¯¬�S�¿�"¯�®�¢"�_¯¬�_�©�Ê���2±��
���_���"±��E��£G���*���*�
´�µ � µ�´ 68ð©í�a·Æ éwí�abë@��ëoÎ�í/ÈÈcF��ò#Æ2êrc�ì8ëoÎ�¸�ëAÆÏ¹|ë@�Èc(��í�ðøëoÎ�í/ÈÈcÊÆ a�ÐDí�òªìSc

'�ÉS�8¨B±����¥´��ÊÉS±¿¯¡¯¬�"�S��­I±¿¯r�Ê��,S�S�I�ÊÉS���¥®��Ê±¿�ø¨¥�î���S�¡ Z�_¢
m
�¥´ª�_�¥��®Z�E�S�����"¯Î�¥´��ÊÉ��

�Y± Ù��"�S¢"�;H\£G� � J¶�*'�ÉS±�¯D��¯¬�"±���¨B�Ê±¿�E�P«¬�S¯¸�Ê±%,S�_¯D�ÊÉ��y¢"�_¯¬�S�¿�"¯��¥´&�ÊÉS�y®�¢"��§�±¿�E�S¯�¯"�����"±��E��£G���*� � � â �E¢
�"ÉS±�¯&#@Â����S¯¬� ¨ ���p�ÊÉS���S�E�¿�� ¥­H�_�¿�E¯"���Ê�I�Y���S���È¯¬�_�¿�_���"±��E�:¨B®S®S¢"�E¨¥�çÉ�� â �E¢ø¨G�ÊÉS���E¢"�p�Ê±¿��¨¥�
¨B®S®S¢"�E¨¥�çÉI�¥´��ÊÉS��¯"�=�Ê���çÉS�S±¿�-#�Â��=¢"�p´)�_¢¡�Ê�ô�"ÉS�kÂ��E¢~�5�¥´C�D¨¥¢Ê¨B�S��#À��±�¢4 ¥��¨¥�S� ° ¨B¯"¯Ê¨B¢¬�h±��Åë��°��-�"Æ<#�Å��U�D°����"Æ&�E¢+Åë�D¨¥¢"¤E¤"Æ�´)�¥¢�±��S¯¸�ç¨¥�S���-�
â �E¢��_¨¥�çÉy§B¨¥���S�

m ≥ 1
#¶Â��³�_�¥�S¯"±¿�S�_¢��"ÉS�R¯"�p� Fm = {g1, . . . ,gm,gi ∈ RT ,π1, . . . ,πm,σ}

#
¨B�S�AÂ���Â�¢"± �Ê� F = ∪m≥1Fm

�ÊÉS�³�_�¥���������"±��E� �B´S¨¥�¿�¥�ÊÉ��î��±%Ä-�_¢"���©���Y���S�_�¿¯	� â �E¢&¨U,�Ù����
m
#EÂ��

ÉS¨�§¥��¯"�_����±¿�8�������Ê±¿�E��£G���*� � �"ÉÀ¨B��± �UÂ�¨¥¯�®-�E¯¬¯"±¿ S���Ð�"�Î�_¯¸�Ê±���¨B�"�Ð�ÊÉS�y���5���S�zÂ���®À¨B¢Ê¨¥�Y���"�_¢"¯



Y/�kjl�
Z�[�ÉÃQ��\_CV�ZÊ�0X:V@T ���
�¥´À�"ÉS�D�Y���S���<#

Ψ̂(m)
� ¡ ���S�_�"#©±¿��±�¯��S�zÂ ®Z�E¯"¯¬±� S�¿���"� �_�E�Y®S���"���ÊÉ��D�_¯¸�Ê±���¨B�"�_�¡�¿�� B·��¿±z�B�_��±¿ÉS�����

�¥´/�ÊÉ����çÉS�E¯"�����Y���S�_�
L
(

Ψ̂(m); y,m
) �"'�ÉS��±��S�_¨ ±�¯wÉS���S�_�0 E± §E���Y ©­|�ÊÉS�D´)�E�¿���zÂ�±��* Ð¢"���ø¨B¢~�«�

ikjmln�=oÒÑ �¬iu� ¯¬�§èJ&¶èKÏ¶Õ�ä)�§ÐrÎ<äKè��EÐrã
m
(CÑ6ÐrÕ�è4ý

m∗ (.Î!Ï·Õw�§è­ÐrÑ6è)(8Ï¶Ô§ä)�OÕH�*å-ÕCÕH�§è1�MÔmÑ6ä¶ÕNÎ<ÐrÑ
m 7→ L

(

Ψ̂(m); y,m
) ýmÐzèKÏ@Ñ6ÐrÕxÎÊÑ6ä¶ãßè4årÏzè@ÎÊÑ1å.Ï¶Î é-Ñ§Î :Uä4å-Ñ§ÕÓ¼@å,vn�EÐrã�çrå-æ Ô§èKÏ�é-ãKè4å-Õ�è¶ã�ÕH�*å-Ñ

m∗ <
���=#�¯"���

J(Ψ,y) = −L(Ψ; y)
�*É5�P��¯"�y�ÊÉS�y´)�E�¿���zÂ�±��* ¡�S�¥�Ê¨B�Ê±¿�E�S¯_µ

Ψ̂(m) = arg min
ψ∈Fm

J(Ψ,y),
H\£G� �tJ

Jm = J
(

Ψ̂(m),y
)

.

â ±¿�À¨¥��� ­�#S´)�E¢Ð¨¥���
β > 0

¨¥�S� ´)�¥¢y¨¥���
1 ≤ m ≤ M

#�Â�ÉS�_¢¬�
M
±�¯y¨B�ô�S®S®Z�_¢y Z�E�S�S��´)�E¢Ð�ÊÉ��

��¨^Ù�±��¡�S� ���S�¡ Z�_¢��¥´��_�E�Y®Z�E�S�_�©�"¯	#À¯"�p�
m̂(β) = arg min

1≤m≤M
(Jm + βm) .

'�ÉS�y´)�E�¿���zÂ�±��= r®S¢"�E®Z�E¯¬±¿�Ê±¿�E�=±�¯����S�y�Ê�1/&¨�§�±¿�_���¿� ±��OÅë/&¨�§�¤©£~Æ<�
� or}«°�}�yEsÊw~s�}xv �¬i%� ¯¬�§è¶ãKè1Î!Ïkå
Ïzè~�	Ô§è¶Ñ6äKè

m1 = 1 < m2 < . . .
(>å-Ñ�ý±å�Ïzè~�	Ô«è¶Ñ6äKè

β0 =
+∞ > β1 > . . .

(A¼�ÎÊÕH�
∀i ≥ 1, βi =

Jmi
− Jmi+1

mi+1 −mi

,Ï¶Ô§ä)�LÕH�*å-Õ
∀β ∈]βi,βi−1[, m̂(β) = mi.ÚÐ¯ ¨��_�E�S¯¬�	$��S���S�_�"#��ÊÉS�Î��¯¬�Ê±¿�ø¨^�Ê±��¥��®S¢¬�����_�S��¢"�Î�¥´R�"ÉS�¡�E®��"±���¨¥�&���S�¡ Z�_¢ �¥´î���E��®Z�E�S���©�Ê¯

�¥´��ÊÉS���Y± Ù��Ê��¢"� ±¿¯. ¥±¿§E���8 �­Zµ
� � â �E¢

m = 1, . . . ,M
#/���E��®����Ê�

Ψ̂(m)
¨¥�S�

Jm
�

£G�0'�ÉS�������E�Y®S���Ê���"ÉS��¯"�	$��S���S�_�
(βi)i=1,...,M

#�¨¥¯�Â������À¨¥¯
li
�"ÉS�����_�* ¥�ÊÉY�¥´Z�ÊÉS��±��©�"�_¢¬§B¨¥�¿¯

]βi,βi−1[
#S´)�E¢�¨¥�¿�

i = 1, . . . ,M
�

�*�.êy�_��®��"ÉS���Ý¨¥¢9 E�_¯¸��§B¨¥���S�Ð�¥´
�"ÉS�
mi

¯¬�S�çÉ��"ÉÀ¨B�
li >> lj

#�´)�¥¢�¨¥���
j > i

�
Ú����"�À¨¥�¿�¿­�#S�"ÉS�P®S¢"�p§�±¿�E�S¯ª®S¢"���_���S�S¢¬�|±¿¯Ð¨h�����S���X¯"�_�¿�_�p�Ê±��¥� ¨¥®�®S¢"�©¨B�çÉ�Â�±¿�"Éô¨h¯¬�Ê¨¥ S±��¿±¿��­ø�_¢"± ·
�Ê��¢"±¿�E�Y�"ÉÀ¨B�î¢"��®S�Ý¨B�_�_¯î�ÊÉS���Ê¢"¨¥�S�ª�-Ä8 Z����Â��_�_�= �±Ý¨¥¯�¨¥�S�Y§¥¨B¢"±Ý¨B�S�_�"#�¨¥¯�± �î±�¯�$��S�¥�Ê���� ©­Ã��±�¢9 E�
¨¥�S� ° ¨¥¯¬¯Ê¨¥¢¸�Ð±¿�OÅ���°�¤ � ÆN�§'�ÉS±�¯ª®S¢"�¥®-�E¯¬±¿�"±��E�=®S¢¬��§�±¿�S�_¯È¨¥��¨¥���"�E�ø¨^�Ê±��Ð�_¢"± �Ê��¢"±������ÊÉS¨B�ª��± ·
�Y±��_¯��ÊÉS����¨¥±��=±¿�S��¨Î�S�p§E�_�¿�E®Z�_��±���Õª���ø¨B¢~�=£m� � �
´�µ � µ � 9 cXð�òÐ`õí�ð

É:±¿�"ÉY�"ÉS���_¢"± �Ê��¢"±��¥�Y®�¢"�_¯¬�_�©�Ê����±��ø�������Ê±¿�E��£G���*� £m#�Â��ª�_�E���_�����S�ª�"ÉÀ¨B�	#E´)�E¢³�_�E�S�©�"±��= �¯¬�Ê¨^·
�Ê±¿�E� ���S�¡ Z�_¢ � £G#��ÊÉS�h§B¨¥�����_¯P�¥´

J
(

Ψ̂(m),y
) �S� �S�B�|���_�_¢¬��¨¥¯¬��±��5¨8¯"±! ¥�S±%,À�_¨¥�©�2Â�¨�­ ´)�E¢
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§B¨¥�¿�S�_¯@ E¢¬��¨B�"�_¢³�ÊÉÀ¨¥�

m∗ = 13
�����*#mÂ�± �ÊÉh�ÊÉS±¿¯���¢"±¿�"�_¢¬±��E��#E´)�¥¢�¨¥�¿�

ζs, s = 1, . . . ,S
#pÂ�� �çÉS�¥¯"�

�"ÉS���E®��"±���¨¥�-���S�r -��¢ª�B´
¢¬�_®S¢¬�_¯"���©�ç¨B�"±¿§E��¯	�
â �E¢D�"ÉS�y�_�E�����"±��= h¯¸�ç¨B�"±��E�8���S�¡ Z�_¢ � £G#GÂ���®S¢¬�_¯"���©�E#/±�� â ±% E�S¢"�y£G�µ�G#��ÊÉS�y§B¨¥�¿�S�_¯��¥´&�ÊÉ��

�¿�� B·õ��±z�B�_�¿±�ÉS������¨^�³��¨¥�çÉY¯¬�"�_®Y�¥´/�ÊÉS�ª¨¥�% E�E¢"± �ÊÉS�
�zÉG��¨B��¯"�A ¥¢Ê¨¥®SÉÎ�"ÉS�D§B¨¥���S��¯R�¥´Z�ÊÉS��®À¨B¢Ê¨¥�Y�p·
�"�_¢¬¯

(πj)j=1,...,m∗

¨¥�S�
σ2 ��É5��¯"�_���"ÉÀ¨B��¨¥����§B¨¥���S��¯³ÉÀ¨�§E���_�E�©§¥�_¢4 ¥�_�� Z��´)�E¢¬��¨¥®S®S¢¬��Ù�±¿�ø¨^�Ê�_� ­�z� ± �Ê��¢Ê¨B�"±��E�S¯&�
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m = 13

<

'�ÉS��,§ E��¢"��£G� ¦�¢¬�_®S¢¬�_¯¬�_�©�Ê¯P�ÊÉS� � ��¨¥¢"�çÉ�����­�®-��¯r�¥´î�ÊÉ��Y¯¸�ç¨B�"±��E� ���S�¡ Z�_¢ � £m�('�ÉS�h�S±¿´Ý·
´)��¢"�������_��¢¬§E��¯w�E ��Ê¨¥±����_�P¯"ÉS�zÂI�S±¿¯¬�"±��S�p����­�®S±¿��¨¥�� Z�_ÉÀ¨�§�±��¥�S¢"¯&�¥���E����Â��_�¿�l���S�zÂ��¡ Z�_ÉS¨�§�±¿�E�S¢"¯
¨B®S®-�_¨¥¢	#���±z�B� �Ê¢"¨"®Y�D«"¨B��¯�¨^�È®Z��¨Ë��ÉS�E�S¢¬¯ª¨¥�S�=�Ê¢"¨"®Y�b�B�_��®S±��= Y�Y�(§�±¿�= h�¥�ÊÉS��¢9Â�±¿¯"�-�

'�ÉS±¿¯È�Y���"ÉS����±¿¯� À¨¥¯"���ô�E����± Ù��Ê�S¢¬�P�Y���S�_�@HL£G� � JM�/ÚÐ��¨¥� �Ê�_¢¬�À¨B�"±¿§E�P¨¥®�®S¢"�©¨B�çÉ ±�¯0 E± §E���
 ©­h�ÊÉ��È�Y���"ÉS���Y�¥´&¨B���Ê�E��¨B�"±����_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E��#E±¿�=�������"±��E�ø£G� ¦=#tÂ�ÉS±��çÉ��ø¨,�B�_¯�±¿�î®-�¥¯"¯"±¿ S�����"�
 Z�y�_�¿�E¯"��¢��Ê�Î�ÊÉS���À¨^�ç¨Î�E S¯¬�_¢¬§¥�_���
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 æ]å�!Z£G� ¦ " ¯¬�§è
m∗ = 13

Ï¶Õ<å-Ñ�ýtå-ã9ý�ì�ãKÐ^:�æ!èKÏ2Ð^�+ÕH�§è5äKÐrÔmÑ§ÕuÎÊÑmé�Ï¶ÕÍå-ÕuÎ<ÐrÑ±Ñ§ÔmÿQ&¶è¶ãb2,7l<
S�üR� Ø ��v|n&nXm x z�v�u&mporq � tDu��=oYs

Ú ���Ý¨¥¯¬¯"±%,S��¨B�"±��E�����p�ÊÉS���ô¨¥±¿��¯ª¨B�: ©¨B�"ÉS�_¢¬±��= �±��S�S± §�±��S�À¨B��¯�±�� ¨ø¢"��¯¬�Ê¢¬±��p�Ê�_� �����¡ -��¢Ð�¥´
¢"��®S¢"��¯"�����Ê¨B�Ê± §E�È�_�Ý¨B¯"¯"��¯	��Õ��_®S¢¬�_¯"���©�ç¨B�"±¿§E�ª�_��¨¥¯"¯¬�_¯�¨¥¢"��¯¬�S�çÉø�ÊÉS¨B�³��Â��P±��S��±¿§�±��S�S¨¥��¯
�Ê¨,�¥���ø±¿��·
¯"±¿�S�y�ÊÉS�P¯Ê¨B�����_��¨¥¯"¯ª¨¥¢¬�;Ï¶ÎÊÿ5ÎÊæ å-ã
HNÉS�E�Y�� E���S�_�¥�S¯��_�Ý¨B¯"¯KJM#/¨¥�S��¯"�S�çÉ��ÊÉÀ¨B����Â��ø±¿�S�S±¿§�±¿�S�À¨¥�¿¯
�ç¨Ë�¥�_��±��=��Â�����±%Ä-�_¢"���©���_�Ý¨B¯"¯"��¯ª¨¥¢"�Ãý-Î!Ï¶ÕuÎÊÑ6ä¶ÕAHNÉ����Ê��¢"�� ¥�_�S���E�S¯ª�_�Ý¨B¯"¯"��¯KJM�§'�ÉS��±��©�Ê¢¬���S�����Ê±¿�E�
�¥´�¨¥��¨¥®S®S¢¬�E®S¢¬±Ý¨B�"� �S±�¯¸�ç¨¥���_�y±����S�pÙ=´)�¥¢�¯"®Z�_�_���_��¢¬§E��¯;H)�S±�¯¸�ç¨¥���_�-#À��±�¯"¯¬±��Y±���¨¥¢"± ��­Î±��S���pÙx#S§B¨^·
¢"±�¨B�Ê±¿�E��#��S� �Ê¢Ê¨(·��Y���Ê¢¬±��ª§¥¨B¢"±Ý¨^�Ê±��¥��#����Ê�"� J7Â�±¿���Z�_�À¨¥ ����y�S¯��Ê�5$��À¨B���"±¿´]­��ÊÉS�+$��À¨¥�¿±¿�ç¨^�Ê±¿§¥�È�"�_¢"�Y¯Ï¶ÎÊÿ5ÎÊæ å-ã�¨¥���­ý-Î!Ï¶ÕuÎÊÑ6ä¶ÕN�~'�ÉS���S±�¯¸�ç¨¥�S����±¿�S�S±¿�_�_¯&�S¯¬�_�¡±¿�P�"ÉS�î�_�Ý¨B¯"¯"± ,À��¨^�Ê±��¥�P���E�ø¨B±��P¨¥¢"�î���S�Y�p·
¢"�¥�S¯³¨¥�S�Y�ø¨B��­r¢"��¯"��¨B¢"�çÉS��¯D¨¥¢¬����¨¥¢¬¢"±����h�E���³�E�Î�ÊÉ��ª±¿�S�S±¿�_�_¯³¨B¯"¯"���_±�¨B�Ê���5Â�±¿�ÊÉh�¿�E�= E± �Ê�S�S±¿�À¨¥�
�À¨B�Ê¨*#S¯¬�_��´)�E¢��pÙ�¨¥�Y®S���y±¿��Å Ç:/\�7�E�"ÆN�

'�É��S¯	#UÂ�± �ÊÉ:¨ ¯"��±¿�ç¨B S�����S±�¯¸�ç¨¥�S��� ´)�E¢��¥�S¢�¯"®Z�_���:�_�S¢¸§E�_¯
Y s
n

#7Â���ÉÀ¨�§E���_¨¥¢"¢¬±����*�E���
¨�ÉS±���¢Ê¨¥¢¬�çÉS±��_¨¥�����Ý¨¥¯¬¯"± ,À��¨B�"±��E�I�B´Ð�E��¢Î�À¨B�ç¨G#w±��V�������"±��E� £G� ¦=� � �wÆ�� ���_�p�Ê±��¥� £m� ¦=� £G#\Â�±¿�ÊÉV¨
�Y���ÊÉ����S�¥���� ¥­ �����E¯¬���"������¨B¢"�S±¿�= ��"ÉS�_�E¢¸­�#\Â��=ÉÀ¨�§¥�=�_¯¬�"±���¨B�Ê�h�ÊÉ��

m∗ ¯¬�ç¨B�S�À¨¥¢¬�I®S¢"�-,S���_¯&#
f1, . . . ,fm∗

#�´)�E¢��_¨¥�çÉ ���E�S�©�Ê±¿�= h¯¬�Ê¨B�Ê±¿�E�
ζs
�/Õª��¯"�S� �Ê¯�¨¥¢¬��®S¢"��¯"�_�©�"�_�ô±¿�����_�p�Ê±��¥�ô£G� ¦=���*�

´�µ�Ù�µ·¶ Ú abc�ìSéRì/¸5ÈÐa^¸�é³`Ã¸�`bé³ð�ð�aRÛ#¸�éwí�abë��
'�ÉS� ¢¬�_¯¬�S�¿���¥´ �"ÉS��É�±��_¢"¨¥¢"�çÉ�±���¨B�ª���Ý¨¥¯¬¯"± ,À��¨B�"±��E�H¯¸�Ê¢"�¥�= E�¿­H���_®Z�_�S�S¯��E� �"ÉS���çÉ��E±������¥´

 Z����Â��_�_��·�±����S±¿§�±����À¨¥��¯�¨¥�S�� -�p��Â����_��·õ�_�¿�S¯¬�"�_¢"¯��S±�¯¸�ç¨¥���_�R±����S±����_¯	��Ì��Ý¨¥¯¬¯"±��_¨¥�E�S±¿¯¬�Ê¨¥�S�_�R±¿�S�S±¿�_�_¯&#
¯"����´)�E¢��pÙ�¨¥�Y®S����±��·Å Þy�E¢ß�-�rÆ�¨¥�S�­Å Ç>/W�U�E�"ÆN#~Â���¢"�D�S�B�R¨¥®S®�¢"�E®S¢¬±Ý¨B�"�î´)�¥¢��"ÉS±�¯n��±¿�S�¡�¥´��Ê�_�Y®Z�B·
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��[PYG[���� X>V Q�_0R#��[ � _
���8Q\[^V�_«ª!R:_.Q\[ � TWV�Y¬����Z�[PY9­
¢"¨¥�S�À¨^�ç¨*�EÆ����S�_����#E�ÊÉS��¯¸�Ê�S��­¡�¥´-�"ÉS��¢"�©¨B�h�"¢Ê¨"®Y��±¿��®S�¿±���¯��ç¨Ë��±¿�= y±��©�"�|¨B�_�_�¥�S�©�î�"ÉS�D�Ê����®Z�B·
¢"¨¥�X¨¥¯¬®-�����È�¥´��E�S¢�¯"®Z�_��� �_��¢¬§E��¯	� â �E¢��pÙ�¨¥�Y®S���"#��ÊÉ��+,= E�S¢"�|£G� � ®S¢"��¯"�_�©�"¯È�ÊÉ�¢"�_��¯¬±��Y®S��± ,À�_�
¯¬®-���_�ý�_�S¢¸§E��¯	#¬Ü;#DÝ�¨¥�S�'Þ�#��E���Î¢"�_¯¬�S�¿�"±��= �´)¢¬�E�  Z�¥�"É��¥�ÊÉS��¢"¯y ©­ ¨=¯"±¿��®����|�"¢Ê¨¥��¯"�Ý¨^�Ê±��¥���'�É��_¯"�|�ÊÉS¢¬�_�¡���S¢¬§¥�_¯�¨¥¢¬�r�çÉÀ¨¥¢"¨¥���"�_¢¬±!B_���ô ©­ô¨��_�E�S¯¸�ç¨¥�©�Ð¯"®Z�_�_�6#(�E¤Ã���·ÁBÉ�#/´)¢"�E� � Úy°��"��-� ²î°F#��pÙ��_��®�����§E��¢D¨¡£�ÉS�E�S¢¬¯�®Z�_¢¬±����ø�S�S¢¬±��= +Â�ÉS±¿�çÉ�¯"®Z�_���=±�¯Ý�E¤V���·ÁBÉ�#�¢"��¯"®Z�_���"±¿§¥�_�¿­�¨B��yÚ °F# ��� Úy°�¨¥�S�ø£P²î°F�t'�É��ÐØR�S����±�����¨¥�h�S±¿¯¬�ç¨B�S�_�"#©�S�¥�Ê���

d
#¥��¨¥�¿�_�S��¨B�Ê���Y�¥�h�"ÉS�_¯¬�ª�"ÉS¢"���

���S¢¬§¥�_¯� E± §E�_¯h�E ©§�±��¥�S¯"� ­5�"ÉS�=¯Ê¨¥�Y�=¢"��¯"�S� ��µ
d(X,Y ) = d(Y,Z) = d(X,Z) = 389

�������	#
¨�¯¬�S±¿�Ê¨¥ S���ø�S±�¯¸�ç¨¥�S���8±��S�S� ÙH�¡�S¯¸�h�ø¨Ë�¥�=�ÊÉS�8�S± Ä���¢"���S�_�8 Z����Â��_�_� ¨ý���_�_������¢Ê¨B�"±��E�ªÂ�ÉS±¿�çÉ
���_���S¢"¯î¨B�Ý�yÚy°O#�¨^� ��� Úy°~�¥¢³¨B��£�²î°F�p'�É��S¯&#pÂ��ª S�S±�� �³¨��S±�¯¸�ç¨¥�S���-#�Â�ÉS±¿�çÉ1Â��0Â�±������S�¥�Ê�
∆
#S�"ÉÀ¨B���ç¨Ë�¥�_¯ª±��©�"�h¨¥�_���E�S�©�È�"ÉS±�¯�¯¬ÉS±¿´]���¶Ä������	�

ß­jt��v�sÊw~s�}xv �¬i!¤ C è¶Õ
x ∈ Rn å-Ñ�ý y ∈ Rn < � è¶Õ ∆ : Rn × Rn → R+ årÏ

∆(x,y) =
√

t(x− y)W (x− y),¼�ÎÊÕw�
W

å
n× n

ÿ1å-ÕNãMÎP+­ýmèH:�Ñ6è4ýB&*v
Wij = n−|i−j|

n
, ∀i = 1, . . . ,n, ∀j = 1, . . . ,n

<
É5�Î®Z�E±��©�y�E���y�ÊÉÀ¨B�

∆
±�¯y¨=�S±¿¯¬�Ê¨¥�S�_�Î�¥�

Rn
� â �E¢Ð�ÊÉ��Î®S¢"���_�_��±��= 8�pÙ�¨¥�Y®S�¿�-#

∆
 E±¿§¥�_¯ �ÊÉ��

´)�¥�����zÂ�±¿�= =¢"��¯"�S� �Ê¯_µ
∆(X,Y ) = ∆(Y,Z) = 637

¨¥���
∆(X,Z) = 967

�W'�É���¯	#
∆
�_�S¨¥ S����¯

�"�ø�S± Ä���¢"�����"±Ý¨B�"�P�"ÉS�|�"¢Ê¨¥��¯"�Ý¨^�Ê±��¥��¯¬®-���_���_��¢¬§E��¯	��'�É�±�¯Ð®�¢"�E®Z�_¢¸��­�#Z�E�ô¯"���çÉ��_�S¢¸§E�_¯&#���¨B�ô -�
®�¢"��§E���  ©­=¯¬�"¢Ê¨¥±% EÉ©�"´)�E¢PÂD¨B¢"�8��¨¥�¿�_�S��¨B�Ê±¿�E�S¯&�
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Æ����S�_����#�´)�¥¢P¯"¨,�¥���¥´�¯¬±��Y®S��±¿�_±¿��­-#xÂ����¥�S�¿­ ®S¢¬�_¯¬�_�©�¡ÉS��¢"�Y´)�E¢"����¨¥¯¸�Ê±��* �¢¬�_¯"���¿�Ê¯+Â�±¿�"É
h = 1É��E�S¢	�

���p�
ξn0

�ÊÉS�î�À¨�­P�¥´S�ÊÉ��î�"¢"±�®6#B¨B�S�
t0
¯¬�S�çÉr�"ÉÀ¨B�

H ∈
[

t0+49
10

, t0+50
10

[ �^Æ��r�¥¢"�S��¢��"�Ð®Z�_¢¬´)�¥¢"�
�"ÉS�y´)�E¢"����¨¥¯¸�E#§Â��|��¯¬�Ê±¿�ø¨^�Ê�-#��S¯"±¿�= Î�ÊÉS�P���_¨¥¯"��¢"�_�Y�_�©�"¯È�¥´��ÊÉ��|�À¨�­-#À�E� ¨B�����"ÉS�|¯¸�ç¨B�"±��E��¯��¥´
�"ÉS�P±¿�Ê±¿�S�_¢"¨¥¢¬­-#À�ÊÉS�P¯"®Z�_���S¯

f s(t), ∀s ∈ S, ∀t ≥ t0
#§Â�ÉS�_¢¬� S ±�¯��ÊÉS�|¯"���Ð�¥´³¨¥�¿�X¯¬�Ê¨B�Ê±¿�E�S¯ª�¥´�"ÉS���çÉS�E¯¬�_� ± �Ê±¿�S�_¢"¨¥¢¬­-�/× �S�_��¯"®Z�_��� �p§E�E�¿���Ê±¿�E�S¯�¨¥¢¬�b���S�zÂ���#À�"ÉS�|��¯¬�"±���¨B�Ê±¿�E���¥´��ÊÉS�y�Ê¢"¨�§E�_�

�"±��Y�È±¿¯��_¨¥¯¬­-��ÚÐ¯�¨|�_�E�S¯¬�	$��S���S�_�"#/�"ÉS� ��¨¥±��Y±�¯¬¯"�S�y±¿¯	#�´)�E¢��_¨¥�çÉ=¯¬�Ê¨B�Ê±¿�E��#��ÊÉS�Ð�_¯¬�"±���¨B�Ê±¿�E�Y�¥´
�"ÉS�Ð�"¢Ê¨"®Y�Ð§¥�_�����_± ��­���Æõ��±�¯D���E�S�y ©­����E��®S¨¥¢"±¿�= |�"ÉS� ±����_�E�Y±��= |�À¨B�Ê¨¡�¥´X�ÊÉS�y�S¨�­

ξn0

 -�p´)�E¢"�
�"ÉS���"±��Y�

H
#�±N� �"�

Y s
n0

(t), ∀s ∈ S, ∀t < t0
#WÂ�±¿�"ÉI¨¥�¿�³�"ÉS�����S¢¬§¥�_¯Î�¥´ F1 �E¢ F2 #
¨¥�S�  ©­�çÉ����E¯¬±��= Î�"ÉS���_���¥¯"�_¯¸�E�
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°��E¢¬�È®�¢"�_��±�¯¬�_�¿­-#�´)�¥¢�¨+,�Ù��_�����E�S�©�Ê±¿�= r¯¸�ç¨B�"±��E�

ζs, s ∈ S
#����E�S¯"±¿�S�_¢

d
¨P��±�¯¬�Ê¨¥�S���-�������D¨¥��¯¬�=#

∀i ∈ {1,2}, ∀g ∈ F i, gt0−1
1 = t(g(1), . . . ,g(t0 − 1))

¨¥�S�
Y t0−1

1 = t(Y s
n0

(1), . . . ,Y s
n0

(t0 −
1))
�-ÚÈ´]�Ê��¢yÉÀ¨�§�±��= =�çÉS�¥¯"�_�ý�E�S�Î�B´î�"ÉS�r��Â����Y���S�_�¿¯	# F = F1

�¥¢ F2
#Z�ÊÉS�Î��¯¬�"±���¨B�Ê�E¢.Â�±��¿�

 Z� ∀t ≥ t0, f̂(t)
#=Â�± �ÊÉ

f̂ = arg min
g∈F

d
(

gt0−1
1 ,Y t0−1

1

)

.
HL£G� ` J

Ú��_���E¢"��±��= ø�"���"ÉS�¡¢"���ø¨B¢~��¯Ð®Z�E±��©�"�_� �¥��� ±¿���������Ê±¿�E� £G� ¦=#«Â��rÉÀ¨�§E�¡�çÉS�¥¯"�_�
d = ∆

′ #�Â�± �ÊÉ
∆

′ ¨=�����S± ,À�_��¢¬�_¯¬�"¢"±¿���Ê±¿�E� �¥´
∆
�Ê�8�ÊÉ��Î¯"�S S¯¬���

Rt0−1 × Rt0−1,
�S�&,À���_�G�Y�E¢¬�Î®S¢"���_±�¯¬�_� ­

ÉS��¢"��¨^´]�Ê�_¢&�
ß­jt�Àv\s�wzsu}�v �¬i {r� è¶Õ

Y t0−1
1

Õw�§èkäKÐræÊæ!èKä¶Õ�è4ý�ýtå-Õ<å}(0Õw�§è·ýtå,v
ξn0

(>ÐrÑªÕw�§è;Ï¶ÕÍå-ÕuÎ<ÐrÑ
ζs
(�&¶èH�EÐrãßèÕw�§è5ÕuÎÊÿ·è

H
(7Î�<uè*<Ó�EÐrã

t < t0
LN�EÐrã2Ï	å}Ötè1Ð^�2Ï¶ÎÊÿ:ì�æ Î<ä¶ÎÊÕ�v�¼7èb�*å-ç-è·Ðrÿ5ÎÊÕuÕ^è4ýkÏ¶ÕÍå-ÕuÎ<ÐrÑÜå-Ñ�ý
ýtå,vÎÊÑ�ýmè�+GèKÏRO,<�½1è·ýmèH:�Ñ6è�Õw�§è·ý-Î!Ï¶Õ<å-Ñ6äKèJ&¶è¶Õç¼7èKè¶Ñ

Y t0−1
1

å-Ñ�ý�ÕH�§è·ý-Î �>è¶ãßè¶Ñ§Õ:å-ãßä)�§è¶ÕçvKì§èKÏ­Ð^��ÕH�§èÏ¶Õ<å-ÕNÎ<ÐrÑ
ζs
(@ãßèKÏ¶ÕuãMÎ<ä¶Õ^è4ý·Õ�Ð1ÕH�§è�çrå-æ Ô§èKÏ;Ð^�

t < t0
(7å-Ñ�ýÃ¼�ãMÎÊÕuÕ^è¶Ñ

(fj)
t0−1
1

(A¼�ÎÊÕw�
fj ∈ F , ∀j =

1, . . . ,m
(6&*v

∆
′
(

Y t0−1
1 ,(fj)

t0−1
1

)

=
∆
(

PY t0−1
1 ,P (fj)

t0−1
1

)

√
πj

,
HL£G���tJ

¼��§è¶ãßè
πj
(
j = 1, . . . ,m

(ÀÎ!Ï>Õw�§è.Ï¶Î�ârè2Ð^�.Õw�§è×ä¶æ ÔtÏ¶Õ^è¶ãCÑ§ÔGÿQ&¶è¶ã
j
(�å-Ñ�ý

P
Î!ÏAå

t0− 1× t0 − 1ÿ1å-Õuã¶ÎP+Ë(@ýmèH:�Ñ6è4ýB&*v
Pij =

{

1
t0−i

Î �
i = j

å-Ñ�ý
i ≥ t0 − 10

(
0

ÎÊÑ�å-Ñ�v­ÐrÕH�§è¶ã;ä4årÏzè*<¡ ���S�_�"#\Â���ÉS¨�§¥�ø�S¯¬�_�ý�ÊÉS�h�Ê��¯¬�|¯Ê¨¥�Y®S���Î�"��´)�E¢¬�_�_¨¥¯¬���Ê¢"¨�§E�_�³�Ê±¿���Î�¥�ý�"ÉS��ÚÈ¦-É ¢¬�©¨¥�
¯"�����"±��E��#/�S¯¬±��= h�ÊÉ��|¯¸�ç¨¥�S�S¨¥¢"�ô®�¢"�-,À�¿�_¯��E ��Ê¨¥±����_��Â�± �ÊÉ8�ÊÉS����Â������p�ÊÉS���S�E�¿�� E±¿�_¯D�S��¯"��¢"±� Z�_�
±������_���"±��E� £G���h¨¥�S� ���_�p�Ê±��¥� £m� ¦=�

ÉG�����E�Y®À¨¥¢"�D�"ÉS��¢"��¯"�S� �Ê¯ÀÂ�± �ÊÉÎ�ÊÉS����¯¬�"±���¨B�Ê±¿�E�S¯� ¥±¿§E���h �­r�ÊÉS��¯¸�ç¨B�"±��E�À¨B¢¬­|�����S�_�N#¥�S�¶,�·
�S����¨B¯w�ÊÉS��¯¬±��Y®S����¯¬�R�Y�����_�<#~Â�ÉS±¿�çÉY��¯¬�"±���¨B�Ê��¯w�ÊÉS��¯¬®-���_�Y �­|�ÊÉS����¨¥¯¬�R�¥ S¯"��¢¬§E����¯¬®-���_��#©±N� �"�
Y s
n0

(t0 − 1)
�§'�ÉS±¿¯������S�_��±�¯�±��Y®-�¥¢¬�ç¨B���D¯"±����_�-#À�¥���"ÉS���E�S�PÉÀ¨¥�S��±¿��±¿¯��"ÉS���E�S� ­�¢"�p´)�_¢¬�_�S���Â��|ÉÀ¨�§¥�-#-¨¥�S� �¥���"ÉS�|�B�ÊÉS��¢ÈÉÀ¨B�S��#À�ÊÉS��´)�E¢¬�_��¨B¯¬�Ê±¿�= Y¢"�_¯¬�S�¿�"¯.Â�± �ÊÉ�¯"�S�çÉô¨Y�Y�����_�( E± §E�_¯ª�S¯

¨¥�5±��S�S±¿��¨B�"�E¢y�¥´��ÊÉS�Y�Ê¢Ê¨r®��Y Z�_ÉÀ¨�§�±��E��¢|�E�ý�ÊÉS�Y�_�¥�S¯"±¿�S�_¢¬�_� ¢¬�©¨¥�ý¯"�_�p�Ê±¿�E����Æ��S�S�_����#\ E�����
´)�E¢¬�_��¨B¯¬�Ê¯Ð®-�E±¿�©�Ð�E���Ð�ÊÉS¨B�Ð�"ÉS�r�Ê¢"¨"®Y�r±¿¯Ð�Y�(§�±¿�= �´)¢¬�_�_� ­���× � �ÊÉS�r�_�E�©�Ê¢"¨¥¢¬­-#� À¨B� ´)�E¢"����¨¥¯¸�Ê¯Â�±¿�"É=�ÊÉS��¯¬�Ê¨B�Ê±¿�E�À¨¥¢¸­��Y�����_��¯¬ÉS�zÂJ�S¯��ÊÉS¨B���ÊÉS��±¿�"±��S��¢Ê¨¥¢¸­ø±¿¯��¥´]�Ê���8�_�E�= ¥�_¯¬�"�_���

'
¨B S���|£G� � ®S¢¬�_¯¬�_�©� ¯¬�E���P�çÉÀ¨¥¢"¨¥���"�_¢¬±�¯¬�"±���¯ª�B´w�Ê¢"¨�§¥�_�X�Ê±¿������¢"¢"�¥¢"¯ª�E ��ç¨B±��S���
Â�± �ÊÉ�¯"±��r��·
�Ý¨^�Ê�_�=± �Ê±¿�S�_¢"¨¥¢"±¿�_¯��¥�8�"ÉS� �Ê��¯¬�ª¯Ê¨B��®S�¿�-#�´)�E¢��ÊÉ�� �ÊÉS¢¬�_�������S����¯_µ��ÊÉS�y¯¸�ç¨B�"±��E�S¨¥¢¬­������S���<#��"ÉS�
�_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E�=�Y���S���X¨¥�S�=�"ÉS����± Ù��"�S¢"�y�Y���S�_�N�*'�ÉS���_¢¬¢"�E¢2H)±��=�Y±������Ê��¯KJD±�¯����&,À�S���  ©­

��¢"¢¬�E¢
=
��¯¬�Ê±¿�ø¨^�Ê�_�=�"¢Ê¨�§E�����Ê±��Y� − ¢¬��¨¥���"¢Ê¨�§E���X�Ê±��Y� .

qr»\�=o~�§q-wEjmorsuy&w~suqty lFjm�=v y&wz���\jt� i lªsuv i ln�/è i
P (
jpo~o~}�o ≥ 45

lªv
)y&wE�*w~s�}xvW�=o¨é�ln}(�Wjm� ¤*� � £ �G� � � ·õ¦ � � ` ¤*� ¤E¤��qt���§yEyEsÊ�Àq��Gw~su}�vþln}(�Wjm� · � � � � � � ¦©¤ ·õ¦ � £-� ¤lªswè�w~�Wo~j
ln}(�WjG� ·¸£G� ¤E¤ � � � � ·õ¦ � � � ¤

ê »�Ü�!Z£G� �#"	@ èKÏ¶ÔGæ ÕÊÏ*<
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â ±% E�S¢¬��£G� � ¤ ®�¢"�_¯¬�_�©�Ê¯¡�"ÉS��ÉS±¿¯¬�"�� E¢Ê¨B��¯P�¥´��ÊÉ����Ê¢"¨�§E�_���Ê±��Y�Y�_¢"¢¬�E¢"¯&��'�ÉS���ÊÉS¢¬�_���¥�"ÉS�_¢,= E�S¢"��¯�H â ±! E�S¢¬�¡£m� ��� # â ±% E�S¢¬�Î£G� � £�¨B�S� â ±! ¥�S¢"�r£G� � �tJÈ¨B¢"�¡� ÙS¨B��®S�¿�_¯È�¥´R�ÊÉS�r��§E�¥�����"±��E���¥´

�"ÉS��´)�E¢"����¨¥¯¸�D�_¢¬¢"�E¢¬¯î�"ÉS¢"�¥�= EÉS�E�����"ÉS�Ð�À¨�­-�S°��¥¢"�Ð®�¢"�_��±�¯¬�_�¿­-#©´)�E¢��_¨¥�çÉ��¥´��ÊÉS��¯"�Ð�S¨�­�¯&#�±��Y�E�S¢,�Ù����5± �Ê±¿�S�_¢"¨¥¢¬­-#6Â��Y�_�¥�S¯"±¿�S�_¢P¨��Ê¢"¨�§¥�_�¿�_¢AÂ�±¿�"É �"ÉÀ¨B�P±¿�"±��S��¢Ê¨¥¢¸­  Z�	 ¥±��S�S±¿�= 8¨B�P��¨B�çÉ5�¥´î�ÊÉ��
®Z�_¢¬±����S¯	#S¨¥�S�=�ÊÉS���
Â��P��¨¥�¿�_�S��¨B�Ê�y¨B���Ê�S¨¥�&¨¥�S�������S����®S¢¬�_�S±¿���Ê�����"¢Ê¨�§E���X�Ê±��Y�_¯&�

stationary model
mixture model
classification model
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 æ]å�!�£G� � ¤ "°à Î!Ï¶Õ�Ð4é-ã9å-ÿ×Ï;Ð^�+Õuã4å-ç-è¶æ6ÕNÎÊÿ·è5è¶ãMãßÐrãßÏ*<
'�ÉS��¯"�P¢"��¯"�S� �Ê¯��_�À¨B S�����S¯��Ê�h���E��®S¨¥¢"� �"ÉS�y�ÊÉS¢¬�_��®S¢"���_���S�S¢¬�_¯_µ
P0

�ÊÉS��¢¬�E�= EÉ�¯¬�Ê¨B�Ê±¿�E�À¨¥¢¸­��Y���S���<#
P1

�ÊÉS���_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E� �Y���S�_�N#�Â�±¿�"É�¨¥� �E®��Ê±¿�ø¨B�D���S�¡ Z�_¢Y�¥´y�_�¿�S¯¬�"�_¢¬¯ø�çÉS�E¯¬�_��Â�± �ÊÉ ¨
���_¨¥¢"�S±¿�= Î¯Ê¨B��®S�¿�-#

P2

�ÊÉS���Y�����_���¥´��ÊÉ��P�¿�� E�¿±z�¥����±¿ÉS�����Y�_¯¬�"±���¨B�Ê�¥¢	�
���Ê�S��­�±¿�= Î�ÊÉS��¯"�P�E���Ê���E�Y�_¯	#=Â�����¨¥���S¢"¨zÂ@�ÊÉS�y´)�E�¿���zÂ�±��* ¡�_�E���_����¯"±��¥�S¯	�
ë }�ln°\�=orsNy&}xvþ¹�jtw�ì×jpjGv

P0 í P1

�=v��
P2

â ±¿¢"¯¸�ø�¥´y¨¥���N#R -�¥�"É ®S¢¬�_�S±¿���"�E¢"¯�±��Y®S¢"��§E���ÊÉS���_¯¸�Ê±���¨B�"��®S¢¬��§�±¿�S�_�  �­H�"ÉS�ô¯¬�Ê¨B�Ê±¿�E�À¨¥¢¸­
�Y���S�_�N#*Â�±¿�"É ¯"��¨¥�¿���_¢�®�¢"�_��±����"±��E��§B¨¥¢"±�¨¥�S�_��¯	�«'�ÉS±¿¯È±¿�S�_¢¬��¨¥¯¬�r�S��®-���S�S¯ �E���ÊÉS�|¢"�©¨B�
Â�ÉS±¿�çÉ
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A4W trunk road (2002-03-29)

 æ]å�!Z£G� ����"3I ãßè4ý-Î<ä¶Õ�è4ýÃÕNã9å-ç-è¶æ(ÕuÎÊÿ·èKÏ;ÐrÑ�å·Õ�èKÏ¶Õ�Ï	å-ÿ:ì�æ!è�ýtå,v�<
±�¯y¯¸�Ê�S��±��_�6�('�ÉS�h���E¢¬�Î�S±%Ä-�_¢¬�_�©�� Z�_ÉÀ¨�§�±��E��¢"¯��¥´�¢"�©¨¥���"¢Ê¨"®Y�)��±��= 8�_¨¥�5 Z�¡´)�E�S���5�E���"ÉÀ¨B�
¢"�E¨¥��#��"ÉS�  -�p�"�Ê��¢8±�¯��ÊÉ��O E¨¥±����7'�ÉS±�¯=±¿¯=��¨¥¯¸­*�Ê�H�pÙ�®S��¨¥±��:¯"±¿�S�_���"ÉS� ¯¬�ç¨^�Ê±��¥�À¨¥¢¬­ �����S���
®S¢¬�(§�±¿�S�_¯Î¨����_¨¥� ®À¨B�¬�Ê��¢"�nÂ�ÉS±¿�çÉI±�¯P´N¨¥¢|´)¢¬�E� �ÊÉS��¢¬��¨¥�³´)��¨^�Ê�S¢¬�·Â�ÉS�_�I�"ÉS�_¢¬�=¨¥¢"���ø¨B��­-�Ýî���	#X�ÊÉS±¿¯|���S�¡ Z�_¢|�¥´�¢¬�_®S¢¬�_¯"���©�ç¨B�"±¿§E�ø®À¨B�"�"�_¢¬�S¯r±¿¯r¨ �Y��¨B¯"�S¢¬���¥´��ÊÉS���_�E�Y®S��� Ù�±¿��­ �¥´D�"ÉS�
¢"�E¨¥��#S¯¸�ç¨¥�S��±��= Î´)�E¢�± �Ê¯D§B¨¥¢"±�¨¥ S±¿��±¿��­-#tÂ�±¿�ÊÉ8¢¬�_¯"®Z�_�p�È�"�h�çÉÀ¨¥�= E��¯È�S¨�­=¨B´]�Ê��¢ª�S¨�­-�
ë }�ln°��*o"suy	}�v�¹�jtwGì;jpjmv

P1
�§v\�

P2ÉG��¨¥�¿¯"� ®Z�E±¿���P�E���|�"ÉÀ¨B�P -�B�ÊÉG�Y���S�_�¿¯P���S�S�_¢¬�_¯¸�Ê±���¨B�"�Y�"ÉS��¢¬��¨¥�R�"¢Ê¨�§E�����Ê±¿���"#�¯"��´)�E¢
®S¢"¨¥���"±���¨B��¨¥®�®S��±¿��¨B�"±��E�S¯&#��ÊÉS±¿¯
 S±�¨¥¯w��¨B�Î -���Ê¨,�¥���Î±��©�Ê��¨B�_�_�¥�S�©�E�"É:É��_�h�_�E�Y®À¨¥¢¬±��= ª�ÊÉS��®-��¢¸·
´)�E¢¬�ø¨¥���_�r�B´³�E�S¢Ð��¯¬�"±���¨B�Ê�E¢¬¯	#«Â��Î�_¨¥��¯"���r�ÊÉS¨B� �ÊÉ��¡���� ^·���±��¥����±�É��������_¯¸�Ê±¿�ø¨B�"�E¢ª±�¯ ¯¬��±! ¥É��"�¿­
�E���"®-��¢¬´)�E¢¬�����G ©­G�"ÉS�����Ý¨¥¯¬¯"±%,S��¨B�"±��E�ý��­�®Z����¯¬�Ê±¿�ø¨^�Ê�E¢&��Æ����S�_����#
�ÊÉ������_¨¥� �¥´��"ÉS����¢"¢"�¥¢"¯Â�±¿�"É��"ÉS�r���Ý¨¥¯¬¯"± ,À��¨B�"±��E���Y���S���X±�¯ª�_�¿�E¯"���Ê�ø¤*#Z¨¥�S���"ÉS�|§B¨¥¢¬±Ý¨¥���_��±�¯ª¯"��¨¥���¿�_¢&�='�ÉS�r¢¬��¨¥¯¬�E�S¯
´)�E¢D�"ÉS±�¯��S± Ä���¢"���S�_�P¨¥¢¬���"ÉS�y´)�E���¿�zÂ�±��= Sµ

• â ±�¢"¯¸�E#©�ÊÉ�� �S±�¯¸�ç¨¥���_� �çÉS�¥¯"�_���"�¡��§B¨¥�¿�À¨B�"�È�ÊÉ�� ®-��¢¬´)�E¢¬�ø¨B�S�_�È�¥´X�ÊÉS�Ð�_¯¬�"±���¨B�Ê�¥¢	#�±�¯î�ÊÉS�¯"¨¥���h�ÊÉS¨B�¡±¿¯r�S¯¬�_� �Ê���_��¨¥¯"¯¬±¿´]­ �ÊÉS���À¨B�Ê¨ ±��ý�ÊÉS�����p�ÊÉS���S�E�¿�� ¥­ �S��¯"�_¢¬±� Z�_� ±¿�H�����p·
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A4W trunk road (2002-03-26)
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• × ���Ê�¿±���¢"¯D¨B�S�=¢Ê¨¥¢¬� ��§¥�_�©�Ê¯ª®S��¨�­�¨¥�¿¯"�Î¨B�=±��Y®-�E¢¸�ç¨¥�©��¢"�E�¿�Ð±¿�ø�ÊÉS±¿¯D¯¬�"�S��­-�/× ���ÊÉS�y�E���ÉÀ¨¥�S�6#��"ÉS�È�Y± Ù��"�S¢"���Y���S���À±�¯³§E��¢¬­Y¯"���S¯"± �Ê±¿§¥�È�"�|�E���Ê��±¿�_¢¬¯	�©Æ��S�S���_��#��ÊÉ��Ð���- E��±��¥�_�¿±�ÉS�����
�_¯¸�Ê±���¨B�"�E¢Ð�S¯¬�_¯P¨¥�¿���"ÉS�Î�À¨B�Ê¨·Â�±¿�ÊÉô�"ÉS�¡¯"¨¥���2Â���±! EÉ©�Ê¯ �"�= S�S±¿����¨¥� ¨�§¥�_¢Ê¨" E�h¢"�_®�¢"�p·
¯"�����Ê¨B�Ê± §E�"#mÂ�ÉS±¿����¨��_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E�h���p�ÊÉS���Î�Ê�_���S¯î�"�|±¿¯"�E��¨B�Ê��¯¬�S�çÉ��E���Ê��±¿�_¢¬¯R±��h¯"®Z�_��±Ý¨¥�
�_��¨¥¯"¯¬�_¯	� ¡ �_���_�-#��ÊÉS�È S����¢"¢"±¿�= r�¶Ä��������¥´&�E���"��±���¢"¯î±�¯î¯¬�"¢"�E�= ¥�_¢�´)�E¢³�ÊÉ��Ð�Y± Ù��Ê�S¢¬�Ð�Y�����_�
¯"±¿�S�_���ÊÉS�p­V¨¥�S��¨ �S�p§�±�¨B�Ê±¿�E�H�Ê�_¢¬���Ê� �ÊÉS���_¯¸�Ê±¿�ø¨B�"�_¯&�î×y�V�ÊÉS���¥�"ÉS�_¢YÉÀ¨¥�S�6#î¢"¨¥¢"�
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®-�¥±��©�P�E���|±��G���_�p�Ê±��¥� £G� ¦=���*#��ÊÉS¨B�r¯¸�ç¨¥���À¨¥¢"��¯|®S¢¬�-,À�¿�_¯� E±¿§¥�_�G ©­��"ÉS�����Ý¨¥¯¬¯"± ,À��¨B�"±��E�
���p�ÊÉS���ý�_�E�©�ç¨B±��ý���E¢¬�h¢Ê¨¥¢¬���p§E�_�©�r®S¢"�-,S���_¯&� ¡ ���S�_�"#�´)�E¢�� ÙS¨B��®S�¿�h±�� â ±! E��¢"�Y£G� � �*#Â�ÉS±��çÉG±�¯P�E�S�Y�¥´D�ÊÉ��1Â��E¢"¯¸�¡�_¨¥¯"�"#��"ÉS�����E�= E��¯¬�"�_�I®SÉS���S�E�Y�_�À¨�¨¥¢"�Y¯"�¿±! EÉ©�"�¿­� Z���¬�Ê�_¢
�S���"�_�p�Ê�_��µS�ÊÉS� �"¢Ê¨�§E�����Ê±¿����¯ÝÂ�±¿�"Éø�Ê¢"¨"®Y�î«"¨¥�Y¯D�¥´X�"ÉS�y���¥¢"�S±¿�= E¯�¨¥¢"�  Z���¬�Ê��¢��_¯¬�"±���¨^·
�Ê������¾ª�S��±��¥���ÊÉ��_�E¢¬���Ê±¿��¨¥�À¯¸�Ê�S��­h±��Y�����S�_�À¯¬�_�¿�_���"±��E�6#�Â��ª´)�E�S�S�h�ÊÉS�ª�E®��"±���¨¥�S���S�¡ Z�_¢
�¥´-�����S�_�¿¯w ©­Î�Y±��S±¿��±%B_±��* ��"ÉS��®S¢"���S±��p�Ê±¿�E�Î�_¢¬¢"�E¢R S����Â�±¿�ÊÉ��E���³¨y®Z�_�À¨¥� ��­r�"�_¢"�
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A4W trunk road (2002-04-29)
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• Öª��§¥�_¢¬�"ÉS�_�¿�_¯¬¯	#¥�"ÉS�_¢¬��¨¥¢"�î��Â���¨B��§B¨¥�©�ç¨- E��¯�´)�E¢��S¯"±¿�= È�"ÉS�D�¿�� E��±��¥����±�É������ �Y���S���<� â ±¿¢"¯¬�	#± ��±�¯ª¨¡§E�_¢¸­��&®Y�_±¿�_�©�Ð�Y���"ÉS�����E��¨h�_�E�Y®S���Ê¨B�Ê±¿�E�À¨¥�-®-�E±¿�©�È�B´�§�±��¶Â+#§Â�ÉS±��çÉ�±�¯��¡�S�çÉ
´N¨¥¯¸�Ê��¢��ÊÉÀ¨¥�:�ÊÉ����_�E�Y®S���Ê¨B�Ê±¿�E�S¯=�S���_�_¯¬¯Ê¨¥¢¸­*�Ê�H®Z�_¢¬´)�¥¢"� �"ÉS� ���_¨¥¢"�S±¿�= I®S¢¬�����_¯"¯8�¥´
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±¿�S�_¢¬��¨¥¯¬±��=  �"ÉS�=���S�¡ Z�_¢¡�B´È�Y���S�_�¿¯|´)�E¢r�"ÉS���¿�� E��±��¥����±�É������ �S����¯Î�S�¥�Î±¿��®�¢"��§E�ø�"ÉS�
��¯¬�Ê±¿�ø¨^�Ê±��¥�Y��¢"¢¬�E¢	��Æ��S�S���_���"ÉS�Ð¨B�S�S±¿�"±��E�S¨¥�S¯"���������Ê���=®À¨B�¬�Ê�_¢¬�S¯D¨B¢"�ª¢"�_���S�S�À¨¥�©�	#�¯¬±��S���-#
¨¥¯�Â��øÉÀ¨�§E�8¨¥�¿¢"��¨B��­ý¯Ê¨¥±¿��#��"ÉS���¿�� E��±��¥����±�É������ô�_¯¸�Ê±¿�ø¨B�"�E¢P�S����¯¡�S�¥�r®S���¡�"ÉS�ø¯¸�Ê¢¬�_¯"¯
�E�8¢"¨¥¢"����§¥�_�©�Ê¯&#�Â�É�±���� �"ÉS���_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E����­�®-��®S¢¬�_�S±¿���Ê�¥¢ª±¿¯"�E��¨B�Ê��¯D¯"���çÉ�´)��¨^�Ê�S¢¬�_¯ª±��
¯¬±��= E�¿� �_��¨¥¯"¯¬�_¯&�
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� ´)¢	#
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�"ÉS�����E¢¬�
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��ÚÈ¯�¨ø�_�¥�S¯"� ·$��S���S�_�"#R�ç¨,��±��* �"ÉS�8�����S±Ý¨B�I�¥´ ¨B�����"ÉS�=´)�S�S���"±��E��¯¡´)�E¢¡�ÊÉS�8¢¬�_®S¢¬�_¯"���©�ç¨B�"±¿§E���¥´ª�ÊÉS�8�_��¨¥¯"¯
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� �

í î bIï ���
�

 ð
ñ �1���(� b ����½�� f b �¿� ¾¿� � ½£fgh d 
 fg

�
� b �¿� d(b ����½¬�

/X�_¯ª®S¢"�� ¥¢"Ë_¯È�&Ä-�_�p�Ê�S��¯Ð�_���ø¨^�Ê±�Ë�¢"���S�P¢"���_�S��±��&�S�P�S�E�S�S���_¯ª´)�E�©�:$��S�"#-�S�P®S�¿�S¯È��� ®S�¿�S¯
¯"�¥��§E�����	#�����¢"��¯"�S� �ç¨B�³� ) �S���È� Ù�®Z�_¢¬±����S�_�ª� ) �_¯¬�î®S�¿�S¯³�S�S��¯"±¿��®�����§B¨¥�¿�_�S¢R���S�Y�_¢¬±!$��S���E��$��À¨^·
��± �ç¨B�"±¿§¥�-#��ø¨¥±¿¯¡�S�S�=´)�E�����Ê±¿�E���³Ì ) �_¯¸�Y���=��¨B¯Y�S¨¥�S¯h����¯Î�çÉÀ¨¥®S± �Ê¢"��¯ � �p��£ �-´V���E¯h�S�E�S�S���_¯
¯"�¥����®S¢"±¿�S�_±¿®À¨¥���������©���_�¥�S¯¬�"±¿�Ê���_�_¯=�����_�E�S¢¬ -��¯=�S� §�±¿�"�_¯¬¯"�-�0/X��¯=���p�ÊÉS���S�_¯ø¯¬�ç¨^�Ê±�¯¸�Ê±%$����_¯
¯ ) ¨¥�À¨B®��Ê�����A�ø�_��¯ �S�E��§¥�_�¿���_¯Ð�S�E�S�S���_¯y�S��®S�S±¿¯:$��S�_�%$��S�_¯�¨¥���S�_��¯	�X²�¨¥¢Ð� Ù�����®����-#-� ) �E��§�¢Ê¨" E�Å ��±��!� � ÆÈ±��©�"±¿�Ê������Ó�ÔmÑ6ä¶ÕuÎ<ÐrÑ§Ñ�å-æ $ å-ÕÍå y Ñ�å-æ¾vzÏ¶Î!Ï�®S¢¬�E®Z�E¯"�ô��±%Ä-�_¢"���©�Ê�_¯ø�pÙ��Ê���S¯"±¿�E�S¯=�S��¯���� ·
�ÊÉ����S��¯Î¯¬�Ê¨B�Ê±¿¯¬�Ê±%$��S�_¯Î���Ý¨¥¯¬¯"±!$��S��¯Î�_�E�Y�Y��� ) ÚÐ�À¨B�¿­�¯"����� Ì��E��®Z�E¯"¨¥�©�Ê�_¯h²R¢¬±��S��±�®À¨¥�¿�_¯¡�¥�I�Ý¨
¢"�& E¢"��¯"¯¬±��E�5��±�����¨¥±¿¢"�-�&ÇÐ¨¥�S¯r���ø�çÉÀ¨B®S±¿�"¢"�-#&�S�¥�S¯r�S�¥�S¯r®S��¨ ? �¥�S¯|���E�S�ø�S¨¥�S¯r���ø���E�©�Ê�pÙ��"�ø�S��S�E���S�_��¯ ´)�E�S���"±��E���S�_�¿���_¯&��ÇÐ¨¥�S¯y�Ý¨�¯"�_�p�Ê±¿�E�O�*� � #-�S�¥�S¯y�S�_��¢"± §E�E�S¯��¿�r�Y���SË����|���Ê���S±��¡�p���pÙ�·
®S�¿±��_± �Ê�E��¯ª�¿�_¯ �Y�¥�"±¿§B¨B�Ê±¿�E�S¯8$��S±w���E�S¯ �E�©� ¨¥�����S�5�ø®Z�E¯¬�_¢ �S�ô�"�_�������SË����-�x/&¨ø¯"�����"±��E�±�G� £
�_¯¸�ª�S�_�S±¿�_�2�Î�Ý¨Î�S�_¯¬�_¢¬±�®��"±��E���S���Ý¨Î�Y���ÊÉ����S�y���|¢¬�_¯"�¥�����"±��E�=�p� ¨¥��Ù8®S¢"�¥®S¢"±¿���Ê��¯0$���±��������p·
�_�¥�S�������	��Ç ¨¥��¯���¨D¯"�_�p�Ê±¿�E�×�G�µ�*#_�S�E�S¯&�S�E���S�E�S¯&����¯X¢"��¯"�S� �ç¨B�"¯����î���E�S¯¬±�¯¬�Ê¨¥�S���î�p���S�³�S�E¢"��¨¥�¿±¿�Ê�
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�¿�y�����SË���� ¯¬�S±¿§B¨¥�©�E�
²��E�S¢��çÉÀ¨-$��S���_�¥�S¢" Z� Cj, j = 1, . . . ,J

#S���_¯�����¯"�S¢¬�_¯
yij, i = 1, . . . ,n,

¯"�¥�����¥ S¯"��¢¬§E���_¯
¯¬�S¢P�S�_¯¡®Z�E±¿���"¯��	$��S±���±�¯¬�Ê¨¥�©�Ê¯

ti = i−1
n
T ∈ [0,T [

#�¨�§E���
T ∈ R∗

+

�
Öª�E�S¯P�����S�_�¿±�¯¬�E�S¯��_��¯
���E�S�S���_¯ª®À¨¥¢

Yij = f
(

ti − θ∗j
)

+ εij, j = 1, . . . ,J, i = 1, . . . ,n,
HN�*� � J

�-´
• f : R → R

�_¯¬�ª�S���P´)�E�����Ê±¿�E�
T
·�®Z�_¢¬±����S±!$��S� ±¿�S�_�¥�S���S�-#

• θ∗ =
(

θ∗j
)

j=1,...,J
∈ RJ

�_¯¸� �S� �_�S¯¬�_�¡ S�¿�r�S�|®À¨¥¢"¨¥��Ëp�Ê¢¬�_¯Ð���|�Ê¢"¨¥�S¯¬�Ý¨B�"±��E��±��S���E�S����#
¨�§E�_�

θ∗j
�_�E¢¬¢"��¯"®Z�E�S�À¨¥�©�C�Î�Ý¨¡�Ê¢"¨¥�S¯¬�Ý¨B�"±��E�����P��¨Î�_�E�S¢¬ -�����S�Y�_¢¬�

j
#

• ®Z�E�S¢��Ê�E��� j = 1, . . . ,J, (εij)i=1,...,n

��¯¬�ª�S�� S¢"��±¿�� S��¨¥�S�A ©¨¥��¯"¯"±¿�_���S�y§B¨¥¢"±�¨¥�S�_� � �
Öª�E�S¯³¯"�¥���Y�_¯³�S�E���È±¿�_±S�À¨B�S¯����ø��¨B�S¢"��¯"����± ·�®À¨B¢Ê¨¥�Y���"¢"±!$��S�"�EØR�ø�¶Ä��p�E#��S�¥�"¢"�� S�����_¯¸�î� ) �_¯¸·
�"±���¨B�Ê±¿�E���S��¯È®S¨¥¢Ê¨¥�YË��"¢"��¯ª�����"¢Ê¨¥��¯"�Ý¨^�Ê±��¥�

θ∗j , j = 1, . . . ,J,
¨�§E�_�|�Ý¨r´)�E�����Ê±¿�E�

f
±��S���E�S���S�

���E�S¯¬±��S��¢"�_�����E���Y�y�S��®À¨¥¢"¨¥��Ëp�Ê¢¬� �S�P����±�¯Ê¨B�S�_�"�
Öª�¥�Ê¢¬�R�_¯¬�"±���¨B�Ê±¿�E� ��¯¬�& À¨¥¯¬�_�³¯"��¢����S�R�S�_���E�Y®-�E¯¬±¿�"±��E� ���î���E¯�´)�E�S�p�Ê±��¥�S¯X¯"�S¢X���S�³ À¨¥¯"�R���

â �E��¢"±���¢	��Ø³�8�¶Ä��p�E#À�Ý¨¡ S¨¥¯"���S� â �E�S¢¬±��_¢��S±Ý¨- ¥�E�À¨¥�¿±�¯"�ª� ) �E®Z�_¢"¨B�Ê���S¢��S�y�Ê¢"¨¥�S¯"��¨B�Ê±¿�E��#�®S�S±¿¯4$��S�-#
®Z�E�S¢��Ê�¥���

j = 1, . . . ,J
#-�¿�_¯ª�_���&®Y�_±¿�_�©�Ê¯Ð�S� â �E�S¢¬±���¢È¨B¯"¯"���_±¿�_¯Ð¨¥��Ù�´)�E�S���"±��E��¯ª�"¢Ê¨¥�S¯¬�Ý¨B�"�_��¯

f(· − θ∗j )
¯"�E�©���Ê����¯8$��S�-#/®Z�E�S¢D�"�E���

l ∈ Z
#

cl
(

f
(

· − θ∗j
))

=
1

T

∫ T

0

f
(

t− θ∗j
)

e−i2π
tl
T dt

= e−i2π
θ∗j l

T cl(f),

�-´
i
�_¯¸�Ð�¿���S�E�¡ S¢¬���_�E�Y®S��� Ù����"�_�($��S�

i2 = −1
�ÀÚÐ±���¯"±<#�®À¨¥¢�� ) ±��©�Ê��¢"�Y�_�S±�¨¥±�¢¬�Ð�S�P�Ý¨¡�"¢Ê¨¥�S¯b·

´)�¥¢"�Y�_�8�S� â �¥�S¢"±¿�_¢Î�S±¿¯"�_¢¬Ë��"�-#î�_� ¯¬�S®S®Z�E¯Ê¨B���·$��S�
n
�_¯¸�ø±¿��®À¨B±�¢	#��S�E�S¯h�Ê¢"¨¥�S¯¸´)�E¢"�Y�E�S¯h���

�Y���SË_�¿��HN�*� � J����
djl = e−ilα

∗

j cl(f) + wjl, j = 1, . . . ,J, l = −(n− 1)/2, . . . ,(n− 1)/2,

�-´
• (cl(f))l∈Z

¯"�¥���ª�¿�_¯��_���&®Y��±��_�©�"¯È�S� â �E�S¢¬±���¢D�S�
f
#

• ����¯¡§B¨¥�����S¢"¯ α∗j = 2π
T
θ∗j ∈ R

#w®Z�E�S¢r�"�E���
j = 1, . . . ,J

#w¯"�E�©�h�S�¥¯Y®S¨¥¢Ê¨¥�YË��"¢"��¯¡�S�
�Ê¢"¨¥�S¯"��¨B�Ê±¿�E��#

• ®Z�E�S¢��"�E��� j = 1, . . . ,J, (wjl)l=−(n−1)/2,...,(n−1)/2

�_¯¸���S�= S¢¬�S±¿�� S��¨¥�S�Ð���E�Y®S��� Ù��"#����
§B¨¥¢"±�¨¥�S�_� 1

n

#/¨�§E�_�P����¯�®À¨¥¢¸�Ê±���¯�¢"���_���¿�y���ª±���¨- E±¿�À¨¥±¿¢"�ª±��S�S��®-���S�À¨¥�©�"�_¯	�
Öª�E�S¯Y¯"�E�Y�Y�_¯Y�S�E�S�� S±���� �À¨¥��¯ø�S���_¨¥�S¢¬� ¯"����± ·�®À¨B¢Ê¨¥�Y���"¢"±!$��S�"�RÖÈ�¥¯ø®À¨¥¢"¨¥�YË��Ê¢¬�_¯Y� ) ±���·
�"�_¢93��|¯"�E�©�¡�¿�_¯�§B¨¥�����S¢"¯

α∗ =
(

α∗j
)

j=1,...,J

$��S±î�S��®-���S�S�_�©�r� ) ��� ®À¨¥¢"¨¥��Ëp�Ê¢¬���S�Y���S±�¯"¨¥�S���
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(cl(f))l∈Z
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®Z�E�S¢r¢¬���"¢"�E��§¥�_¢¡� ) ±¿�S�_�©�"±%,/¨¥ �±���± �Ê�"#��S�E�S¯r�S��§�¢"�¥�S¯¡�S�E��¯¡®S�Ý¨B�_�_¢|�À¨¥�S¯r�S�I�_¯¬®À¨¥�_�=����®À¨¥¢"¨^·
�YË��Ê¢¬�_¯�®À¨¥¢¸�Ê±¿�_�S�¿±��_¢Ý$��S���S�E�S¯��S�¥�"�_¢¬�E�S¯

A
�

cÃüTS Ú5t z�orqÎuXj
v|n�u&t
â ¨¥�_�1�8�_�h®S¢"�¥ S��Ë����h� ) �_¯¸�Ê±���¨B�"±��E��¯¬�_�Y± ·�®S¨¥¢Ê¨¥�Y���"¢"±%$����-#�¯¬±R�S�E�S¯�§E�¥�S���E��¯P���_¯PÉ�­�®Z�B·

�ÊÉ�Ë_¯"��¯ ¨¥¯¬¯"�&B|´N¨¥±¿ S����¯�¯"�S¢ª�Ý¨¡´)�E�S�p�Ê±¿�E��±¿�S�_�¥�S���S�
f
#À������¨B�S¢"�P�S�_¯

M
·���¯¬�"±���¨B�Ê���S¢"¯��_¯¸�Ð �±��_�

¨¥®S®�¢"�E®S¢¬±��"�/ÇÐ�r®S�¿�S¯	#/�S�¥�S¯Ð¢¬�_��¨¥¢4$��S�E��¯:$��S�r®Z�E�S¢��Ê�¥���
α = (αj)j=1,...,J ∈ A

#/���_¯ª�_���&®Î·
�_±¿�_�©�Ê¯�¢¬�_®SÉÀ¨B¯"�_¯

c̃jl(α) = eilαjdjl, j = 1, . . . ,J, l = −(n− 1)/2, . . . ,(n− 1)/2,

������¨Î����­E���S�S�P�S���_��¯ª�����¶®Y�_±����©�Ê¯
ĉl(α) =

1

J

J
∑

j=1

c̃jl(α), l = −(n− 1)/2, . . . ,(n− 1)/2,

¯"�¥�����"�_��¯8$��S�
c̃jl(α

∗) = cl(f) + eilα
∗

jwjl,���

ĉl(α
∗) = cl(f) +

1

J

J
∑

j=1

eilα
∗

jwjl.

ÚÐ±¿�S¯"±N#¥��¨y§B¨¥�¿�_�S¢ |c̃jl(α)− ĉl(α)|2 ����§�¢Ê¨¥± �@3��Ê¢¬��®-�p�Ê±¿�"���SË_¯@$��S� α �_¯¬�î®S¢¬���çÉ��È�S� α∗ �©ÚÐ®S¢¬Ë_¯�_�p�"�"�P¢¬�_��¨¥¢4$��S�"#À®-�¥�S¢��S�S��¯"��±¿�Ê�+$��S�����_�¥�=$��S�
(δl)l∈Z

�"�_�¿���>$��S�
∑

l∈Z

δ2
l < +∞,

�S�E��¯ª���&,À�S±¿¯"¯¬�E�S¯ª���y�_¢¬±¿�"Ë_¢"�y����®�±�¢"±%$��S�

Mn(α) =
1

J

J
∑

j=1

n−1

2
∑

l=−n−1

2

δ2
l |c̃jl(α)− ĉl(α)|2 .

ÚÐ±¿�S¯"±N#��¿�
M
·���¯¬�Ê±¿�ø¨^�Ê�_��¢��S�

α
#À®Z�E�S¢��S���_�©�"±��_¢

n
,�Ù��"#Z��¯¬�ª�S�E���S��®À¨¥¢

α̂n = arg min
α∈A

Mn(α).

cÃü�c Ú5t�n j�k�n&{=�pu�vyu�nÿv|n¬³ø� }=u&oPu&m���{=t�n
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�Ê�B�Ê±!$��S�y���P���¥�Ê¢¬�
M
·��_¯¸�Ê±¿�ø¨B�"�_�S¢&�
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ó »\�p}«o~¦mlnj ¤¬iu� � ÐrÔpÏ×æ!èKÏs�lvKì§ÐrÕw��aKÏzèKÏ2Ï¶ÔmÎÊçrå-Ñ§Õ^èKÏ2Ï¶ÔGã×æ å
�EÐrÑ6ä¶ÕuÎ<ÐrÑ

f
è¶Õ7Ï¶Ômã5æ åkÏ¶ÔmÎÊÕ�è1ýmèKÏì§ÐrÎuýrÏ

(δl)l∈Z

�
∑

l∈Z

|cl(f)|2 < +∞,

∑

l∈Z

δ4
l l

2 < +∞,

Ñ6ÐrÔtÏ2å-ç-ÐrÑ*Ï
α̂n

Pα∗−−−−→
n→+∞

α∗.

²��E�S¢Î�S��¯Y¢"¨¥±�¯¬�E�S¯¡����¯¬±��Y®S��±¿�_± �Ê�-#X��¨ô�S�E¢¬�ø¨¥�¿±¿�"�ø¨¥¯¸­���®��"�¥�Ê±%$��S�=�_¯¸�h�S�_�Y�E�©�Ê¢¬�_�=�À¨¥��¯
� ) ��¯"®À¨B�_���S�_¯�®À¨B¢Ê¨¥�YË��"¢"�_¯

A1 =
{

α ∈ [−π,π[J ; α1 = 0
}

.

ØR�ô���E�S¯¬�	$��S�_���_�-#X���E�S¯Ð�Y�E�©�Ê¢¬�E�S¯ª�Ý¨Y�S�E¢"��¨¥�¿±¿�Ê��¨B¯¬­���®��Ê�¥�"±!$��S�P�À¨¥�S¯ � ) ��¯"®À¨B�_�r���_¯ ®À¨B¢Ê¨^·
�YË��"¢"��¯

Ã1 = [−π,π[J−1,
����®Z�E¯"¨¥�©�E#À®Z�E�S¢D�Ê�¥���

n ∈ N
#
α̂n = arg min

α∈Ã1

Mn

(

0
α

)

,

¨�§¥�_�
α = (αj)j=2,...,J

�
ó »\�p}«o~¦mlnj ¤¬i%� � ÐrÔpÏ.æ!èKÏ��lvKì§ÐrÕw��aKÏzèKÏ:ý-ÔÃÕw�§ÖKÐrãTa¶ÿ·è�Áå<w21è¶ÕWÏzÐrÔtÏCæ~- �lvMì§ÐrÕw��aKÏzèUÏ¶Ôzìtì�æ!Ö¶ÿ·è¶Ñ§ÒÕ<å-ÎÊãßè>Ï¶ÔmÎÊçrå-Ñ§Õ^è*�

∑

l∈Z

δ4
l l

4 < +∞,

Ñ6ÐrÔtÏ2å-ç-ÐrÑ*Ï
√
n(α̂n − α∗)

D−−−−→
n→+∞

NJ−1(0,Γ),å-ç-èKä
Γ =

∑

l∈Z
δ4
l l

2|cl(f)|2
(
∑

l∈Z
δ2
l l

2|cl(f)|2
)2 (IJ−1 + UJ−1) ,

Ð}|9(
IJ−1

èKÏ¶ÕUæ åkÿ1å-ÕNãMÎ<äKè×Îuýmè¶Ñ§ÕNÎÊÕ�Ö;ýmè�ý-ÎÊÿ·è¶Ñ*Ï¶Î<ÐrÑ
(J − 1)

è¶Õ
UJ−1

èKÏ¶ÕUæ å­ÿ1å-Õuã¶Î<äKè�ä4å-ãMãßÖKèýmè�ý-ÎÊÿ·è¶Ñ*Ï¶Î<ÐrÑ
(J − 1)

ýmÐrÑ§ÕUä)�*å9�	Ô§è;Ö¶æ!Ö¶ÿ·è¶Ñ§Õ8èKÏ¶Õ8Ö<étå-æ x 29<
cÃüR� ô }�}8�pm_z�v�u&mporq
× ���"¢"�Î����¯�¯"±��r�S�Ý¨B�"±��E��¯Ð�&Ä-�_�p�Ê�S���_¯|¨�§E�_�Y�_�p�"�"�Y�Y���S�_�¿±�¯Ê¨^�Ê±��¥�ÜH)§¥�E±�¢y�çÉS¨¥®S±¿�"¢"�Î¦pJM#��S�E��¯

¨�§¥�E�S¯r�Y±�¯���� ®S�Ý¨B�_�Y�_���¬�Ê���_¯¬�"±���¨B�Ê±¿�E� �À¨¥�S¯|���Y��¨¥��¢"�Y�S�ø�S�B�Ê¢"�Y®S¢¬��§�±�¯¬±��E�5�S���"�_�Y®S¯|���
®S¨¥¢"���E�S¢"¯&�ZÇ ¨¥�S¯È�����çÉÀ¨¥®S± �Ê¢¬�¡£
HN¯¬�_���"±��E�ô£G� ¦=� £Î���È¯"�����"±��E�ô£G� ¦*�µ�tJD�S�¥�S¯Ð�_¨¥�����S��±¿�E�S¯�����¯È®�¢"�B·,S��¯y��­�®-��¯¡¨¥¯¬¯"���_±���¯;�8�çÉÀ¨¥���S�S���S��¯r���Ý¨¥¯¬¯"�_¯|�S�Y�S�¥�Ê¢¬�����Ý¨¥¯¬¯"± ,À��¨B�"±��E� ®À¨B¢|��¨��Y�_�S±�¨¥�S�h�S��¯
���E�S¢¬ -��¯D�S�y�Ý¨P�_��¨¥¯"¯¬�-�ÀÖª�E�S¯�¨�§E�¥�S¯��S�E�S�Ð±��©�Ê¢¬���S��±¿�E#��À¨B�S¯��S�¥�"¢"�y¨¥�% E�E¢¬±¿�ÊÉ������S� �_¨¥�����S�����
���E�¡ S¢¬�P�¥®��Ê±¿�ø¨¥���S�r���Ý¨¥¯¬¯"�_¯&#-� ) ��¯¬�"±���¨B�Ê±¿�E�=�S�_¯ª�Ê¢"¨¥�S¯"��¨B�Ê±¿�E�S¯����ô���Ê±¿��±¿¯Ê¨¥�©����¨h�"¢Ê¨¥�S¯¸´)�E¢"�Y�_�
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�S±�¯¬�_¢"Ëp�Ê�"��Ì����"�"���S�E��§¥�_���¿��¨¥®S®S¢¬���çÉ��ª���ª¯ ) ��¯¬��®À¨¥¯î¨�§E��¢"�_�ª�_�¥�S�_�¿�À¨¥�©�Ê�"��Ø³�h�¶Ä��p�E#
�S�E��¯|¨�§¥�E�S¯P�_�E�S¯¸�ç¨B�"�Ã$��S�h� ) ��¯¬�Ê±¿�ø¨^�Ê±��¥�ô�S�ý�S�E�¡ S¢¬�h�E®��Ê±¿�ø¨B�
�S�h�_��¨¥¯"¯¬�_¯P®À¨¥¢�¯¬�Ê¨B�Ê±¿�E���S�
�_�¥��®��Ê¨- E�����Ê¨¥±¿�î¨B®S®S¢"��Ù�±���¨B�"±¿§E�������©�³�����Ã3����"��²
¨¥¢î�_�¥���"¢"�"#��¿�_¯î�_¢¬¢"�_��¢"¯î��¨¥�¿�_�S�¿�_�_¯î���¥¢"¯R�S�
� ) ¨¥®S®�¢"�_�©�"±�¯"¯"¨- E�����Ê¨¥±����©�È¯¬�S®Z�_¢"±¿�_�S¢¬�_¯:�Y���_���¿�_¯ª�S�b«4�h�E ��"�_���S��¯	�x/�¨Y¢Ê¨¥±¿¯"�E�8��¯¬� ¯¬±��Y®S���������©�$��S������¯ª���E�S¢¬ -��¯È�S�y§�±¿�"�_¯¬¯"��$���±X�E�©�È��¨Î®S¢"�E®�¢"±��p�Ê�y�S��¯¬�|�S���S�S±¿¢"������¯��S�S�_¯ª�S��¯Ð¨¥���Ê¢"��¯�®À¨¥¢
�S�S�h¯¬±��Y®S���r�"¢Ê¨¥��¯"�Ý¨^�Ê±��¥��¯"�E�©�P®-���5���E�¡ S¢¬�_�S¯¬�_¯	��Ì��p�"�Ê�Y¢"���ø¨B¢4$��S�h¢"��¯¬�Ê�Î§B¨¥��¨¥ S���r®-�E��¢P�¿�
�Y���SË���� �p�Ê�S��±��y�À¨¥��¯+Å ÇÐ±���¤¥¦"Æ($��S±&¨�«¬�E���Ê��¨B��Ù8®À¨¥¢"¨¥�YË��Ê¢¬�_¯��S� �"¢Ê¨¥��¯"�Ý¨^�Ê±��¥�=�S�y�S�¥�"¢"�y�Y�B·
�SË����-#_�S�_¯�®À¨¥¢"¨¥��Ëp�Ê¢¬�_¯&�S�³�S±���¨B�ç¨^�Ê±��¥�Ð�S�³�çÉÀ¨¥���S�S���S�_¯&�_�¥�S¢" Z�_¯&�BÖª�¥�Ê¢¬�³�_�E�S¯¸�ç¨B�Ê¨B�Ê±¿�E�y±���±¿�Ê±�¨¥���
¢"��¯¬�"�ø�Ê�E���Î�S���13_�Y��§B¨¥��¨¥ S���"#\� ¯Ê¨�§E�¥±�¢;$��S����¨ ¯¬�"¢"�S�p�Ê�S¢¬���S��¯Î�_�E�S¢¬ -��¯¡�_¯¸�Y¨¥®S®S¢¬��Ù�±¿�ø¨(·
�Ê± §E���������r�Ý¨��Ã3������À¨¥�S¯|�_�_¢¸�ç¨¥±¿�S�_¯r�_�Ý¨B¯"¯"��¯	�
²
¨¥¢¡���E�©�Ê¢¬�-#
�¿�ø�Y����Ë_���Y�S�Y�Ê¢Ê¨B�S¯"��¨B�Ê±¿�E��H)���
�S�y�S±¿�Ý¨B�Ê¨B�Ê±¿�E�«JR¯ ) ¨�§EË_¢¬�23p�Ê¢¬�y±�¢"¢¬��¨¥�¿±�¯¸�Ê�-��Ì��_��¨¡�S�E�S¯ª¨Î¨¥�Y�_���-#��"�E�����À¨B�"�S¢"�����¿�_�Y�_�©�E#*�¡�S�E�S¯
±��©�"�_¢"��¯"¯¬�_¢0�r�S��¯D�Ê¢"¨¥�S¯¬´)�¥¢"��¨B�Ê±¿�E�S¯î®S���S¯7 E�_�S��¢Ê¨¥�¿�_¯&�ÀÌ��_¯D�"¢Ê¨¥��¯¬´)�E¢¬�ø¨B�"±��E��¯�¯¬�E�©���S�&,S�S±���¯����
���"�S�S±¿�_�_¯��À¨B�S¯����y�çÉÀ¨¥®�±¿�Ê¢¬� � �
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¥¤

��­8¨¥���ÊÉS�E¢¬¯_µ â ¨¥ S¢¬±����PÞP¨¥�r -�©¨ ∗∗ # ¶ �_¨¥��·¸°�±��çÉS���W/&�¥�S -��¯ ∗ ¨¥�S��ØR��±��P°�¨-B�¨ ∗∗ �
∗ ÌDÖÐÕÈ��·Ý/&¨¥ Z�E¢Ê¨^�Ê�E±¿¢"�Ð���r°�¨B�ÊÉS���ø¨^�Ê±!$��S��¯Ø�$��S±�®Z���S�P²³¢¬�E À¨¥ �±���± �Ê��¯	#����ç¨B�"±�¯¸�Ê±!$��S�y�p�Ð°������_��±¿¯Ê¨B�"±��E�
¾ °�Õ¢�E�©£-�r·î �¦^�Ê±��Y�_�©��¦�£ � #S¾ª�S±¿§¥�_¢"¯¬±¿�"�|²�¨¥¢"±¿¯È���S�� � ¦E¤ � × ¢"¯Ê¨�­=���_�S� Ù
∗∗ /�¨B -�E¢"¨B�Ê�¥±�¢"�Ð�S�|���ç¨B�"±�¯¸�Ê±!$��S�Ð���ª�S�P²R¢"�E À¨B S±��¿±¿�Ê��¯¾ °�ÕJÌ ��� ���r·�¾ª�S±¿§¥�_¢"¯¬±¿�"�|²�¨¥�S����¨B À¨B�Ê±¿�_¢��� �G#S¢"�E���Ê�y�S�PÖÐ¨B¢" Z�E�S�S�
â ·�� � ¤E�©£�'��E�����E�S¯¬���_�_���pÙ�¦
â ¨¥ S¢¬±��_�"� Þ�¨¥�¡ Z�©¨9§ ��¨B�ÊÉ6� �S®�¯¸·õ�"��¯¬�-� ´)¢
¶ ��¨B��·¸°�±¿�çÉS�_�N�µ/X�E�� -��¯)§ �ø¨^�ÊÉ�� ��·�®�¯"�S��� ´)¢
ØR��±¿�-� ° ¨-B�¨�§y��¨B�"É�� ��®S¯¸·\�Ê��¯¬�-� ´)¢
ÚÐ S¯¸�Ê¢"¨¥���_µGÉ5� �E S¯¬�_¢¬§¥�P¨r�Ý¨¥¢9 E�ª�����¡ -��¢D�¥´X´)�S�����Ê±¿�E�S¯D��±%Ä-�_¢"±¿�= |´)¢¬�E� ��¨¥�çÉ8�¥�"ÉS�_¢��E�S�¿­

 ©­*¨G�"¢Ê¨¥�S¯¬�Ý¨B�"±��E� ®À¨¥¢"¨¥���p�Ê��¢	�ÝÉ:É�±������ÊÉS� �ø¨¥±¿��®À¨B�¬�Ê��¢"�*±�¯ø�S�5���S�zÂ���#UÂ���®S¢"�E®Z�E¯¬� �Ê�
�_¯¸�Ê±¿�ø¨B�"�
�ÊÉ��R¯"ÉS± ´]�X®À¨¥¢"¨¥���p�Ê��¢"¯X�S¯¬±��= 

M
·õ�_¯¬�"±���¨B�Ê�¥¢"¯	� â �E�S¢"±¿�_¢�¯¬�_¢¬±��_¯X���À¨¥ S�¿�_¯��"���"¢Ê¨¥��¯¬´)�E¢¬�

�ÊÉ�±�¯&¯¬�Ê¨B�Ê±¿¯¬�Ê±¿��¨¥�©®�¢"�E S�¿�_�J±¿���"� ¨�¯"����± ·�®À¨¥¢"¨¥�Y���Ê¢¬±��w´)¢"¨¥���¶Â��¥¢~�«�zÉG��¯¬�Ê����­��ÊÉS�î�_�E�©§¥�_¢4 ¥�_�S���
�¥´X�"ÉS�Ð��¯¬�Ê±¿�ø¨^�Ê�E¢�¨¥�S��®�¢"��§�±��S� ± �Ê¯�¨¥¯¬­��Y®��Ê�¥�"±��ª -��ÉÀ¨�§�±��E¢&�S°��¥¢"�_��§¥�_¢	#GÂ��y�S¯¬�Ð�ÊÉ�� ���p�ÊÉS���
±����"ÉS�P¨¥®S®S�¿±������_¨¥¯"���¥´�§E�������_± ��­=�_�S¢¸§E��´)�E¢"����¨¥¯¸�Ê±¿�= =�
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�­ü	û ® qhuXj�oYs�{8z�u&mpo|q
°��¥¢"�h¨¥�S� �Y�E¢"�r�¥´]�Ê����#��ÊÉ��Î�E���Ê���E�Y�Î�¥´�¨¥� �pÙ�®-��¢"±¿��������±¿¯ �S�¥�P¨=¢"¨¥�S�S�E�~§B¨¥¢"±�¨¥ S���"#

 �����¨��S�E±¿¯¬­�´)�S�S���"±��E�6�x'�ÉS±¿¯y���_¨¥�S¯Ð�"�8¨�¯Ê¨¥�Y®S���r�¥´³�_�S¢¸§E��¯kH)¯"�_�¡´)�¥¢ �pÙ�¨¥�Y®S����¯5Å ÕÐ�*� � Æw�E¢Åëê Þ+�©£zÆÊJM�î���Ê�S��­�±¿�= ��ÊÉS±¿¯Î�À¨B�Ê¨ý�Y±! EÉ©�Î±¿�©§E�E� §E�=¯"��®À¨¥¢"¨B�Ê±¿�= ��ÊÉS�=´)�S�S�p�Ê±¿�E�S¯h±��©�Ê� �S± Ä���¢"�����
É��E���- E�_�S���E�S¯@ E¢"�¥�S®S¯	��Æ��S�S���_��#mÂ�ÉS�_�=�¥ S¯"��¢¬§�±��= |´)�S�S���"±��E�S¨¥�À�À¨B�Ê¨*#mÂ��Ð��¨�­Y�S¯"�À¨B���¿­¡¯"�_� ¨
´)�¶Âe��­�®S±¿��¨¥�R®S¨B�"�"�_¢"��¯+Â�É�±��çÉ5¨¥¢"�Î¢¬�_®S¢¬�_¯"���©�ç¨B�"±¿§E�Y�¥´�¨=�ø¨¥¯¬¯y -��ÉÀ¨�§�±��E¢&�&���=#��"ÉS�h�E S¯¬�_¢¬§B¨^·
�"±��E��¯��S± Ä���¢
¯¬��±! ¥É��"�¿­ ´)¢¬�E�J�ÊÉS��¯"��¨B¢"�çÉS�p��­�®Z�_¯&�t'�ÉS�D±¿�S�S±¿§�±¿�S�À¨¥�¿¯���¯"�À¨¥�¿�¿­�� Ù�®Z�_¢¬±����S�_�D¯¬±��Y±���¨¥¢
�p§E�����"¯	#�Â�ÉS±��çÉ ¨¥¢"���pÙ�®S��¨¥±����_�� �­�¨h®À¨B�¬�Ê�_¢¬��#/ S���ª�ÊÉS�P¯¬�Ê¨¥¢¬�"±��= h�Ê±¿���y�B´
�ÊÉ��|�p§E�_�©�Ð�����_�S¢¬¯
¯¬���¥�S�_¢î�E¢î�Ý¨B�"�_¢	��Ì���¨¥¯"¯¬±%,À�_¨B�Ê±¿�E���Y���"ÉS���S¯	#���±��¥�ª¢"��®-�_¨B�Ê�������_¨¥¯"��¢"�_¯�Ú Ö ×8Ç
Ú@�E¢î®S¢"±¿�S�_±¿®À¨¥�
���E�Y®-�E���_�©�|¨¥�À¨¥� ­�¯¬±�¯��¥´��_�S¢¸§E�_¯kHN¯¬�_��´)�¥¢P±¿�S¯¬�Ê¨¥�S����Å Õª¨¥� � �~Æ��¥¢ÃÅ ��±¿�Ë� � ÆÊJ ±% E�S�E¢¬�h�"ÉS±�¯y��­�®Z�
�B´�§B¨¥¢¬±Ý¨¥ �±���± ��­�� ¡ ���S�_�"#À�_�E�Y®S���"±��= ¡¨h¢¬�_®S¢¬�_¯¬�_�©�ç¨B�"±¿§¥�|���S¢¬§¥��´)�¥¢���¨¥�çÉL E¢¬�E�S®�#S¯¬��§¥�_¢"���¿­8�S±¿¯¸·
�"�E¢¬�"¯ �ÊÉS�Y¨¥�S¨¥�¿­�¯"±¿¯y�¥´î�ÊÉS�h�À¨B�Ê¨*�XÆ��S�S���_��#X�"ÉS�Y¨�§¥�_¢"¨- E�h�_�S¢¸§E��HN�S¯¬�À¨¥�¿�¿­ �"ÉS�h���_¨¥� �E¢ �ÊÉ��
�Y�_��±Ý¨¥�«JR��§E��¢"¯"�Y���¥�ÊÉS¯î�ÊÉS�Ð¯¬�Ê���S±����=®SÉS�_���E�����S�E��#�¨¥�S��±¿¯��S�B��¨× E�����ø�S��¯"�_¢¬±�®��"±��E�ø�¥´��ÊÉ��
¢¬��¨¥�¿±¿��­-�À���E�Y�:Â��E¢~�øÉÀ¨¥¯� -���_���S�E�S�y�"�;,À�S��¨h¢¬�_®S¢¬�_¯¬�_�©�ç¨B�"±¿§¥�|�¥´
¨Î�Ý¨¥¢9 E� ¯"¨¥��®���� �¥´��_�¿�E¯"�
���S�E�= ¥ÉG´)�S�S�p�Ê±��¥�S¯­H)¯"�_��´)�E¢r� ÙS¨B��®S�¿�_¯ÃÅ ÕÈ�*� � Æ��E¢·Å�êÐÞ��E£~ÆËJ¶��ÚÐ�IÉS�E�Y�� E���S�_�¥�S¯× E¢¬�E�S®5�¥´
´)���S���"±��E�S¯P��¨�­ô -�Y�����S�����_�5¨¥¯�´)�E���¿�zÂ�¯	��É5�ø�E S¯¬�_¢¸§E�-#&´)�E¢P��¨¥�çÉG�_�S¢¸§E� Cj, j = 1, . . . ,J

#
¨^�¡�_�¥�S¯"���_���"±¿§E���"±��Y�_¯

tij, i = 1, . . . ,nj
#�¨ �S�E±¿¯¬­5���_¨¥¯"��¢"�

yij
�\É5�=¨¥¯¬¯"�S�Y�ø�ÊÉS¨B�r�"ÉS�_¢¬�

� Ù�±�¯¬�"¯w´)�S�S�p�Ê±��¥�S¯
(fj)j=1,...,J

�S�&,S�S�_�Y�E�h¨ �_�¿�E¯"���h±��©�Ê��¢¬§B¨¥�<#^¯Ê¨�­
[0,T ]

#¥¯"���çÉY�"ÉÀ¨B�R�Y��¨¥¯¬�S¢"��¯
(yij)j=1,...,J, i=1,...,nj

¨¥¢¬�y�E S¯¬�_¢¬§B¨B�"±��E��¯�´)¢¬�E� �Y���S�_�

Yij = fj(tij) + εij, j = 1, . . . ,J, i = 1, . . . ,nj,
HN¦*� � J

Â�É��_¢"�
(εij)j=1,...,J, i=1,...,nj

¨¥¢¬��±N� ±N� �6�w¢Ê¨¥���S�E� §B¨¥¢¬±Ý¨¥ S�¿�_¯&#w¢"��®S¢"��¯"�_�©�"±��= ý�ÊÉS�8�E S¯¬�_¢¸§¥¨^�Ê±��¥�
���E±�¯¬�-�����=#³´)�S�S���"±��E��¯

(fj)j=1,...,J

¨¥¢"���_�¿�E¯"��´)¢"�E� ��¨B�çÉ*�¥�ÊÉS��¢�±��V�ÊÉS� ¯"�_��¯"�ô�ÊÉS¨B�ø�"ÉS�_¢¬�
� Ù�±�¯¬�"¯=¨¥�����5���S�zÂ��@¨B¢"�çÉS�p��­�®Z�

f
¨¥�����S�5���S�zÂ���ÂD¨B¢"®S±¿�= ´)�S�S�p�Ê±��¥�S¯

(hj)j=1,...,J

¯¬�S�çÉ
�"ÉÀ¨B�
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‖fj ◦ hj(t)− f0(t)‖2 dt+ λ

∫
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(

tij − θ∗j
)

+ εij.
H)¦=� £�J

'�ÉS���S± ®Y�_�S� ��­r�¥´/�"ÉS�UÂ��¥¢~�r±¿¯
�ÊÉS¨B�w�ÊÉ����_¯¬�"±���¨B�Ê±¿�E�r�r�S¯¬�R���¥�R¢"���¿­r�E�¡�ÊÉS��®S¨B�"�"�_¢"�6#¥��§¥�_�Y±¿´
�ÊÉ��C$��À¨¥�©�"±¿�Ê±¿�_¯�¨¥¢"�ª�S���_®S� ­��¿±��5�B�_���p'�ÉÀ¨^��±¿¯î�"ÉS�È¢¬��¨¥¯¬�E�·Â�É©­�Â��.Â�±��¿�À�S¯"�Ð¨¥�

M
·õ�_¯¸�Ê±���¨B�"�E¢

 S�S±¿�¿�³�E�Y�ÊÉS� â �E�S¢"±¿�_¢R¯¬�_¢"±¿�_¯��¥´��"ÉS�Ð�À¨^�ç¨*��Æ����"ÉS±�¯î®À¨¥®Z�_¢&#tÂ��.Â�±������_�E�S¯¬±��S��¢��"ÉS�È��¯¬�"±���¨B�Ê±¿�E�
®S¢¬�E S����� HN¦=� £�JX±����ÊÉS�î´)¢"�&$����_�S�p­r�S�¥�ø¨¥±¿�kH â �E�S¢"±¿�_¢&¯"��¢"±¿�_¯KJM�¥¾ª�S�S��¢
±����_�©�Ê± ,/¨¥ S±¿��±¿��­Ð¨¥¯¬¯"�S�Y®�·
�Ê±¿�E�S¯&#xÂ��Y®�¢"��§�±��S�h¨����E�S¯"±¿¯¬�"�_�©�P���p�ÊÉS���ô�Ê�8�_¯¸�Ê±¿�ø¨B�"� (

θ∗j
)

j=1,...,J

Â�ÉS���
f
±¿¯ �S�5���S�zÂ����

â �S¢¬�"ÉS�_¢&#�Â��8¯"ÉS�zÂ �ÊÉÀ¨B�×ÛÀ�S���"�À¨B�"±��E�S¯Î�B´È�¥�S¢¡�_¯¸�Ê±¿�ø¨B�"�_¯Î¨B¢"�=¨¥¯¸­���®��"�¥�Ê±¿��¨¥�¿�¿­5Þ�¨¥�S¯¬¯"±Ý¨B���'�ÉS±¿¯|¯¸�Ê�S��­ý�_¨¥�G Z���¿±��5�B�_��,À¢"¯¸�×Â�± �ÊÉ �ÊÉS�Y¯¬�"�S��­5�¥´�Þy�E���� -�p§�±���Å Þy�E�!���~ÆN#&�S��¨B��±��* LÂ�± �ÊÉ
�ÊÉ���¯"�_�Y± ·õ®À¨¥¢"¨¥���p�Ê¢¬±����¶®Y�_±����S��­h±¿�¡�ÊÉS����¯¬�Ê±¿�ø¨^�Ê±��¥�¡�¥´-¯"ÉS± ´]�Ê¯R±��Y¨y�_�¥���"±����S�E��¯î�¥ S¯"��¢¬§B¨B�Ê±¿�E�
¯"�çÉ��_�Y�-#Z¨¥�S� ¨¥��¯¬��Â�± �ÊÉ8�ÊÉS�P¯¬�"�S��­8�¥´RÞP¨B¯"¯"±�¨B�ª¨¥�S��/X��§�­©·^/X�_���S�r±¿�nÅ Þ�/W/6ÆN#/�S��¨¥�¿±��= ;Â�± �ÊÉ
�ÊÉ��P��¯¬�"±���¨B�Ê±¿�E���¥´��ÊÉS��®Z�_¢¬±����S±���±¿��­��¥´w¨Î¯¬±! E�À¨B�<�

'�ÉS��®S¢"��¯"�����È®À¨¥®Z�_¢�´N¨¥�¿��¯�±��©�Ê�h¯"�p§E��� ®À¨¥¢¸�Ê¯&�Z���_�p�Ê±��¥��¦*� £¡±�¯�����§E�B�Ê�_�8�Ê�Î�"ÉS���S�&,À��±¿�Ê±¿�E�
�¥´D�"ÉS�Y�����S�_�î¨¥���G�Ê���ÊÉS���S�_¯¬�_¢"±¿®��Ê±¿�E�G�B´��E�S¢P�_¯¸�Ê±���¨B�"±��E� �Y���ÊÉ������&Æ��H���_���"±��E�5¦=���*#(Â��
®S¢¬�(§�±¿�S�r¨B¯¬­���®��Ê�¥�"±���®S¢"�¥®-��¢¬�Ê±¿�_¯ª�¥´
�"ÉS�r��¯¬�"±���¨B�Ê�E¢¬¯	�ÀÚÈ¯Ð¨Y�ø¨B�¬�Ê��¢ª�B´
´N¨¥�p�E#§Â��|¯"ÉS�zÂJ�"ÉÀ¨B�
�ÊÉ��Y��¯¬�"±���¨B�Ê�E¢¬¯�¨¥¢"�h���E�©§E�_¢9 E�_�©�¡¨¥�S�5¨¥¯¬­��Y®��Ê�¥�"±��_¨¥��� ­ �S�¥¢"��¨¥�<�x'�ÉS����¯¬�"±���¨B�Ê±¿�= =���p�ÊÉS���
±�¯P�&Ä-�_�p�Ê± §E�_� ­ý®-��¢¬´)�E¢¬�����G±�� ���_�p�Ê±¿�E� ¦=� ¦=#&�E�G¯¬�E�Y�ø¯"±¿�¡�S��¨B�Ê���5�À¨^�ç¨*#�¨¥�S�ý�ÊÉS���I�S¯"���G�Ê�
¨¥�À¨B�¿­mB_��¢¬�©¨¥�:�Ê¢Ê¨r®�� �À¨^�ç¨*�U'�É��ý�"�_�çÉS�S±¿��¨¥�y�¿�_�Y�ø¨B¯=¨¥�S�:�ÊÉS� ®S¢¬���B´)¯�¨B¢"�� ©¨B�"ÉS�_¢¬�_�,±��
�������Ê±¿�E�8¦=� � ¨B�S�ô���_���"±��E�8¦=� �*�SÚÈ���6,= E�S¢"��¯Ð¨B¢"�y®Z�E¯¬�"®-�E���_�8�Ê�����_�p�Ê±¿�E��¦*� ` �



�E£ ��� R���[	Q�_.V÷�l��Z��8X>]�TWV�X>V Q�_0R#�>YGTWR:Q\[����øª!R:_.Q\[ � TWV�Y¬����Z�[PY9­
�­üTS � t�� mGý�}�v�j
vP� tDuXj
m�z�t�n�u&m�� v�u&mpo|q o|�:n&�=m��(u�n

Ù�µ{´�µ�¶ ùüë�ïÈcX`
â �E¢î��§¥�_¢¬­��_�S¢¸§E� Cj, j = 1, . . . ,J
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Yij = f(ti − θ∗j ) + εij, j = 1, . . . ,J, i = 1, . . . ,n,
HN¦=���tJ
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(
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• ´)�E¢P¨¥�¿� j ∈ {1, . . . ,J} # (εij)i=1,...,n

±¿¯|¨�Þ�¨¥�S¯"¯¬±Ý¨¥��Â�ÉS± �Ê�Y�S�E±�¯¬�-#�Â�± �ÊÉ §¥¨B¢"±Ý¨B�S�_� � �
â �E¢È¯"¨,�¥�r�¥´R¯"±¿��®���±���±¿��­-#GÂ��; E���Ð¨¥���S�S±¿�Ê¨¥¢¬­=§B¨¥¢¬±Ý¨¥���_�-#/ S���y¨¥�¿�X�E�S¢ª¢"�_¯¬�S�¿�"¯ ¨¥¢¬�|¯¸�Ê±¿���
§B¨¥��±¿��´)�E¢�¨5 E�_�S��¢Ê¨¥��§B¨¥¢¬±Ý¨¥���_�-�

× �S¢w¨¥±���±�¯��Ê�y�_¯¸�Ê±¿�ø¨B�"���ÊÉ��D�Ê¢Ê¨B�S¯"��¨B�Ê±¿�E�|´N¨¥�p�Ê�E¢¬¯
θ∗j ,j = 1, . . . ,J,

Â�±¿�ÊÉ��E���w�"ÉS�����S�zÂ����_�* E�
�B´��"ÉS�|®S¨B�"�"�_¢"�

f
�/ÇÐ���P�"�Y�"ÉS�P¯"®Z�_�_±�¨¥�X¯¬�"¢"�S�p�Ê�S¢¬�|�B´
�ÊÉ��P�Y���S�_�N# â �E�S¢"±¿�_¢�¨¥�S¨¥�¿­�¯"±¿¯�±�¯8Â��_���

¯¬�S±¿�"�_�y�Ê�����E�S�S�S�p��¯"�S�çÉ|¨�¯¬�Ê����­��(Æ��S�S���_��#��"ÉS� â �E�S¢"±¿�_¢� S¨¥¯"±¿¯X�S±Ý¨- ¥�E�À¨¥�¿±!B_��¯�¨¥�©­ �"¢Ê¨¥��¯"�Ý¨^�Ê±��¥���'�É��_��#��S¯"±¿�= ô¨ôÇÈ±�¯"��¢"�p�Ê� â �E�S¢¬±���¢�'�¢Ê¨B�S¯¬´)�E¢¬� HN¯"���±Åë��� °�§��§�î§��GÇy¤���Æî´)�E¢|�Y�E¢¬���S�p�ç¨¥±¿��¯ßJ¶#
¨B�S�­Â�±¿�ÊÉ=�"ÉS�y´)�E���¿�~Â�±¿�= ¡���E�S�S± �Ê±��¥��µ

∀j = 1, . . . ,J, θ∗j =
T

n
k∗j , k

∗
j ∈ Z,

H)¦=� ¦tJ
Â����ø¨�­��"¢Ê¨¥��¯¬´)�E¢¬���ÊÉ��P�Y���S�_��H)¦=���tJ�±��©�Ê�Î�"ÉS�y´)�E���¿�~Â�±¿�= r�¥�S�ÃHN¯"��®S®-�¥¯"±��* 

n
±¿¯����S�§Jpµ

djl = e−ilα
∗

j cnl (f) + wjl, j = 1, . . . ,J, l = −(n− 1)/2, . . . ,(n− 1)/2,
HN¦=� � J

Â�É��_¢"�
• (cnl (f))l=−(n−1)/2,...,(n−1)/2

¨¥¢¬�y�ÊÉS���S±¿¯"�_¢¬���"� â �E��¢"±���¢D�_���&®Y��±��_�©�"¯È�¥´
f
µ

cnl (f) =
1

n

n
∑

m=1

f(tm)e−i2π
ml
n , ∀l = −(n− 1)/2, . . . ,(n− 1)/2,

• α∗j = 2π
n
k∗j ∈ 2π

n
Z, j = 1, . . . ,J

#/¨¥¢"� �"ÉS��®SÉÀ¨¥¯¬�P´N¨B���Ê�¥¢"¯	#
• ´)�E¢�¨¥�¿� j ∈ {1, . . . ,J} # (wjl)l=−(n−1)/2,...,(n−1)/2

±�¯8¨H�_�E�Y®S��� Ù,Þ�¨¥�S¯¬¯"±Ý¨B��Â�É�±¿�Ê�
�S�E±¿¯"�-#=Â�± �ÊÉ=§B¨¥¢"±�¨¥�S��� 1

n

#À¨¥���
Â�± �ÊÉ8±��S���_®Z�_�S�S���©�Ð¢¬��¨¥�X¨B�S��±¿�ø¨" E±��À¨B¢¬­Y®À¨¥¢¸�Ê¯	�/X±��¥�Î®S¢¬��§�±��E��¯"�¿­-#��E�S¢A ¥�©¨¥�
±¿¯ �Ê�8�_¯¸�Ê±¿�ø¨B�"�r�ÊÉ��Î®SÉÀ¨¥¯¬�h´N¨B���Ê�¥¢"¯
α∗j , j = 1, . . . ,J

#6Â�± �ÊÉS�E���
�"ÉS�J���S�zÂ��¿�_�= E�ø�¥´��ÊÉS�ø�S±�¯¬�_¢"�p�Ê� â �E��¢"±���¢|�����¶®Y�_±����©�Ê¯¡�¥´�´)���S���"±��E�

f
��Æ��5�ÊÉS±¿¯r®À¨¥®Z�_¢&#�Â��Â�±¿���-�_�E�S¯¬±��S��¢��ÊÉS��¯"±¿��®���±%,S�_�ø§¥�_¢"¯¬±��E���¥´��ÊÉS���Y�����_��H)¦=� � J µ

djl = e−ilα
∗

j cl(f) + wjl, j = 1, . . . ,J, l = −(n− 1)/2, . . . ,(n− 1)/2,
HN¦=� �tJ

Â�É��_¢"�
• (cl(f))l∈Z

¨¥¢¬� �ÊÉS� â �E�S¢¬±��_¢������¶®Y�_±����©�Ê¯��¥´
f
µ

cl(f) =
1

T

∫ T

0

f(t)e−i2π
tl
T dt, ∀l ∈ Z,
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• α∗j = 2π

T
θ∗j ∈ R, j = 1, . . . ,J

#/¨¥¢¬�y�ÊÉS��®SÉÀ¨B¯"�y´N¨¥���"�E¢"¯&#
• ´)�¥¢8¨¥��� j ∈ {1, . . . ,J} # (wjl)l=−(n−1)/2,...,(n−1)/2

±¿¯8¨V���E��®����pÙ:ÞP¨B�S¯"¯¬±Ý¨¥��Â�ÉS± �Ê�
�S�¥±�¯"�"#7Â�±¿�"É:�_�E�Y®S��� Ù�§B¨¥¢¬±Ý¨¥�S��� 1

n

#�¨¥����Â�± �ÊÉ,±��S���_®Z�_�S�S���©��¢¬��¨¥��¨B�S�@±¿�ø¨" E±��À¨B¢¬­
®À¨B¢¬�Ê¯&�¡ ���S�_�"#��S¯"±¿�= D�ÊÉ�� â �¥�S¢"±¿�_¢������¶®���±������"¯X�¥´

f
#
(cl(f))l∈Z

#�¨¥���P®S¨¥¢Ê¨¥�Y���"�_¢
θ∗ =

(

θ∗j
)

j=1,...,J
∈

RJ
#X±��S¯¸�Ê�_¨¥�G�¥´��ÊÉS���S±�¯¬�_¢¬���Ê� â �E�S¢¬±��_¢y�����¶®Y�_±����©�Ê¯r�B´

f
#
(cnl (f))l=−(n−1)/2,...,(n−1)/2

#�¨¥�S�
®À¨¥¢"¨¥�Y���Ê��¢

θ∗ =
(

θ∗j
)

j=1,...,J
∈ T

n
ZJ #����_¨¥�S¯Ð�"��¨8 �±Ý¨¥¯¬�_� �_¯¸�Ê±���¨B�"±��E����'�ÉS±¿¯y�S¢Ê¨EÂ� À¨¥�)� ±�¯¯"±¿��±¿�Ý¨¥¢��Ê���ÊÉS�ª S±�¨¥¯³±��S�S���_�_�� ©­ø¨B��­h��±�¯"��¢"�p�Ê±!B_¨B�Ê±¿�E�h±��Y¢"�& E¢"��¯"¯"±¿�E��#tÂ�ÉS±¿�çÉ�§B¨¥�S±¿¯"ÉS��¯��S���S�_¢

¯"�¥���y¢¬�	 E�S��¨¥¢"± ��­�¨B¯"¯"����®��"±��E��¯	�§'�ÉS±¿¯�±�¯"¯¬�S��±�¯��ç¨B�)���¿�_�8±��OÅ Ç ¶ �¥¦-ÆN�
ÉG��®-�E±¿�©�w�E���
�ÊÉÀ¨B��Â���¨B¢"��´N¨¥��±��= ¨Ð¯"����± ·�®À¨¥¢"¨¥�Y���Ê¢¬±��³�Y���S���<�(ÚÐ¯³¨È�ø¨B�¬�Ê��¢
�¥´À´N¨¥�p�E#rÂ��

¨¥±¿� ¨^���_¯¬�"±���¨B�Ê±¿�= ��"ÉS�Î®À¨¥¢"¨¥�Y���Ê��¢
α∗ =

(

α∗j
)

j=1,...,J

#6Â�ÉS±¿�çÉý���_®Z�_�S�S¯��E�ý¨¥�����5���S�zÂ��
���S±�¯"¨¥�S����´)�S�S�p�Ê±¿�E�À¨¥��®À¨¥¢"¨¥�Y���Ê��¢

(cl(f))l∈Z

#R�ÊÉ�� â �E�S¢¬±��_¢Y�_���&®Y��±��_�©�"¯ø�¥´ �"ÉS� ���5���S�zÂ��
´)�S�S�p�Ê±¿�E�

f
�

Ù�µ�´�µ{´ ?EïÈc(��í�a^ÛÐéRê ab`ba�íË»
ÉG���S�B�Ê±���� �ÊÉÀ¨^���ÊÉS���Y���S����HN¦*� �tJ�±¿¯��S�¥�ª±����_�©�Ê± ,/¨¥ S�¿�-�À×  ©§�±��E��¯"�¿­-#S¢"��®S�Ý¨B�_±��* 

α∗
 �­







α1���
αJ






=







α∗1���
α∗J






+ c







1���
1






+ 2π







k1���
kJ






, c ∈ R,







k1���
kJ






∈ ZJ ,

H)¦=� ` J
¨¥�S�r¢"�_®��Ý¨¥��±��= 

f(·)  ©­ f(·−c) #^���p�w±��©§B¨¥¢¬±Ý¨¥�©���ÊÉS�D�&$��À¨B�Ê±¿�E�LH)¦=� ��J¶�-'�É��S¯&#-Â��D�¡�S¯¸�R¢"��¯¬�Ê¢¬±��p��E�S¢=®S¨¥¢Ê¨¥�Y���"�_¢=¯¬®À¨¥�_�"� ¡ �_���_�-#D´)¢¬�E� �S�zÂ+#UÂ��ý¨¥¯"¯¬�S�����"ÉÀ¨B�8�ÊÉS��®S¨¥¢Ê¨¥�Y���"�_¢=¯¬®À¨¥�_�
A¯Ê¨^�Ê±�¯P,À�_¯�µ

±ËJ
A
±�¯����E��®S¨¥���

,±�±ËJ
α∗ ∈ A,±¿±�±ËJ ±¿´
α ∈ A ¨¥���ªH)¦=� ` J�ÉS�E����¯D´)�E¢ α #��"ÉS�_� α = α∗.

H)¦=���tJ
â �E¢D� ÙS¨B��®S�¿�-#��"ÉS�y��Â��Y´)�E���¿�zÂ�±��= |®À¨¥¢Ê¨B���p�Ê�_¢�¯¬®À¨¥���_¯ ¨B¢"�y¯"��±¿�ç¨B S���Bµ

• A1 =
{

α ∈ [−π,π[J : α1 = 0
} � ¡ �_¢"�"#§Â���ÉÀ¨�§E���ÊÉS¨B�

c = 0
#�ÉS�_�S���

α = α∗
�

• A2 =
{

α ∈ [−π,π[J :
∑J

j=1 αj = 0
¨¥���

α1 ∈
[

0,2π
J

[

} � ¡ �_¢"�"#6Â�±¿�"Éô�ÊÉS�r�_�E�S��±¿�Ê±¿�E�
∑J

j=1 αj = 0
#�Â��hÉÀ¨�§E�Î�"ÉÀ¨B�

c = −2π
J

∑J
j=1 kj

� ¡ �_�S���-#�Â�± �ÊÉ �	$��À¨B�"±��E�þH)¦=� ` JM#xÂ��
�_¨¥�­Â�¢"±¿�"�y�ÊÉÀ¨B�







α1���
αJ






=







α∗1���
α∗J






+

2π

J











(J − 1) −1 · · · −1

−1

� � � � � � ������ � � � � � �
−1

−1 · · · −1 (J − 1)

















k1���
kJ






.

¡ �_�S���-#-Â��U E�p�
J
�S± Ä���¢"�_�©�
¯"�E�¿���Ê±¿�E�S¯
±¿�

[−π,π[J⊂ RJ
#E¨¥���h¨Ð�S�S±%$����D¯"�E�¿���Ê±¿�E�2Â�± �ÊÉ

�"ÉS�P¨¥�S�S± �Ê±��¥�À¨¥�Z�_�E�S��±¿�Ê±¿�E�
α1 ∈

[

0,2π
J

[ �
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Ù�µ{´�µ � 68ð©í�a·Æ éwí�abë@�
��±¿�S�_�+Â��2Â�¨¥�©�Ð�Ê�ø¨¥¯"¯¬�S�Y�r�E�S� ­kÂ���¨,��¢"�& E�S�Ý¨B¢"±¿��­��_�E�S��±¿�Ê±¿�E�S¯��E���ÊÉS��´)�S�S�p�Ê±��¥�

f
#§Â��Â�±¿���R���E�S¯"±¿�S�_¢|¨ �Y���"ÉS���ý¢"���¿­�±��*  �E�G¨¥�

M
·õ�_¯¬�"±���¨B�Ê±¿�E� ®S¢"���_���S�S¢¬���ÊÉS¨B�¡�S���_¯|�S�¥�|�S�_���

¨B��­	���S�zÂ������= E�¡�B´R�ÊÉS�P´)�S�S���"±��E�
f
� â �E¢È�"ÉS±�¯&#Z���&,À�S�"#�´)�E¢È¨¥�©­

α = (αj)j=1,...,J ∈ A
#Z�"ÉS�

¢¬�_®SÉS¨¥¯"��� �_���&®Y��±��_�©�"¯
c̃jl(α) = eilαjdjl, j = 1, . . . ,J, l = −(n− 1)/2, . . . ,(n− 1)/2,

¨B�S�=�ÊÉS���Y��¨¥�8�¥´��ÊÉS��¯"�P¢"��®SÉÀ¨¥¯¬�_� â �E��¢"±���¢D�_���&®Y��±��_�©�"¯
ĉl(α) =

1

J

J
∑

j=1

c̃jl(α), l = −(n− 1)/2, . . . ,(n− 1)/2.

×  ©§�±��E��¯"�¿­-#*Â��|ÉÀ¨�§¥���"ÉÀ¨B�
c̃jl(α

∗) = cl(f) + eilα
∗

jwjl,´)�¥¢�¨¥���
j ∈ {1, . . . ,J} #/¨¥�S�

ĉl(α
∗) = cl(f) +

1

J

J
∑

j=1

eilα
∗

jwjl.

¡ �_�S���-# |c̃jl(α)− ĉl(α)|2 ¯"É��E�S���G -��¯"��¨¥����Â�ÉS��� α ±�¯|�_���¥¯"���"� α∗ �
ÚÐ¯¡¨ �_�E��¯"�	$��S���S�_�"#���E�S¯¬±��S��¢"±��* h¨Y¯¬�	$��S�_���_�
(δl)l∈Z

¯¬�S�çÉ��"ÉÀ¨B�
∑

l∈Z

δ2
l < +∞,

H)¦=�µ��J
Â����S�&,S�S�P�"ÉS�y´)�E���¿�zÂ�±��= ¡��¢"± �Ê�_¢¬±��E��´)���S���"±��E��µ

Mn(α) =
1

J

J
∑

j=1

n−1

2
∑

l=−n−1

2

δ2
l |c̃jl(α)− ĉl(α)|2 . HN¦=� � ¤tJ

'�É�±�¯î¢Ê¨¥�S���E� ´)�S�S���"±��E��±�¯î�E ©§�±��E�S¯¬�¿­Y®Z�E¯"± �Ê±¿§¥�-� â �S¢¬�"ÉS�_¢¬���¥¢"�-#�± �Ê¯î��±¿�S±��¡���e§B¨¥�����È¯¬ÉS�E�S�¿�
 Z�D¢¬��¨¥�çÉS���h�_���¥¯"���"�Ð�ÊÉS���Ê¢"����®À¨¥¢Ê¨B���p�Ê�_¢

α∗
�BÚÐ¯R¨ ��¨B�¬�Ê�_¢��¥´À´N¨¥�p�E#B�"ÉS��´)�E�¿���zÂ�±��* ª�"ÉS�_�E¢¬�_� ¥±¿§E��¯��ÊÉS���_�¥�S¯"±¿¯¬�Ê���S��­8�B´
�E��¢

M
·���¯¬�Ê±¿�ø¨^�Ê�E¢&#��S�¶,À�S�_�� ©­
α̂n = arg min

α∈A
Mn(α).ó »\jp}«o~jml ¨Kiu��� Ñ�ýmè¶ãÃÕw�§è��EÐræÊæ!Ð}¼�ÎÊÑmé±årÏKÏ¶ÔGÿ:ì�ÕuÎ<ÐrÑ*Ï­ÐrÑ

f
å-Ñ�ýFÐrÑþÕw�§èÃ¼7è¶Î é}�mÕ.Ïzè~�	Ô§è¶Ñ6äKè

(δl)l∈Z

�
∑

l∈Z

|cl(f)|2 < +∞,
HN¦=� ��� J

∑

l∈Z

δ4
l l

2 < +∞,
HN¦=� � £�J

¼7è��*å-ç-è+ÕH�*å-Õ
α̂n

Pα∗−−−−→
n→+∞

α∗.



�l�kjl�­RAY.±�Z3�:Q6�2Q\[ � ���8_:Z
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� or}6}�� ¨Ki%� � � o~}�}��0}�� ó »Wjp}«orjml ¨Kiu� � ¯¬�§èUì�ãßÐzÐ^�;Ð^�AÕw�mÎ!Ï�ÕH�§èKÐrãßè¶ÿ¥�EÐræÊæ!Ð}¼�ÏAÕH�§è5ä¶æ årÏKÏ¶ÎÊÒä4å-æ�é-ÔGÎuýmè¶æ ÎÊÑ6èKÏ­Ð^�1Õw�§è�äKÐrÑ§ç-è¶ãNémè¶Ñ6äKè­Ð^�

M
Ò4èKÏ¶ÕuÎÊÿ1å-Õ^ÐrãßÏ%LNÏzèKè��EÐrãLè�+på-ÿ:ì�æ!è����
� I
	 Á���O,< � Ñ§ÒýmèKè4ý}(�ÎÊÕÀÏ¶ÔG��äKèKÏ+Õ^Ð×Ï)�§Ð}¼�Õw�*å-ÕÝÕw�§è;�EÐræÊæ!Ð}¼�ÎÊÑmé­äKÐrÑ�ý-ÎÊÕuÎ<ÐrÑ*Ï��§Ðræ ý��EÐrãAÕH�§è×ä¶ã¶ÎÊÕ�è¶ãMÎ<ÐrÑV�MÔmÑ6ä¶ÕNÎ<ÐrÑÕ�Ð­è¶Ñ*Ï¶ÔGãßè;äKÐrÑ*Ï¶Î!Ï¶Õ�è¶Ñ6ä�vkÐ^�

α̂n
�ÎNO �ÝÐrÑ§ç-è¶ãNémè¶Ñ6äKèAÕ�Ð·åLäKÐrÑ§Õuã9årÏ¶ÕD�MÔmÑ6ä¶ÕNÎ<ÐrÑD�

Mn(α)
Pα∗−−−−→

n→+∞
K(α),

H)¦=� � �tJ
¼��§è¶ãßè

K(·) �*årÏ×åÃÔmÑ§Î��	Ô«è�ÿ5ÎÊÑ§ÎÊÿ5Ômÿ å-Õ
α∗
<ÎÊÎNO � è¶Õ�Õw�§è�ÿ·Ð	ý-ÔGæ ÔtÏ5Ð^�AÔmÑ§Î �EÐrã¶ÿ5æ¾v­äKÐrÑ§ÕuÎÊÑ§ÔGÎÊÕ�v

W (n,η) = sup
‖α−β‖≤η

|Mn(α)−Mn(β)| .

¯¬�§è¶ãßè·è�+�Î!Ï¶ÕÊÏ5Õ�¼7ÐkÏzè~�	Ô§è¶Ñ6äKèKÏ
(ηk)k∈N

å-Ñ�ý
(εk)k∈N

(.ýmèKä¶ãßè4årÏ¶ÎÊÑmé
Õ�ÐÃârè¶ãßÐ¨(7Ï¶Ô§ä)��Õw�*å-Õ�EÐrã�å·æ å-ãNémè;è¶Ñ6ÐrÔ-é}�
k
(A¼7è
�*å-ç-è

lim
n→+∞

Pα∗ (W (n,ηk) > εk) = 0.
H)¦=� � ¦pJ

¯¬�§èKÏzè+Õ�¼7ÐkäKÐrÑ�ý-ÎÊÕuÎ<ÐrÑ*Ï2å-ãßèo�MÔGæ :�æÊæ!è4ý}(ÝårÏAÎÊÕÝÎ!Ï8ì�ãßÐrç-è4ýÃÎÊÑ � èKä¶ÕuÎ<ÐrÑ�
D<��,<
�ikjmln�=oÒÑ ¨Ki%¤ ¯¬�§è×è�+�Õuã9å�Õ�è¶ãMÿ

(δl)l∈Z

ÔtÏzè4ý1ÎÊÑ
ÕH�§è+ýmèH:�Ñ§ÎÊÕNÎ<ÐrÑ�H)¦=� � ¤tJ�è¶Ñ�å9&	æ!èKÏ:Õ^Ð2Ï¶ÿ·ÐzÐrÕH�Õw�§è×ä¶ãMÎÊÕ^è¶ãMÎ<ÐrÑb�MÔGÑ6ä¶ÕuÎ<ÐrÑ
Mn(α)
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±¿¯ ¨�®Z�E¯¬±¿�Ê± §E�P�S�&,S�S±¿�"�r��¨B�Ê¢¬± Ùx�ÀÆ��S�S���_��#-±¿�Ê¯
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´)�S�S�p�Ê±¿�E��±�¯���¢"�S��±Ý¨¥��H)¯"�_�îÕ��_��¨¥¢~�È¦=���tJ¶�(��±��S����Â���Â��¥¢~�:Â�± �ÊÉ

L2
´)�S�����Ê±¿�E�S¯&#��ÊÉS�î¨¥¯¬¯"�S�Y®��Ê±¿�E�HN¦*� �~� J�±�¯�¯Ê¨^�Ê±�¯P,À�_��¨¥¯�¯¬���E��¨¥¯

|δl| = O
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l∈Z
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√
n

√

∑
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l2|cl(f)|2 (α̂n − α∗)
D−−−−→

n→+∞
NJ−1 (0,IJ−1 + UJ−1) .
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Öª�E�G�¥®��Ê±¿�ø¨¥�¿±¿��­ ¨¥¯r¢¬�	 ©¨B¢"�S¯r¨¥¯¬­��Y®��Ê�¥�"±��Y�&®Y�_±¿�_�S�p­G±¿¯P�"ÉS�
®S¢¬±��_���Ê�ø®À¨�­� Z�¥�"É �Ê���S��¨¥�WÂ�±¿�"Éô¨ø��±�¯"��¢"�p�Ê±!B��_� §¥�_¢¬¯"±��¥�ô�¥´w�"ÉS�r¢¬�	 E¢¬�_¯"¯¬±��E� �����S�_��¨¥��� �Ê�
ÉÀ¨¥���S����¯"±¿�¡�S� �ç¨¥�S���E�S¯���¯¬�Ê±¿�ø¨^�Ê±��¥�8´)�¥¢È¨B�����"ÉS�|�¥ S¯"��¢¬§E�����_�S¢¸§E��¯	��° ¨�­� Z�-#-¨h�S±%Ä-�_¢¬�_�©�CÂ�¨�­
�¥´��_¯¸�Ê±���¨B�"±��E�����E�S�¿�
 ¥���ª¢"±¿�=�¥´
�"ÉS±�¯��S¢"¨EÂ� À¨¥�)�= S�����"ÉS�AÂ��E¢���±�¯�¯¸�Ê±¿����±¿�8®S¢"�� ¥¢"�_¯¬¯	�
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Ð^�+Õw�mÎ!Ï5årÏKÏ¶Ômÿ:ì�ÕuÎ<ÐrÑ%¼�ÎÊÕH�ÿ·Ðrÿ·è¶Ñ§ÕUäKÐrÑ�ý-ÎÊÕNÎ<ÐrÑ*Ï��EÐrã+ÕH�§è5è¶ãMãßÐrãßÏ*<
�­üR� ô }8}8��m�zDvyu&m�o|q8n�v|q8s nXm�� {8��vyu&m�o|q8n
Æ�� �ÊÉ�±�¯�¯"�_�p�Ê±¿�E��#0Â��5®S¢"��¯"�_�©��¯¬�E�Y�G���S�Y�_¢"±¿��¨¥�P¨¥®�®S��±¿��¨B�"±��E�S¯=�B´¡�ÊÉS�5���p�ÊÉS�����0'�ÉS�,À¢¬¯¬� �¥�S�-#-±������_���"±��E� ¦=� ¦*� � #� E± §E�_¯Ð¢"�_¯¬�S�¿�"¯Ð�E� ¯"±��r�S�Ý¨B�"�_���À¨B�ç¨G�x'�ÉS�r¯"�_���E�S� �E�S�"#-±¿� �����p·

�Ê±¿�E��¦=� ¦*� £G#/±¿¯È À¨B¯"�_� �E�ô¨¥� �pÙ�®-��¢"±¿�������È�E��É����ø¨¥��,À�= E��¢"¯È´)�¥¢"�_�"�«'�ÉS�¡�Ý¨B¯¬�ª�E�S�"#-±¿�������p·
�Ê±¿�E�=¦=� ¦=���*#S±�¯��_¨¥¢"¢¬±������¥���0Â�±¿�ÊÉ=�"¢Ê¨"®Y���À¨B�Ê¨*�SÚÐ�¿�6,§ E��¢"�_¯ª¨¥¢¬��®-�E¯¸�Ê®Z�E�S�����"�ø���_���"±��E�8¦=� ` �

'�ÉS�y�E®��"±��Y±!B_¨B�Ê±¿�E�Y¨¥�! E�¥¢"±¿�"ÉS� �S¯¬�_�8±��=¨B��­ø¢"��¯"�E�¿���Ê±¿�E��±�¯� À¨¥¯¬�_�8�E�8¨5êy¢¬­�����§����p�ÊÉS���H)�"ÉS�P�_�E�^«¬�* ©¨B�Ê�+ E¢"¨¥�S±¿�_�©�ª���p�ÊÉS���«J¶�ÀÆ����S�_����#-�Y±���±��Y±!B_±¿�= ¡¨B�
L2
��¢"±¿�"�_¢¬±��E�=´)�S�S�p�Ê±¿�E�
Â�± �ÊÉ

¨ ���E�^«¬�= ©¨^�Ê�k E¢"¨¥�S±¿�_�©�¡¨B�! E�E¢¬±¿�"ÉS� ­�±��_�¿�S¯¡¨�¢"�_���S�_���V¯¸�Ê��®V���S�r -��¢	#�¨¥�S�IÉS���S�_�"#R¨ ¯"��¨¥�¿�
�_�¥��®S�¿�pÙ�±¿��­-�
Ù�µ�Ù�µ·¶ C�a·ÆJòÐ`béwí�a¸ë��Èð
��±��r�S�Ý¨B�"�_�=�À¨^�ç¨h¨¥¢"���_¨¥¢"¢¬±��_�8�E���ª¨¥¯�´)�E���¿�~Â�¯�µ

yij = f(ti − θ∗j ) + εij, j = 1, . . . ,J, i = 1, . . . ,n,



�-� ��� R���[	Q�_.V÷�l��Z��8X>]�TWV�X>V Q�_0R#�>YGTWR:Q\[����øª!R:_.Q\[ � TWV�Y¬����Z�[PY9­
Â�± �ÊÉ=�ÊÉ���´)�¥�����zÂ�±¿�= ¡�çÉS�E±¿�_�y�¥´�®À¨¥¢"¨¥�Y���Ê��¢"¯�µ"

J = 10
#"

n = 100
#" ´)�E¢�¨¥���

j ∈ {1, . . . ,J} #�§B¨¥�����_¯ (ti = −π + i−1
n

2π
)

i=1,...,n

¨¥¢"�î�	$��À¨¥�¿�¿­�¯¬®À¨¥�_���¡®Z�E±��©�Ê¯
�E�

[−π,π[
#"

f(t) = 15 sin(4t)/(4t)
#" (

θ∗j
)

j=2,...,J

¨¥¢"��¯"±¿�¡�S��¨B�Ê���kÂ�±¿�ÊÉ�¨h�S�S± ´)�E¢"� �Ý¨EÂ@�E�
[−π/4,π/4]

¨¥���
θ∗1 = 0

#" ´)�E¢Î¨¥�¿�
j ∈ {1, . . . ,J} #�´)�E¢Î¨B��� i ∈ {1, . . . ,n} #�§B¨¥���S��¯ εij ¨¥¢"�=¯¬±��¡���Ý¨B�"�_�5´)¢¬�E� ¨ÞP¨B�S¯"¯¬±Ý¨¥�8�Ý¨EÂ Â�±¿�ÊÉ8�Y��¨¥��¤h¨¥�S��¯¬�Ê¨¥�S�À¨B¢"���S��§�±Ý¨^�Ê±��¥� � �

Õ��_¯¬�S�¿�"¯î¨¥¢"�0 E± §E�_�Y�E� â ±! ¥�S¢"��¦=� � ��'�É��ª�Ê¨¥¢4 E�p�³´)�S�S���"±��E�
f
±�¯³���E�S¯"±¿�S�_¢¬�_��¨¥¯�¨

2π
·�®Z�_¢¬±����S±��

´)���S���"±��E�¢H
T = 2π

J¶#îÉS�_���_�
α∗j = θ∗j

�@'�ÉS� ´)�S�����Ê±¿�E�
f
±�¯Y®S���¥�¬�Ê���� ©­�¨ý¯"�E�¿±�� ��±�����±¿�,= E�S¢"�r¦=� � HN�«JM�6'�ÉS�;,§ ¥�S¢"�Î¦=� � HN¨tJª¯¬ÉS�zÂ�¯P¯¬±��¡���Ý¨B�"�_�ô�À¨^�ç¨
(yij)j=1,...,J, i=1,...,n

�6'�ÉS�Î�Y��¨B�
���S¢¬§¥�Ð�¥´��ÊÉS��¯"�Ð�S¨B�ç¨P±�¯@ E±¿§¥�_�ø�¥� â ±% E�S¢"��¦=� � H)�«J³ ©­h�ÊÉ��Ð�S�¥�¬�Ê���ø��±¿�S�-��É5�Ð�_¨¥�ø¯¬�_�Ð�"ÉÀ¨B�³�ÊÉ��
�Y��¨B� ´)���S���"±��E�ý±�¯y¢¬�_®S¢¬�_¯"���©�ç¨B�"±¿§E���S�_¯¬¯¡�¥´��À¨B�ç¨G�XÆ��S�S�_����#X�ÊÉS�Y¨¥�Y®S�¿±¿�Ê���S�¡�¥´�ÉS±! EÉ��_¢y�E®��"± ·
�r�S� ±�¯�¢¬�_�S�S���_� ¨¥����¯¬�ø¨¥�¿����¯¬�ª�E�S��¯È�S±¿¯Ê¨¥®�®-�_¨¥¢"����� â ±! E��¢"�y¦=� � HN�EJ�¯¬ÉS�zÂ�¯Ð¯¬ÉS±¿´]�"�_� ���S¢¬§¥�_¯&�'�É��¡���_¨¥� ´)�S�����Ê±¿�E� �B´R�ÊÉS��¯"�¡¯¬ÉS±¿´]�"�_���_��¢¬§E��¯y±�¯C E±¿§¥�_�ô�E��,§ E�S¢¬�¡¦=� � HN�«J� ©­ �À¨B¯"ÉS������±����-�
â ±! E�S¢¬�Ð¦=� � H) «Jî®S�¿�¥�Ê¯ (

α∗j
)

j=1,...,J

�E�8¨¥ S¯¬�_±¿¯"¯Ê¨h¨^Ù�±¿¯�¨- ©¨¥±¿�S¯¬�
(α̂j)j=1,...,J

�E�=�E¢¬�S±��À¨^�Ê� ¨(Ù�±¿¯	�
ØR¯¸�Ê±���¨B�"±��E�S¯�¨B¢"��§E�_¢¸­ �����E¯¬�P�"���"¢"���"Éô®À¨¥¢"¨¥���p�Ê��¢"¯	�-Ì��E�Y®À¨¥¢¬±�¯¬�E�� Z����Â��_�������_¨¥� ���S¢¬§¥�_¯&#
 Z��´)�¥¢"��¨¥�S��¨B´]�"�_¢D�ÊÉ��P¯¬ÉS±¿´]����¯¬�"±���¨B�Ê±¿�E��#�±�¯�¯¬�"¢Ê¨¥±% EÉ©�"´)�E¢PÂD¨¥¢¬���
Ú ¯"���_�E��� ¯"±¿�¡�S�Ý¨^�Ê�_� �À¨^�ç¨8¯"���|±�¯��_¨¥¢"¢¬±��_�ý�E���+Â�± �ÊÉ

J = 3
#
θ∗1 = 0

#
θ∗2 = 1.47

¨¥�S�
θ∗3 = 0.24

�7'�É���,= E�S¢"� ¦=� £G®�¢"�_¯¬�_�©�Ê¯8�ÊÉ��ô�_¢¬±¿�Ê��¢"±¿�E� ´)�S�S�p�Ê±¿�E�
Mn(·)

#ÝÂ�±¿�"É:¨¥�*�S�S±%$��S�
�Y±���±��¡�S�
�p'�ÉS�A,§ E�S¢¬��¦=�µ�Î¯¬ÉS�zÂ�¯È¯¬ÉS±¿´]�"�_���_�S¢¸§E�_¯&�
Ù�µHÙ�µ�´ ó�a^��¸/È ÎçëRì5¸-cJïÐéwí�é
Ç ¨^�ç¨�®S¢"��¯"�����"�_� ÉS�_¢¬�8¨¥¢"�=� Ù��"¢Ê¨¥�p�Ê���V´)¢¬�E� ¨B�V� Ù�®-��¢"±��Y�_�©�h�S��¯"��¢"±� Z�_�H±¿��Å Õ�É â � � Æ<#

¨B�S��¯¬�"�S�S±�����±���Å ÕC/W���~Æ�Â�± �ÊÉ ¨=Ì��S¢¸§E�YÕ��	 E±¿¯¬�Ê¢"¨B�Ê±¿�E� �Y���"ÉS���S�E���- ¥­��-Ç ¨B�Ê¨ø¢"��®S¢"��¯"�_�©���ÊÉ��
´)�¥¢"�_�y� Ù��_¢¬�"�_�� �­=�"ÉS�y�ÊÉ��S�¡ �¨¥����´)�E¢¬�&,À�* E�_¢��E��¨¡´)�E¢"�������p�Ê�_¢����S¢"±¿�= �£¥¤Î S¢"±¿��´�®S±��S�çÉ��_¯	�'�É��_¯"�P£B¤r´)�E¢"��� ���_¨¥¯"��¢"�_�Y�_�©�"¯DÉÀ¨�§�±��= h¨¥¢¬ S±¿�"¢Ê¨¥¢¸­Y -�& E±��S��±��= =#�Õª¨¥�Y¯Ê¨�­�¨B�S�L/X±-±¿��Å Õ./W���rÆ
 Z�	 ¥±��G�"ÉS�_±¿¢Î¯¬�Ê����­  ©­H¨ô��¨¥�S�S��¨¥¢~�ý¨¥�¿±! E���������r�¥´ª�_�S¢¸§E�8��¨^Ù�±���¨ªH�Â�± �ÊÉI¯¬±��= E�¿��¯"É�±¿´]�Ê¯ßJ¶�'�É��_¯"�|¨¥�¿±! E�S���=�À¨B�Ê¨Y¨B¢"��¯"ÉS�zÂ���±��­,§ E��¢"��¦=� ¦«HL¨tJM�
× �S¢ ®S¢¬�E®-�¥¯"�H±�¯ô�"�@¯¸�Ê�S��­J�"ÉS�_¯¬� �S¨B�ç¨�Â�±¿�"É��"ÉS�V¯"ÉS± ´]� �_¯¬�"±���¨B�Ê±¿�E�J�Y���ÊÉ����S�¥���� ¥­-�

��ÉS±¿´]�8��¯¬�Ê±¿�ø¨^�Ê±��¥�S¯=¨¥�S�:¯¬ÉS±¿´]�"�_�,�_�S¢¸§E�_¯ ¨¥¢"� ¢¬�_¯"®Z�_�p�Ê± §E�_� ­*¯"É��~Â��@±���,§ E��¢"� ¦=� ¦«HN «J=¨¥���,= E�S¢"�G¦=� ¦§HN�zJM�CÉ5� �S�¥�"�G�ÊÉS¨B��¯"É�±¿´]�ô®S¨¥¢Ê¨¥�Y���"�_¢¬¯�¨¥¢"� ¨¥���Y�E¯¬� ¨¥�¿�|�����E¯¬�G�Ê��B��_¢¬�=�>'�ÉÀ¨B�
�Y��¨B�S¯|�"ÉÀ¨B�E#�±��5�ÊÉS±¿¯|�_¨¥¯"�"#w�Ý¨¥���S�ø¨B¢~� ¨¥�¿±! E�S�Y�_�©�P¯"É�±¿´]�;$��S± �Ê�1Â������³�ÊÉS���S¨B�ç¨*� ¡ ���S�_�"#w±��,= E�S¢"�=¦*� ¦«H)�«J¶#��ÊÉS�=�Y��¨B�I�_�S¢¸§E�_¯h�¥´ª¯¬ÉS±¿´]�"�_�H�_�S¢¸§E�FHN¯¬�E��±¿� ��±¿�S�zJP¨¥�S�H�¥´ª®S¢¬±���¨¥¢¬­ý�_��¢¬§E��¯H)�S�¥�¬�Ê�_�8�¿±��S�EJD¨¥¢"��¨¥�¿���¥¯¬�D�"ÉS��¯Ê¨¥�Y�y�E�S��¯	�

�����E#D±¿�S±¿�"±Ý¨¥�¿�¿­�#R�S¨B�ç¨ªÂ��_¢"�ý¯"É�±¿´]�Ê���,¨¥¢" S± �Ê¢"¨¥¢"±¿�¿­���É5��¯"±��r�S�Ý¨B�"�ô¯"���çÉ2¨¥�:±���±¿�Ê±�¨¥���À¨B�Ê¨
 ©­I¯¬ÉS±¿´]�"±��= ý¨¥¢¬ S±¿�"¢Ê¨¥¢¬±�� ­ý�"ÉS�8®S±����çÉV´)�E¢¬�_�8�_��¢¬§E��¯	��°��E¢¬��®S¢¬�_��±�¯"���¿­-#ÀÂ���¯"�p�

α∗1 = 0
¨B�S�Â��ø¯¬±��¡���Ý¨B�"� (

α∗j
)

j=2,...,20

Â�±¿�"É ¨��S�S±¿´)�¥¢"� �Ý¨EÂ �E�
[−π/5,π/5]

#�¨¥���nÂ���¯"ÉS± ´]�|�"ÉS�
j
·\�ÊÉ

���S¢¬§¥�= ©­
α∗j
�
²R¯"�_���S�B·�¯¬±��¡���Ý¨B�"�_�I�À¨B�Ê¨�¨¥¢"�ø¯"ÉS�zÂ��V±��n,§ ¥�S¢"�=¦=� � HN¨tJ¶� ¡ �_���_�-#ÀÂ�± �ÊÉ ¯¬ÉS±¿´]�

��¯¬�"±���¨B�Ê±¿�E�G�Y���"ÉS�����E���� B­�#�Â��8�E ��Ê¨¥±�� �"ÉS�=¯"ÉS± ´]�Î®À¨¥¢"¨¥�Y���Ê��¢Î�_¯¸�Ê±���¨B�"�_¯Î¨¥���V�"ÉS�=¯"ÉS± ´]�Ê���
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RAY ���
�_��¢¬§E��¯�¯"ÉS�zÂ��=¢¬�_¯"®Z�_�p�Ê± §E�_� ­ø±¿�·,§ E��¢"�Ð¦*� � H) «J�¨B�S�·,§ E��¢"� ¦=� � H)�zJ¶� â ±% E�S¢"�ª¦=� � HN�§Jî¯"É��~Â�¯D�"ÉS�
�E ��Ê¨¥±����_�P���_¨¥�r���S¢¬§¥�7Â�±¿�"Ér®S¢¬±���¨¥¢¬­Ð�_�S¢¸§E�_¯.H)�S�¥�¬�Ê�_�|��±¿�S�zJX¨¥�S��Â�±¿�"Ér¯"É�±¿´]�Ê���r���S¢¬§¥�_¯0H)¯"�E�¿±��
��±¿�S�zJM�§'�ÉS�r¯¬ÉÀ¨¥®Z�|�B´R��¨¥�çÉ ±��S�S± §�±��S�À¨B���_�S¢¸§E�¡±¿¯È���E¢"¢¬�_�p�Ê�¿­8��¯¬�"±���¨B�Ê���
Â�± �ÊÉ ¯¬ÉS±¿´]�"�_���_�S¢¸§E�_¯
�Y��¨¥���
Ù�µ�Ù�µ � � ¹�¹Ð`ba·¸-éwí�abë�� í�ë ìSë³é³ïÿí�ì�é��Ç¸÷ÎçëRìScÄ¸-é³ð�í�a^��Å
°��E¯¸�³�¥´À�ÊÉS�D²
¨¥¢¬±�¯"±�¨¥�¡¢¬�©¨¥�¡�Ê¢"¨"®Y�D�S�p��Â��E¢��¡±�¯��	$��S±¿®S®-���5Â�±¿�ÊÉh¨ª�Ê¢Ê¨r®���¢¬�©¨¥�¡�Y��¨B¯"�S¢¬�p·

�Y�_�©�D±¿��´)¢Ê¨¥¯¸�Ê¢¬�S���"�S¢"�"�G'�ÉS�Ð�ø¨¥±¿���������������"¯��¥´X�"ÉS±�¯�±���´)¢"¨¥¯¬�"¢"�S�p�Ê�S¢¬� ¨¥¢¬�Ð���E�S�©�Ê±¿�= r¯¸�ç¨B�"±��E�S¯&�'�ÉS��¯"� ¯¬�_�S¯¬�E¢"¯�¨¥¢"�8¯"± �Ê�À¨^�Ê�_� ¨¥®S®S¢¬��Ù�±¿�ø¨^�Ê�_� ­ �p§E�_¢¸­ � ¤E¤ý�Y���"�_¢¬¯��E�V��¨¥±��I�Ê¢¬�S�5�H¢"�E¨¥�S¯HN�Y�¥�"�E¢9Â�¨�­�¯î¨¥����¯¬®-���_�*Â�¨�­�¯�®S¢"±¿�S�_±¿®À¨¥�¿�¿­*J¶�¥ØR§¥�_¢¸­h�_�E�S�©�"±��= P¯¬�Ê¨B�Ê±¿�E�h���_¨¥¯"�S¢¬�_¯&#©�À¨¥±�� ­�#¥�"ÉS�
¨�§E��¢Ê¨- E�È¯"®Z�_�����¥´�§¥�_ÉS±¿�_���.ÛÀ�zÂ:�E���P��±¿�����Ê��¯�®Z�_¢¬±����S¯	�tÉ5�Ð�_�¥�S¯"±¿�S�_¢î���_¨¥¯"��¢"�_�Y�_�©�"¯�´)¢"�¥�� Ú °~�Ê� �-� ²î°F#�ÉS���S�_�"#��"ÉS� �����= ¥�"É��¥´��"ÉS� �À¨¥±¿�¿­h�Y��¨¥¯¬�S¢"�������©�D±�¯ � �E¤*�tÉ5� �S�¥�"�

yij
�"ÉS�

¯"®Z�_���ø�Y��¨¥¯¬�S¢"�������©���¥´��À¨�­
j ∈ {1, . . . ,J} ¨¥���ø�¥´�®-��¢"±���� i ∈ {1, . . . ,n} #pÂ�± �ÊÉ n = 180

�
× �S¢D®S�S¢¬®-�¥¯"�y±�¯î�Ê�Î±¿��®S¢¬��§E�-#mÂ�±¿�"É�¯"ÉS± ´]���_¯¸�Ê±¿�ø¨B�"±��E�6#�¨¥�=�pÙ�±�¯¸�Ê±¿�= ¡´)�E¢"����¨¥¯¸�Ê±¿�= ¡�Y���ÊÉ��B·

�S�E�¿�� ¥­-�-'�ÉS±¿¯w´)�E¢"����¨¥¯¸�Ê±��* y���p�ÊÉS���S�E�¿�� ¥­P±�¯R�S��¯"��¢"±� Z�_�Y±��LÅë/�°�/&¤©£rÆN��'�ÉS±¿¯R���p�ÊÉS���h±�¯w À¨B¯"�_�
�E��¨Y�_��¨¥¯"¯¬±%,À�_¨B�Ê±¿�E� �Y���"ÉS���6�«É5�r��±�¯"®Z�E¯¬�r�¥´î¨ø¯"¨¥�Y®S���P�¥´

J
¯"®Z�_�_�����S¢¬§¥�_¯�¨¥����Â��2ÂD¨¥�©�

�Ê�|¯"�S�Y��¨¥¢"±%B_��±¿�î ©­�¨|¯"��¨¥�¿�À�����¡ -��¢
N
H
N � J

J³�¥´X¯¬�Ê¨¥�S�À¨B¢"�ø®�¢"�-,À�¿�_¯&#�¢¬�_®S¢¬�_¯"���©�ç¨B�"±¿§E��¯
�¥´���¨¥�çÉ��_�¿�S¯¬�"�_¢&�
× �S¢ ¯¬�"�S��­�±¿¯ ¯¬�"±��¡���Ý¨B�"�_�ô ©­ �"ÉS�Î�E S¯¬�_¢¸§¥¨^�Ê±��¥���¥´î¯"��§¥�_¢"¨¥�R�_�¿�S¯¬�"�_¢"¯��¥´³�"ÉS�_¯¬�

J
¯"®Z�_�_�

�_��¢¬§E��¯	�³Æ��S�S���_��#ÀÂ��8�S�¥�"��´)¢"�	$��S���©�Ê�¿­G�ÊÉÀ¨B�h��¨¥�©­5¯"�S = ¥¢"�E�S®�¯�¨B¢"�=�_�¥��®Z�E¯"���H �­ �_�S¢¸§E�_¯
�S��¯"�_¢¬±� S±¿�= I�ÊÉS� ¯"¨¥���  Z�_ÉÀ¨�§�±��¥¢	� â �E¢=�pÙ�¨¥�Y®S�¿�-#UÂ��ý�¥ S¯"��¢¬§E�G¨V¯¬®-���_�@�_�S¢¸§E�ý¯"�S = ¥¢"�E�S®Â�±¿�"É ¨�¯Ê¨¥�Y�Y�"¢Ê¨"®Y�y«"¨¥� �E¢P¯"®Z�_�_�I¢¬�_�S�����Ê±¿�E��#& S���2Â�±¿�"É ¨���±%Ä-�_¢"���©�¡¯¬�Ê¨¥¢¬�P�Ê±¿���Y�¥´D�"ÉS�
®SÉS���S�E�Y�_�S�¥� ´)�E¢h��¨B�çÉ��_�S¢¸§E�"�Ý'�É��S¯&#@,§ ¥�S¢"��¦=� �§HL¨tJ¡¢¬�_®S¢¬�_¯"���©�8¨ý®S¨¥¢¬�"±��_���Ý¨¥¢Î�����S¯¸�Ê�_¢Y�E�
¨8®À¨¥¢¬�"±����S�Ý¨¥¢Ð�_�E�S�©�"±��= �¯¬�Ê¨B�Ê±¿�E��� â ±% E�S¢¬�Y¦*� �§H) «JÐ¯"É��~Â�¯|�_¯¸�Ê±���¨B�"�_�ý¯"ÉS± ´]�Ê¯	����ÉS±¿´]�"�_�ý�_�S¢¸§E�_¯
¨¥¢¬� ®S�¿�¥�"�"�_���E��,§ E�S¢¬� ¦=� �§HN�EJ¶�D���=#î±�� �"ÉS±�¯�ÉS�E�Y�� E���S�_�E��¯��_�¿�S¯¬�"�_¢	#�Â�ÉS��¢"���E�S� ­ ¨G¯"ÉS± ´]�
®SÉS���S�E�Y�_�S�¥� ¨¥®S®Z��¨¥¢&#-�ÊÉ��Î���_¨¥���_�S¢¸§E��¯P±¿��,§ E��¢"�Î¦=� �§HN�§JÈ�¥´³¯"É�±¿´]�Ê��� �_�S¢¸§E�_¯ÃH)¯"�E�¿±�� �¿±��S�EJ
¨¥�S�5�¥´�®S¢¬±���¨¥¢¬­����S¢¬§¥�_¯LH)�S�¥�¬�Ê�_�G��±����zJy¨¥¢"��� ) �r�ÊÉ��ø¯Ê¨B���"��'�ÉS��¯"ÉS± ´]�r��¯¬�"±���¨B�Ê���G�Y��¨¥�5±�¯
�_�¿��¨¥¢¬�¿­����¥¢"�y¢"��®S¢"��¯"�����Ê¨B�Ê± §E�P�¥´�±��S�S± §�±��S�À¨B��®À¨B�¬�Ê��¢"���
�­üTã � t�zR��q=m�zDv���Ú5t�� � vPn

'�ÉS�Î��Â��=´)�E�¿���zÂ�±��* ø®S¢¬�E®-�¥¯"±¿�"±��E��¯	#-²³¢¬�E®Z�E¯"± �Ê±��¥�ô¦=���=¨¥�S� ²R¢"�E®Z�E¯¬±¿�Ê±¿�E�ô¦=� � ¤*#�¨¥¢"�Î��¯"�_�
±����"ÉS��®S¢"���¥´��¥´
¨¥¯¬­��Y®��Ê�¥�"±�� ���E¢"��¨¥��± ��­�Hu'�ÉS���E¢"���ÿ¦=� � J¶�='�ÉS��±�¢�®S¢¬���B´)¯�¨¥¢"��®Z�E¯¬�"®-�E���_�=�Ê�
�ÊÉ��|¨B®S®-���S�S± Ù6�
� or}«°�}�yEsÊw~s�}xv ¨Ki � y ÏKÏ¶Ômÿ·è�ÕH�*å-Õ@Õw�§è×årÏKÏ¶ÔGÿ:ì�ÕuÎ<ÐrÑ*Ï;Ð^�B¯¬�§èKÐrãßè¶ÿ�
D<w2kå-ãßèo�MÔmæ :�æÊæ!è4ý9<�¯¬�§è¶Ñ

√
n∇Mn(α

∗)
D−−−−→

n→+∞
NJ−1(0,Γ),

H)¦=� � �tJ
¼��§è¶ãßè+Õw�§è�çrå-ã¶Îuå-Ñ6äKè>ÿ1å-ÕNãMÎP+kÎ!ÏCé-ÎÊç-è¶Ñº&*v

Γ =
4

J2

∑

l∈Z

δ4
l l

2|cl(f)|2
(

IJ−1 −
1

J
UJ−1

)

.
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� o~}«°�}xy	s�w~s�}�v ¨Kiu��� y ÏKÏ¶Ômÿ·è2ÕH�*å-ÕÝÕH�§è×årÏKÏ¶Ômÿ:ì�ÕuÎ<ÐrÑ*Ï5Ð^��¯¬�§èKÐrãKè¶ÿ�
D<w2­å-ãßèA�MÔmæ :�æÊæ!è4ý9<\Ó�ÔmãMÒÕw�§è¶ãT(CårÏKÏ¶Ômÿ·è�ÕH�*å-ÕÃH)¦=� �z� JV�§Ðræ ýrÏ*<b¯¬�§è¶Ñ/(¬�EÐrã1å-Ñ�vkÏzè~�	Ô§è¶Ñ6äKè

(ᾱn)n∈N

¼�ÎÊÕH� ‖ᾱn − α∗‖ ≤
‖α̂n − α∗‖ (A¼7è#�*å-ç-è

∇2Mn (ᾱn)
Pα∗−−−−→

n→+∞

2

J2

∑

l∈Z

δ2
l l

2|cl(f)|2 (JIJ−1 − UJ−1) .
HN¦=� � �tJ

�­ü�ï ô }�}�t�q8s=m)Í
/X���

z
 -� ¨|�_�¥��®S�¿�pÙ����S�¡ Z�_¢�¨B�S�

z̄
± �Ê¯î�_�E�^«¬�* ©¨B�Ê�"�GÉ5�CÂ�¢¬±¿�Ê�

Re(z) = 1
2
(z+ z̄)

H)�"ÉS�
¢¬��¨¥��®À¨¥¢¬�ª�¥´

z
J�¨¥�S�

Im(z) = 1
2i

(z − z̄)
H)�"ÉS��±���¨- E±¿�À¨¥¢¬­Y®À¨B¢¬���¥´

z
JM�

� o~}�}�� ¨.iu�«� � � o~}�}��0}�� ë }�v\��sÊw~s�}xv©� ¨Kiu�G¤ �E� ¯¬�§è±ä¶ãMÎÊÕ^è¶ãMÎ<ÐrÑ3�MÔmÑ6ä¶ÕuÎ<ÐrÑ
Mn(α)

ä4å-Ñ©&¶è¼�ãMÎÊÕuÕ^è¶ÑOårÏ��EÐræÊæ!Ð}¼�Ï*�
Mn(α) =

1

J

J
∑

j=1

n−1

2
∑

l=−n−1

2

δ2
l |c̃jl(α)− ĉl(α)|2

=
1

J

J
∑

j=1

n−1

2
∑

l=−n−1

2

δ2
l

(

|c̃jl(α)|2 + |ĉl(α)|2 − 2Re

(

c̃jl(α)ĉl(α)
))

=
1

J

J
∑

j=1

n−1

2
∑

l=−n−1

2

δ2
l

(

|c̃jl(α)|2 − |ĉl(α)|2
)

= (I) + (II).¯¬�§è�:�ãKÏ¶Õ@Õ�è¶ã¶ÿ é-ÎÊç-èKÏ*�
(I) =

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|2 +

1

J

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

|wjl|2 +
2

J

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

Re

(

cl(f)eilα
∗

jwjl

)

=

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|2 +

1

nJ

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

(

ξxjl
2 + ξyjl

2
)

+
2√
nJ

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|

J
∑

j=1

[

cos(θl − lα∗j)ξ
x
jl + sin(θl − lα∗j )ξ

y
jl

]

,

¼��§è¶ãßè`¼7è��*å-ç-è+ÔpÏzè4ý·Õw�§èo�EÐræÊæ!Ð}¼�ÎÊÑmé1Ñ6ÐrÕ<å-ÕuÎ<ÐrÑD�
∀j = 1, . . . ,J, ∀l = −(n− 1)/2, . . . ,(n− 1)/2, wjl =

1√
n
ξjl =

1√
n

(

ξxjl + iξyjl
)

.

à è¶ãßè)( (
ξxjl
)

l=−(n−1)/2,...,(n−1)/2

å-Ñ�ý (
ξyjl
)

l=−(n−1)/2,...,(n−1)/2

å-ãßè·ÎÊÑ�ýmè�ì§è¶Ñ�ýmè¶Ñ§Õ��0å-ÔtÏKÏ¶Îuå-ÑÏzè~�	Ô§è¶Ñ6äKèKÏ
¼�ÎÊÕw�
æ å,¼ Nn(0,In)
< y æµÏzÐ¨(o¼7è#�*å-ç-è:Ïzè¶Õ^è4ý

∀l = −(n− 1)/2, . . . ,(n− 1)/2, cl(f) = |cl(f)|eiθl,
¼�ÎÊÕH�

θl ∈ [0,2π[.
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¯¬�§è>ÏzèKäKÐrÑ�ýÃÕ�è¶ãMÿÕ�*årÏ�Õw�§èo�EÐræÊæ!Ð}¼�ÎÊÑmé1�EÐrãMÿQ�

(II) = −
n−1

2
∑

l=−n−1

2

∣

∣

∣

∣

∣

1

J

J
∑

j=1

eil(αj−α∗j )δlcl(f)

∣

∣

∣

∣

∣

2

−
n−1

2
∑

l=−n−1

2

∣

∣

∣

∣

∣

δl
J

J
∑

j=1

eilαjwjl

∣

∣

∣

∣

∣

2

− 2

J2

n−1

2
∑

l=−n−1

2

J
∑

j=1

J
∑

k=1

Re

(

δ2
l e
il(αj−α∗j )e−ilαkcl(f)wkl

)

.

y Ï×åLäKÐrÑ*Ïzè~�	Ô«è¶Ñ6äKè)(@å��MÕ^è¶ã>ÏzÐrÿ·è;ä4å-æ!ä¶Ômæ å-ÕNÎ<ÐrÑ*Ï)(�¼7è5Ð,&	ÕÍå-ÎÊÑ�ÕH�*å-Õ{�
Mn(α) =

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|2 −

n−1

2
∑

l=−n−1

2

∣

∣

∣

∣

∣

1

J

J
∑

j=1

eil(αj−α∗j )δlcl(f)

∣

∣

∣

∣

∣

2

+
1

nJ

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

(

ξxjl
2 + ξyjl

2
)

− 1

n

n−1

2
∑

l=−n−1

2

δ2
l

J2

∣

∣

∣

∣

∣

J
∑

j=1

eilαjξjl

∣

∣

∣

∣

∣

2

+
2√
nJ

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|

J
∑

j=1

[

cos(θl − lα∗j)ξ
x
jl + sin(θl − lα∗j )ξ

y
jl

]

− 2√
nJ2

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|

J
∑

j=1

J
∑

k=1

Re

(

eil(αj−α∗j )e−ilαkeiθlξkl

)

.

y �MÕ^è¶ã;è�+&ì*å-Ñ�ý-ÎÊÑmé1Õw�§è�Õ�è¶ã¶ÿ×Ï)(A¼7è�:�Ñ�å-æÊæ¾v×émè¶Õ@Õw�§èo�EÐræÊæ!Ð}¼�ÎÊÑméLè�+&ì�ãßèKÏKÏ¶Î<ÐrÑD�
Mn(α) =

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|2 −

n−1

2
∑

l=−n−1

2

∣

∣

∣

∣

∣

1

J

J
∑

j=1

eil(αj−α∗j )δlcl(f)

∣

∣

∣

∣

∣

2 H)¦=� £B¤tJ

+
J − 1

nJ2

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

(

ξxjl
2 + ξyjl

2
) H)¦=� £ � J

− 2

nJ2

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

∑

k>j

[

cos(l(αj − αk))(ξ
x
jlξ

x
kl + ξyjlξ

y
kl)+

sin(l(αj − αk))(ξ
x
jlξ

y
kl − ξyjlξ

x
kl)
] H)¦=� £¥£�J

+
2(J − 1)√

nJ2

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|

J
∑

j=1

[

cos(θl − lα∗j )ξ
x
jl + sin(θl − lα∗j)ξ

y
jl

] H)¦=� £"�tJ

− 2√
nJ2

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|

J
∑

j=1

∑

k 6=j

[

cos(l(αj − α∗j − αk) + θl)ξ
x
kl+

sin(l(αj − α∗j − αk) + θl)ξ
y
kl

]

.
H)¦=� £^¦pJ
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� Ð�¼7è#�*å-ç-è:Ï�ì�æ ÎÊÕ@ÕH�§è×ä¶ã¶ÎÊÕ�è¶ãMÎ<ÐrÑs�MÔmÑ6ä¶ÕNÎ<ÐrÑ�ÎÊÑ§Õ�Ð�:�ç-è+Õ�è¶ãMÿ×Ï*�8HN¦=� £¥¤tJ~(7HN¦*� £ � JT(ÝH)¦=� £E£�J~(7HN¦=� £-�tJå-Ñ�ýnHN¦=� £B¦pJ�<�¯¬�§è¶ÎÊã�årÏ�v"ÿ:ì�Õ�ÐrÕuÎ<äs&¶è)�*å-çzÎ<ÐrãKÏ+å-ãßè×årÏo�EÐræÊæ!Ð}¼�Ï*�

• ¯¬�§è�Õ�è¶ã¶ÿ HN¦=� £¥¤tJAÎ!Ï×å­ýmè¶Õ�è¶ã¶ÿ5ÎÊÑ§Î!Ï¶ÕuÎ<ä;ÐrÑ6è*< C è¶Õ
ψ
Õw�§è

T
Ò!ì§è¶ãMÎ<Ð	ý-Î<ä��MÔGÑ6ä¶ÕuÎ<ÐrÑOýmèH:�Ñ6è4ý&*vLÕH�§è;Ó\ÐrÔmã¶Î<è¶ã�Ïzè¶ã¶Î<è

ψ(t) =
∑

l∈Z
δle

2πilt/T
<
¯¬�§è��MÔmÑ6ä¶ÕNÎ<ÐrÑ

ψ
Î!Ï�¼7è¶æÊæ�ýmèH:�Ñ6è4ý­ÎÊÑ

L2([0,T ])
Ï¶ÎÊÑ6äKèkH)¦=�µ��J
�§Ðræ ýrÏ*< à è¶Ñ6äKè)(�ÔtÏ¶ÎÊÑmé I å-ãKÏzè¶çrå-æ6ÕH�§èKÐrãßè¶ÿs(A¼7è#�*å-ç-è+Õw�*å-Õ

H)¦=� £¥¤tJ −−−−→
n→+∞

∫ T

0

|(ψ ∗ f)(t)|2dt
T
−
∫ T

0

∣

∣

∣

∣

∣

1

J

J
∑

j=1

(ψ ∗ f)(t+ θj − θ∗j )

∣

∣

∣

∣

∣

2

dt

T
.

• ¯¬�§è�Õ�è¶ã¶ÿ HN¦*� £ � J+Î!Ï×å+ì�Ômãßè�Ñ6ÐrÎ!Ïzè+Õ�è¶ã¶ÿQ�
H)¦=� £ � J

=
J − 1

nJ2

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

(

ξxjl
2 + ξykl

2
)

=
J − 1

nJ2

n−1

2
∑

l=−n−1

2

δ2
l χ

2
2J,l,

¼��§è¶ãßè (
χ2

2J,l

)

l=−(n−1)/2,...,(n−1)/2

Î!Ï
å±Ïzè~�	Ô«è¶Ñ6äKè
Ð^�kÎ�<!Î�<Êý9<>ä)�mÎ!Ï*�	Ô=å-ãßè4ýOã9å-Ñ�ýmÐrÿ çrå-ÒãMÎuå9&	æ!èKÏ�¼�ÎÊÕH�
2J

ýmè<é-ãßèKèKÏ·Ð^���MãßèKè4ýmÐrÿQ< � Ð
ÕH�*å-Õw(:HN¦=� £ � J�¼�ÎÊæÊæÀçrå-Ñ§Î!Ï)��årÏ�v"ÿ:ì�Õ�ÐrÕNÎ<ä4å-æÊæ¾vÎÊÑ I ãKÐ,&Kå9&	ÎÊæ ÎÊÕ�v,< � Ñ�ýmèKè4ý}(
E(
HN¦=� £ � J

) =
2(J − 1)

nJ

n−1

2
∑

l=−n−1

2

δ2
l −−−−→

n→+∞
0,

å-Ñ�ý
Var(

HN¦=� £ � J
) =

4(J − 1)2

n2J3

n−1

2
∑

l=−n−1

2

δ4
l −−−−→

n→+∞
0.

• ¯¬�§è�Õ�è¶ã¶ÿ HN¦*� £E£-J+Î!Ï×å-æµÏzÐÃå�ì�Ômãßè+Ñ6ÐrÎ!Ïzè+Õ�è¶ãMÿúäKÐrÿ:ì§ÐzÏzè4ý­Ð^�+Õ�è¶ã¶ÿ×Ï5Ð^�>ÕH�§è�Õ�vMì§è*�
Un =

1

n

n−1

2
∑

l=−n−1

2

δ2
l

J
∑

j=1

∑

k>j

cos (l(αj − αk)) ξ
x
jlξ

y
kl,

¼�ÎÊÕH�
E(Un) = 0

(@å-Ñ�ý
Var(Un) =

1

n2

n−1

2
∑

l=−n−1

2

δ4
l

J
∑

j=1

∑

k>j

cos2 (l(αj − αk)) ≤
J2 − J

2n2

n−1

2
∑

l=−n−1

2

δ4
l −−−−→

n→+∞
0.

à è¶Ñ6äKè)(@Õw�§èAÌ0Î<è¶Ñ�å,vrÿ·Ö¶Ò ¯Àä)�§è*&*vpä)�§è¶ç�ÎÊÑ6è~�	Ô*å-æ ÎÊÕçv�vrÎ<è¶æ ýrÏ�ÕH�*å-Õ
∀ε > 0,Pα∗(|Un| > ε) ≤

Ô å-ã
(Un)

ε2
−−−−→
n→+∞

0.� Ð1ÕH�*å-Õ H)¦=� £¥£�J Pα∗−−−−→
n→+∞

0.
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• ¯¬�§èAÕ^è¶ãMÿ×Ï
H)¦=� £-�tJ�å-Ñ�ýªHN¦=� £B¦pJ��*å-ç-è�Õw�§è>Ï	å-ÿ·è2årÏ�vrÿ:ì�Õ^ÐrÕuÎ<äs&¶è)�*å-çzÎ<Ðrã�årÏ

Vn =
1√
n

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|Wl,

¼�ÎÊÕw�
Wl =

J
∑

j=1

∑

k 6=j
cos(l(αj − α∗j − αk) + θl)ξ

x
kl,

¼��§è¶ãßè)(AårÏ	&¶èH�EÐrãßè)(>Õw�§èLã9å-Ñ�ýmÐrÿ¿Ïzè~�	Ô«è¶Ñ6äKèKÏ (
ξxjl
)

l=−(n−1)/2,...,(n−1)/2

å-ãKèkÎ�<!Î�<Êý9<:å-Ñ�ý�EÐræÊæ!Ð}¼�ÎÊÑméÃå �0å-ÔpÏKÏ¶Îuå-Ñ�æ å,¼ Nn(0,In).
� ÎÊÑ6äKè

(cl(f))l∈Z
∈ l2(Z)

(A¼7è��*å-ç-è�ÕH�*å-Õ
∑

l∈Z

δ4
l |cl(f)|2‖Wl‖2

2 < +∞.

y Ï×åÃãßèKÏ¶ÔGæ Õw(@Õw�§è�ã4å-Ñ�ýmÐrÿ çrå-ã¶Îuå9&	æ!èKÏ √
nVn

äKÐrÑ§ç-è¶ã<émèKÏ>ÎÊÑ
Pα∗

Ò!ì�ãßÐ,&Kå9&	ÎÊæ ÎÊÕ�v�< à è¶Ñ6äKè)(
Vn

Pα∗−−−−→
n→+∞

0.

� Ð¨(o¼7è×ä4å-ÑnäKÐrÑ6ä¶æ Ô=ýmè+Õw�§è;äKÐrÑ§ç-è¶ãNémè¶Ñ6äKèKÏ×Ð^��H)¦=� £"�tJ2å-Ñ�ýÜH)¦=� £B¦pJ��
HN¦=� £-�tJ Pα∗−−−−→

n→+∞
0
å-Ñ�ýkHN¦=� £B¦pJ Pα∗−−−−→

n→+∞
0.

� ÑOäKÐrÑ6ä¶æ ÔpÏ¶Î<ÐrÑ/(�¼7è
�*å-ç-è+ÕH�§è5ä¶ãMÎÊÕ�è¶ãMÎ<ÐrÑs�MÔGÑ6ä¶ÕuÎ<ÐrÑnäKÐrÑ§ç-è¶ãNémè¶Ñ6äKè*�
Mn(α)

Pα∗−−−−→
n→+∞

K(α),

¼�ÎÊÕw�
K(α) =

∫ T

0

|(ψ ∗ f)(t)|2 dt

T
−
∫ T

0

∣

∣

∣

∣

∣

1

J

J
∑

j=1

(ψ ∗ f)
(

t + θj − θ∗j
)

∣

∣

∣

∣

∣

2

dt

T
.

× ÐrãKèKÐrç-è¶ãT(���å-Ô§ä)�lvrÒ � ä)�l¼@å-ã¶Õzâ2ÎÊÑ6è~�	Ô*å-æ ÎÊÕçvQvrÎ<è¶æ ýrÏ+ÕH�*å-Õ
∫ T

0

∣

∣

∣

∣

∣

1

J

J
∑

j=1

(ψ ∗ f)(t+ θj − θ∗j )

∣

∣

∣

∣

∣

2

dt

T

≤
∫ T

0

1

J

J
∑

j=1

∣

∣(ψ ∗ f)(t+ θj − θ∗j )
∣

∣

2 dt

T
=

∫ T

0

|(ψ ∗ f)(t)|2 dt

T
,

�§è¶Ñ6äKè)(
K(·) ≥ 0

(7å-Ñ�ýÃÕH�§è�ÿ5ÎÊÑ§ÎÊÿ5Ômÿ çrå-æ Ô§è�Î!Ï+ãßè4åmä)�§è4ý��EÐrã
∫ T

0

|(ψ ∗ f)(t)|2dt

T
=

∫ T

0

∣

∣

∣

∣

∣

1

J

J
∑

j=1

(ψ ∗ f)(t+ θj − θ∗j )

∣

∣

∣

∣

∣

2

dt

T
,
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∑

l∈Z

|δlcl(f)|2 =
∑

l∈Z

∣

∣

∣

∣

∣

1

J

J
∑

j=1

δlcl(f)eil(αj−α∗j )

∣

∣

∣

∣

∣

2

.
HN¦=� £ � J

� Ð¨(;¼7è#�*å-ç-è+Õw�*å-Õ
HN¦=� £ � J ⇐⇒ ∀l ∈ Z,

∣

∣

∣

∣

∣

1

J

J
∑

j=1

eil(αj−α∗j )

∣

∣

∣

∣

∣

2

= 1

⇐⇒ ∀l ∈ Z, ∀j = 1, . . . ,J, ∀k = 1, . . . ,J, cos
[

l
(

(αj − α∗j)− (αk − α∗k)
)]

= 1

⇐⇒ ∀j = 1, . . . ,J, αj = α∗j + c [2π], c ∈ R.� Ñ�åÃÿ1å-ÕuãMÎP+B¼@å,vÒ(A¼7èCémè¶Õ@Õw�§è5è~�	Ô=å-ÕuÎ<ÐrÑ�H)¦=� ` JT(@Î�<uè*<






α1<<<
αJ






=







α∗1<<<
α∗J






+ c







1<<<
1






+ 2π







k1<<<
kJ






, c ∈ R,







k1<<<
kJ






∈ ZJ .

à è¶Ñ6äKè)(ÀÏ¶ÎÊÑ6äKè
α ∈ A å-Ñ�ý

A
Î!Ï2ýmèH:�Ñ6è4ýB&*vFHN¦=���tJ~(A¼7è#�*å-ç-è>Ï)�§Ð}¼�Ñ�Õw�*å-Õ

αj = α∗j , ∀j = 1, . . . ,J.� ÎÊÑ6äKè
α 7→ K(α)

åmä)�mÎ<è¶ç-èKÏ;ÎÊÕÊÏ�ÔmÑ§Î��	Ô«è;ÿ5ÎÊÑ§ÎÊÿ5ÔGÿ��EÐrã
α = α∗

(UÕH�§èÃäKÐrÑ�ý-ÎÊÕNÎ<ÐrÑ�H)¦=� � �tJ×Î!Ï�MÔmæ :�æÊæ!è4ý9<
�� o~}�}�� ¨.iu�m� � � o~}�}��0}�� ë }�v\��sÊw~s�}xv©� ¨Kiu�p¨ �E�'� è¶Õ

α = (αj)j=1,...,J

å-Ñ�ý
β = (βj)j=1,...,JÕ�¼7Ð�ÕNã9å-Ñ*Ï¶æ å-ÕuÎ<ÐrÑ±ì*å-ã9å-ÿ·è¶Õ�è¶ãßÏ·ÎÊÑ

A
<`ÂUÔmã­å-ÎÊÿ Î!ÏkÕ�ÐÃì�ãßÐrç-èÃÕw�*å-ÕAÕH�§è
äKÐrÑ§ç-è¶ãNémè¶Ñ6äKè­Ð^�·Õw�§èä¶ãMÎÊÕ�è¶ãMÎ<ÐrÑ��MÔmÑ6ä¶ÕNÎ<ÐrÑ1Î!Ï7ÔGÑ§Î �EÐrãMÿs(6ÎÊÑ·Õw�§èÝÏzè¶Ñ*Ïzè7ÕH�*å-Õ��EÐrã

k
æ å-ã<émè.è¶Ñ6ÐrÔ-é}��å-Ñ�ýAÕç¼7ÐAýmèKä¶ãßè4årÏ¶ÎÊÑméÕ�Ðsârè¶ãßÐ;Ïzè~�	Ô§è¶Ñ6äKèKÏ

(ηk)k∈N

å-Ñ�ý
(εk)k∈N

(A¼7è#�*å-ç-è
lim

n→+∞
P

(

sup
‖α−β‖≤ηk

|Mn(α)−Mn(β)| > εk

)

= 0.

� Ï¶ÎÊÑméÃÕw�§è5è�+&ì�ãßèKÏKÏ¶Î<ÐrÑOÐ^�+Õw�§è5ä¶ã¶ÎÊÕ�è¶ãMÎ<ÐrÑs�MÔmÑ6ä¶ÕNÎ<ÐrÑ±Õw�*å-Õ�¼7è��*å-ç-è;ä4å-æ!ä¶ÔGæ å-Õ�è�ÎÊÑ�Õw�§è8ì�ãßÐzÐ^�×Ð^��ÝÐrÑ�ý-ÎÊÕuÎ<ÐrÑ�HN¦=� � �tJ~(@Î�<uè*<
Mn(α) =

HN¦=� £¥¤tJ
+
HN¦*� £ � J

+
HN¦*� £E£-J

+
H)¦=� £-�tJ

+
HN¦=� £B¦pJ

,¼7è.émè¶Õ
Mn(α)−Mn(β) = A+B + C,¼��§è¶ãßè

A =

n−1

2
∑

l=−n−1

2

∣

∣

∣

∣

∣

1

J

J
∑

j=1

eil(βj−α∗j )δlcl(f)

∣

∣

∣

∣

∣

2

−
n−1

2
∑

l=−n−1

2

∣

∣

∣

∣

∣

1

J

J
∑

j=1

eil(αj−α∗j )δlcl(f)

∣

∣

∣

∣

∣

2
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Î!Ï+Õw�§è×ýmè¶Õ^è¶ãMÿ5ÎÊÑ§Î!Ï¶ÕuÎ<ä+Õ�è¶ã¶ÿs(7å-Ñ�ý

(B + C)
Î!Ï�ÕH�§è>Ï¶Õ�Ðzä)�*årÏ¶ÕuÎ<ä�Õ^è¶ãMÿs(o¼�ÎÊÕw�

B =− 2

nJ2

n−1

2
∑

l=−n−1

2

J
∑

j=1

∑

k>j

δ2
l [cos(l(αj − αk))− cos(l(βj − βk))] (ξ

x
jlξ

x
kl + ξyjlξ

y
kl)

− 2

nJ2

n−1

2
∑

l=−n−1

2

J
∑

j=1

∑

k>j

δ2
l [sin(l(αj − αk))− sin(l(βj − βk))] (ξ

x
jlξ

y
kl − ξyjlξ

x
kl),

å-Ñ�ý

C =− 2√
nJ2

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|

J
∑

j=1

∑

k 6=j

[

cos(θl + l(αj − α∗j − αk))−

cos(θl + l(βj − α∗j − βk))
]

ξxkl

− 2√
nJ2

n−1

2
∑

l=−n−1

2

δ2
l |cl(f)|

J
∑

j=1

∑

k 6=j

[

sin(θl + l(αj − α∗j − αk))−

sin(θl + l(βj − α∗j − βk))
]

ξykl.

y Ï>å×ãßèKÏ¶Ômæ ÕH(�Õw�§è8Ï¶Õ^Ðzä)�*årÏ¶ÕuÎ<ä.Õ^è¶ãMÿøL
B+C

O�ä4å-Ñ	&¶è8Ï�ì�æ ÎÊÕ\ÎÊÑ§Õ^Ð�Õ�¼7Ð�ä4å-Õ^è<émÐrãMÎ<èKÏ>Ð^�0Õ�è¶ãMÿ×Ï)(äKÐrÿ:ì§ÐzÏzè4ý}(Ò�EÐrã0å-æÊæ
l ∈ {−(n−1)/2, . . . ,(n−1)/2} (\Ð^�7Õw�§èCäKè¶Ñ§Õ�è¶ãßè4ý+ÎÊÑ�ýmè�ì§è¶Ñ�ýmè¶Ñ§Õxã9å-Ñ�ýmÐrÿçrå-ãMÎuå9&	æ!èKÏ

Ul(α,β) = δ2
l

J
∑

j=1

∑

k>j

[cos(l(αj − αk))− cos(l(βj − βk))] ξ
x
jlξ

x
kl,

Vl(α,β) = δ2
l |cl(f)|

J
∑

j=1

∑

k 6=j

[

cos(θl + l(αj − α∗j − αk))− cos(θl + l(βj − α∗j − βk))
]

ξxkl.

y æÊæ6Õw�§èAãßè¶ÿ1å-ÎÊÑ§ÎÊÑmé�Õ^è¶ãMÿ×ÏAÎÊÑ
B
å-Ñ�ý

C
ý-Î �>è¶ã��MãßÐrÿ

Ul
Ðrã
Vl
&*v�ÕH�§è+ÕuãMÎ émÐrÑ6Ðrÿ·è¶ÕNãMÎ<än�MÔGÑ6ä¶ÒÕuÎ<ÐrÑ*Ï)(n&	ÔGÕ\Õw�§è¶ÎÊã.årÏ�v"ÿ:ì�Õ�ÐrÕNÎ<ä�&¶è)�*å-çzÎ<Ðrã:ä4å-Ñ�&¶èCýmè4ý-Ô§äKè4ý2ÎÊÑLå+Ï¶ÎÊÿ5ÎÊæ å-ã�¼@å,v,< à è¶Ñ6äKè)(ÀÐrÔGãCå-ÎÊÿÎ!Ï+Õ�ÐJ&¶ÐrÔGÑ�ý·Õw�§è8ì�ãßÐ,&Kå9&	ÎÊæ ÎÊÕNÎ<èKÏ

P



 sup
‖α−β‖≤η

∣

∣

∣

∣

∣

∣

1

n

n−1

2
∑

l=−n−1

2

Ul(α,β)

∣

∣

∣

∣

∣

∣

> x



 ,
H)¦=� £B�tJ

P



 sup
‖α−β‖≤η

∣

∣

∣

∣

∣

∣

1√
n

n−1

2
∑

l=−n−1

2

Vl(α,β)

∣

∣

∣

∣

∣

∣

> x



 .
H)¦=� £ ` J

� Ï¶ÎÊÑmé5Õw�§è
&KårÏ¶Î<ä:ÎÊÑ6è~�	Ô*å-æ ÎÊÕ�v |cos(p)− cos(q)| ≤ |p− q| å-Ñ�ý1å��MÕ^è¶ã0ÏzÐrÿ·è+ä4å-æ!ä¶ÔGæ å-ÕuÎ<ÐrÑ*Ï)(.¼7è
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�*å-ç-èAÕH�*å-Õ

Var





n−1

2
∑

l=−n−1

2

Ul(α,β)



 ≤ J2η2

n−1

2
∑

l=−n−1

2

δ4
l l

2,

Var





n−1

2
∑

l=−n−1

2

Vl(α,β)



 ≤ J2η2

n−1

2
∑

l=−n−1

2

δ4
l l

2|cl(f)|2.

× ÐrãßèKÐrç-è¶ãT(×è�+&ì§ÐrÑ6è¶Ñ§ÕuÎuå-æ�&¶ÐrÔmÑ�ýmè4ýOÿ·Ðrÿ·è¶Ñ§ÕÊÏ�Ð^�­ã9å-Ñ�ýmÐrÿ çrå-ãMÎuå9&	æ!èKÏ
Ul

å-Ñ�ý
Vl
é-ÎÊç-èKÏ)(#¼7èémè¶Õg�MãKÐrÿ¬Ì>è¶ãMÑ*Ï¶Õ�è¶ÎÊÑ - ÏCÎÊÑ6è~�	Ô=å-æ ÎÊÕ�v6�EÐrã:ÎÊÑ�ýmè�ì§è¶Ñ�ýmè¶Ñ§Õ�çrå-ãMÎuå9&	æ!èKÏ)(�Õw�*å-ÕÀÕw�§è¶ãßè2è�+�Î!Ï¶ÕÊÏ+å:ì§ÐzÏ¶ÎÊÕuÎÊç-èäKÐrÑ*Ï¶Õ<å-Ñ§Õ

M < +∞ (ÀÏ¶Ô§ä)�
ÕH�*å-Õ
P





∣

∣

∣

∣

∣

∣

1

n

n−1

2
∑

l=−n−1

2

Ul(α,β)

∣

∣

∣

∣

∣

∣

> x



 ≤ 2 exp






− n2x2

2
(

Var
(

∑

n−1

2

l=−n−1

2

Ul(α,β)
)

+Mnx
)






,

P





∣

∣

∣

∣

∣

∣

1√
n

n−1

2
∑

l=−n−1

2

Vl(α,β)

∣

∣

∣

∣

∣

∣

> x



 ≤ 2 exp






− nx2

2
(

Var
(

∑

n−1

2

l=−n−1

2

Vl(α,β)
)

+M
√
nx
)






.

à è¶Ñ6äKè)(AÔtÏ¶ÎÊÑmé�HN¦=� ��� JLå-Ñ�ý¢H)¦=� � £�JT(#¼7èÃémè¶Õ+ÕH�*å-ÕV&¶ÐrÕw��ì�ãßè¶çzÎ<ÐrÔtÏ×ì�ãßÐ,&Kå9&	ÎÊæ ÎÊÕNÎ<èKÏ�émÐ±Õ�Ð°ârè¶ãßÐ¼��§è¶Ñ
n
émÐzèKÏ0Õ�Ð�ÎÊÑ :�Ñ§ÎÊÕçv,< � Ð}¼�(�Ï¶ÎÊÑ6äKè

α
å-Ñ�ý

β
æ Î<è8ÎÊÑ
å�äKÐrÿ:ì*åmä¶Õ�Ïzè¶Õ�Ð^�

RJ
¼�ÎÊÕw�

J < +∞:.+Gè4ý}(�å:Ï¶ÕÍå-Ñ�ýtå-ã9ý×ä)�*å-ÎÊÑ§ÎÊÑmé+å-ã<é-Ômÿ·è¶Ñ§Õ;LNÏzèKè¢�EÐrã7ÎÊÑ*Ï¶Õ<å-Ñ6äKè��Íçrý!��898"��OÝì�ãßÐrç-èKÏ7ÕH�*å-Õ(Õw�§è¶ãßèCè�+�Î!Ï¶Õ
(ηk)k∈N

å-Ñ�ý
(εk)k∈N

Ï¶Ô«ä)�LÕw�*å-ÕÓ�EÐrã
k
æ å-ãNémè;è¶Ñ6ÐrÔ�é}��¼7è:émè¶Õ

lim
n→+∞

P



 sup
‖α−β‖≤ηk

∣

∣

∣

∣

∣

∣

1

n

n−1

2
∑

l=−n−1

2

Ul(α,β)

∣

∣

∣

∣

∣

∣

> εk



 = 0,

lim
n→+∞

P



 sup
‖α−β‖≤ηk

∣

∣

∣

∣

∣

∣

1√
n

n−1

2
∑

l=−n−1

2

Vl(α,β)

∣

∣

∣

∣

∣

∣

> εk



 = 0.

¯¬�§èAýmè¶Õ^è¶ãMÿ5ÎÊÑ§Î!Ï¶ÕuÎ<ä7ì*å-ãMÕ
A
ãßè¶ÿ1å-ÎÊÑ*Ï>Õ�ÐÃ&¶è:Ï¶ÕuÔ*ý-Î<è4ý9<�½1è�ä4å-Ñ3¼�ãMÎÊÕ^è)(�å��MÕ^è¶ã.ÏzÐrÿ·è2ä4å-æ!ä¶ÔmÒæ å-ÕuÎ<ÐrÑ*Ï)(�Õw�*å-Õ
|A| ≤ η

n−1

2
∑

l=−n−1

2

δ2
l |l||cl(f)|2. HN¦=� £-�tJ

Ì8ÔGÕw(�Ï¶ÎÊÑ6äKèkHN¦=� ��� J�å-Ñ�ýÜHN¦=� � £�J��§Ðræ ý}(�ÔtÏ¶ÎÊÑmé3��å-Ô§ä)�lv"Ò � ä)�l¼@å-ãMÕzâ2ÎÊÑ6è~�	Ô=å-æ ÎÊÕ�v¨(A¼7è#�*å-ç-è+Õw�*å-Õ
‖f‖2

δ =
∑

l∈Z

δ2
l |l||cl(f)|2

≤
(

∑

l∈Z

δ4
l l

2|cl(f)|2
)

1

2
(

∑

l∈Z

|cl(f)|2
)

1

2

< +∞.
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à è¶Ñ6äKè)(�årÏUÏzÐzÐrÑLårÏ�¼7è��*å-ç-è:ä)�§ÐzÏzè¶ÑkÕç¼7Ð×ýmèKä¶ãßè4årÏ¶ÎÊÑmé>Ïzè~�	Ô«è¶Ñ6äKèKÏ

(ηk)k∈N

å-Ñ�ý
(εk)k∈N

Ï¶Ô«ä)�Õw�*å-Õ
εk/ηk > ‖f‖2

δ

(o¼7è
�*å-ç-è+Õw�*å-Õ
lim

n→+∞
P [W (n,ηk) > εk] = 0,

¼��mÎ<ä)��äKÐrÑ6ä¶æ Ô*ýmèKÏAÕw�§è8ì�ãßÐzÐ^�?<
�� or}6}�� ¨Kiu�m¤ � � o~}�}��.}�� � o~}«°�}�yEsÊw~su}�v ¨Ki �x� y �MÕ�è¶ã2ÏzÐrÿ·è�ä4å-æ!ä¶Ômæ å-ÕNÎ<ÐrÑ*Ï)(�¼7è>émè¶ÕUÕw�§è6�EÐræ Òæ!Ð}¼�ÎÊÑmé­è�+&ì�ãßèKÏKÏ¶Î<ÐrÑ*Ï��EÐrã�Õw�§è;:�ãßÏ¶Õ7å-Ñ�ýÃÕH�§èAÏzèKäKÐrÑ�ýÃýmè¶ãMÎÊçrå-ÕNÎÊç-èKÏ;Ð^�>ÕH�§è5è¶ÿ:ì�ÎÊãMÎ<ä4å-æ\äKÐrÑ§Õuã9årÏ¶ÕH(�EÐrã�å-æÊæ

k ∈ {2, . . . ,J} (Ó�EÐrã�å-æÊæ m ∈ {2, . . . ,J} �
∂Mn

∂αk
(α) =

2

J

n−1

2
∑

l=−n−1

2

δ2
l lIm

(

c̃kl(α)ĉl(α)
)

,
H)¦=� £"�tJ

∂2Mn

∂α2
k

(α) =
2

J2

n−1

2
∑

l=−n−1

2

δ2
l l

2
Re

(

c̃kl(α)
∑

j 6=k
c̃jl(α)

)

,
H)¦=�µ�¥¤tJ

∀m 6= k,
∂2Mn

∂αk∂αm
(α) = − 2

J2

n−1

2
∑

l=−n−1

2

δ2
l l

2
Re

(

c̃kl(α)c̃ml(α)
)

.
H)¦=�µ� � J

Ì1v;Ï¶Õuã4å-Î é}�mÕ\�EÐrãG¼@å-ã9ý
ä4å-æ!ä¶ÔGæ å-ÕuÎ<ÐrÑ*Ï)(;¼7è:émè¶Õ@ÕH�*å-Õ
√
n
∂Mn

∂αk
(α∗) =

2

J

n−1

2
∑

l=−n−1

2

δ2
l l
(

|cl(f)|
(

V k
l − Vl

)

+W k
l

)

,

¼��§è¶ãßè)(��EÐrã�å-æÊæ
l ∈ Z

(
W k

l =
1

J
√
n

J
∑

j=1

[

sin(l(α∗k − α∗j ))(ξ
x
klξ

x
jl + ξyklξ

y
jl) + cos(l(α∗k − α∗j))(ξ

y
klξ

x
jl − ξxklξ

y
jl)
]

,

V k
l = (cos(lα∗k + θl)ξ

x
kl − sin(lα∗k + θl)ξ

y
kl) ,å-Ñ�ý

Vl =
1

J

J
∑

j=1

V j
l .

C è¶ÕH(Ó�EÐrã
l ∈ Z

(
Yl = (ξx1l ξ

x
2l · · · ξxJl ξy1l ξy2l · · · ξyJl)

′
,å-Ñ�ý}(�æ!è¶Õ

fkl
&¶è�ÕH�§è+ç-èKä¶Õ�Ðrã;Ð^�+æ!è¶Ñmé-ÕH�

2J
(7ýmèH:�Ñ6è4ýÃ&*v

(

fkl
)

k
= cos (lα∗k + θl) ,

(

fkl
)

J+k
= − sin (lα∗k + θl) ,

(

fkl
)

i
= 0

Î �
i /∈ {k,J + k}.
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y Ï×åLäKÐrÑ*Ïzè~�	Ô§è¶Ñ6äKè)(o¼7èCémè¶Õ@ÕH�§èo�EÐræÊæ!Ð}¼�ÎÊÑmékè�+&ì�ãßèKÏKÏ¶Î<ÐrÑV�EÐrã

V k
l

�
V k
l =

〈

fkl ,Yl
〉

= f kl
′
Yl.� Ñ�å�Ï	å-ÿ·è`¼@å,v¨(Ó�EÐrã

l ∈ Z
(@æ!è¶Õ

B̄k
l

&¶è�Õw�§è
(2J)× (2J)

ÿ1å-ÕuãMÎP+LýmèH:�Ñ6è4ýJ&*v1ãKÐ}¼�Ïs&*v
(

B̄k
l

)

k
= (sin[l(α∗k − α∗1)] · · · sin[l(α∗k − α∗J)] − cos[l(α∗k − α∗1)] · · · − cos[l(α∗k − α∗J)]) ,

(

B̄k
l

)

J+k
= (cos[l(α∗k − α∗1)] · · · cos[l(α∗k − α∗J)] sin[l(α∗k − α∗1)] · · · sin[l(α∗k − α∗J)]) ,

(

B̄k
l

)

i
= (0 · · ·0)

Î �
i /∈ {k,J + k}.

Ó6Ômã¶Õw�§è¶ãT(�æ!è¶Õ@ÕH�§èAÏ�vrÿ5ÿ·è¶ÕNãMÎ<ä+ÿ1å-ÕuãMÎP+
Bk
l

&¶è×ýmèH:�Ñ6è4ýJ&*v
Bk
l =

B̄k
l +

(

B̄k
l

)′

2
.

à è¶Ñ6äKè)(o¼7è+ÿ1å,vQ¼�ãMÎÊÕ^è
W k

l =
1

J
√
n
Yl
′Bk

l Yl.� Ð}¼�(o¼7è×ýmèH:�Ñ6è)(/�EÐrã
k = 2, . . . ,J

�
B̃k
l =

2

J
Bk
l ,

f̃kl =
2

J
fkl .

ÂUÔmã­å-ÎÊÿeÎ!Ï·Õ^Ð
Ï¶ÕuÔ=ý,v�Õw�§è­årÏ�v"ÿ:ì�Õ�ÐrÕNÎ<ä­ý-Î!Ï¶Õuã¶Î�&	ÔmÕuÎ<ÐrÑ�Ð^�1Õw�§è�é-ã9åtý-Î<è¶Ñ§Õ √
n∇Mn(α

∗)
<UÓ\ÐrãÕw�mÎ!Ï8ì�Ômã�ì§ÐzÏzè)(A¼7è5äKÐrÑ*Ï¶Îuýmè¶ã

u = (u2, . . . ,uJ)
′ ∈ RJ−1

å-Ñ�ý
t = (t2, . . . ,tJ)

′ ∈ RJ−1
(Uå-Ñ�ý¼7è�ýmèH:�Ñ6è+ÕH�§è5äKÐrÔzì�æ!è;Ð^�+ã9å-Ñ�ýmÐrÿ çrå-ãMÎuå9&	æ!èKÏ*�

(Rn,Sn) =





2

J

J
∑

k=2

uk

n−1

2
∑

l=−n−1

2

δ2
l l|cl(f)|(V k

l − Vl),
2

J

J
∑

k=2

tk

n−1

2
∑

l=−n−1

2

δ2
l lW

k
l



 .

� Ï¶ÎÊÑmé+ì�ãßè¶çzÎ<ÐrÔtÏ+Ñ6ÐrÕÍå-ÕuÎ<ÐrÑ*Ï)(A¼7èCémè¶Õ
Rn =

n−1

2
∑

l=−n−1

2

δ2
l l|cl(f)| 〈gl(u),Yl〉 ,

¼�ÎÊÕw�
gl(u) =

J
∑

k=2

uk

(

f̃kl −
1

J

J
∑

j=1

f̃ jl

)

,

Sn =
1

J
√
n

n−1

2
∑

l=−n−1

2

δ2
l lYl

′Al(t)Yl,
¼�ÎÊÕw�

Al(t) =

J
∑

k=2

tkB̃
k
l .

¯¬�§è`�	Ô=åtý-ã9å-ÕuÎ<äUì*å-ãMÕ�Î!Ï+çrå-Ñ§Î!Ï)�mÎÊÑmé1ÎÊÑÃì�ãßÐ,&Kå9&	ÎÊæ ÎÊÕ�v�¼��§è¶Ñ
n
ÎÊÑ6ä¶ãßè4årÏzèKÏ*< � Ñ�ýmèKè4ý}(ÀÕH�§è¶ãßè;è�+�Î!Ï¶ÕÊÏåAì§ÐzÏ¶ÎÊÕNÎÊç-è;äKÐrÑ*Ï¶Õ<å-Ñ§Õ

C(t)
(7ýmè�ì§è¶Ñ�ý-ÎÊÑmékÐrÑ

t
(�Ï¶Ô«ä)�
Õw�*å-Õ

‖Al(t)‖ ≤ C(t),



�l�Pî9�­R#�o��Vo�:X:[�É ` �
å-Ñ�ý}(�Õw�mÎ!Ï�æ!è4åtýrÏ+Õ�Ð·å-Ñ�Ô~ìtì§è¶ãV&¶ÐrÔmÑ�ý��EÐrã+ÕH�§ès�	Ô*åtý-ã9å-ÕNÎ<äAÕ^è¶ãMÿQ�

E (|Sn|) ≤
C(t)

J
√
n

E (‖Y1‖)
n−1

2
∑

l=−n−1

2

δ2
l |l|.

× ÐrãKèKÐrç-è¶ãT(ÀÏ¶ÎÊÑ6äKè­HN¦*� �~� J#�§Ðræ ýrÏ2å-Ñ�ý1ÔpÏ¶ÎÊÑmé3��å-Ô§ä)�lvrÒ � ä)�l¼@å-ã¶Õzâ2ÎÊÑ6è~�	Ô*å-æ ÎÊÕçv¨(A¼7è#�*å-ç-è+Õw�*å-Õ
∑

l∈Z∗

δ2
l |l| ≤

(

∑

l∈Z∗

δ4
l l

4

) 1

2
(

∑

l∈Z∗

1

l2

) 1

2

< +∞.

à è¶Ñ6äKè)(
E (|Sn|) −−−−→

n→+∞
0.

� Ð�Õw�*å-Õ
Sn

Pα∗−−−−→
n→+∞

0.

Ó\ÐrãAÕH�§è+æ årÏ¶Õ@Õ�è¶ã¶ÿs(A¼7è��*å-ç-è+ÕH�*å-Õ
〈gl(u),Yl〉 ∼ N

(

0, ‖gl(u)‖2
2

)

,

¼��§è¶ãßè
‖gl(u)‖2

2 =
4

J2
u′
(

IJ−1 −
1

J
UJ−1

)

u,

¼�ÎÊÕw�9(
IJ−1

ÕH�§è
(J − 1)

Îuýmè¶Ñ§ÕNÎÊÕ�v�ÿ1å-ÕNãMÎP+Ë(�å-Ñ�ý
UJ−1

ÕH�§è
(J − 1)× (J − 1)

ÿ1å-ÕuãMÎP+Ã¼��mÎ<ä)�å-æÊæ�è¶Ñ§ÕuãMÎ<èKÏ×å-ãKè×è~�	Ô=å-æ(Õ�ÐJ29< � Ð¨(@ÎÊÑ�ýmè�ì§è¶Ñ�ýmè¶Ñ6äKè�Ð^�+çrå-ã¶Îuå9&	æ!èKÏ
(Yl)l∈Z

v"Î<è¶æ ýrÏ+Õw�*å-Õ

Rn
D−−−−→

n→+∞
N
(

0,
4

J2

∑

l∈Z

δ4
l l

2|cl(f)|2u′
(

IJ−1 −
1

J
UJ−1

)

u

)

.

à è¶Ñ6äKè)(o¼7è
�*å-ç-èUì�ãßÐrç-è4ýÃÕw�*å-Õ
√
n∇Mn(α

∗)
D−−−−→

n→+∞
NJ−1

(

0,
4

J2

∑

l∈Z

δ4
l l

2|cl(f)|2
(

IJ−1 −
1

J
UJ−1

)

)

.

�

� or}6}�� ¨Kiu�t¨ � � o~}�}��.}�� � o~}«°�}�yEsÊw~su}�v ¨KiN��� � Ó�ÎÊãKÏ¶Õw(.¼7è�ì*å,v5å-ÕuÕ^è¶Ñ§ÕuÎ<ÐrÑLÕ^Ð×Õw�§è:Ñ6ÐrÑ�ý-Îuå-ÒémÐrÑ�å-æ\Õ^è¶ãMÿ×Ï·Ð^�2Õw�§è5ÿ1å-Õuã¶ÎP+±Ð^�;Õw�§è×ÏzèKäKÐrÑ�ýLýmè¶ãMÎÊçrå-ÕNÎÊç-èKÏ*<�Ó\Ðrã
m 6= k

(�¼7è+émè¶Õ.å��MÕ^è¶ã2ÏzÐrÿ·è
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− J2

2

∂2Mn

∂αk∂αm
(α) =

n−1

2
∑

l=−n−1

2

δ2
l l

2
Re

(

c̃kl(α)c̃ml(α)
)

=

n−1

2
∑

l=−n−1

2

δ2
l l

2
Re
(

eil(αk−αm)dkldml
)

=

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)|2 cos (l[αk − α∗k + α∗m − αm])
HN¦=���©£�J

+

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)| (cos[l(αk − α∗k − αm) + θl]w
x
ml+

sin[l(αk − α∗k − αm) + θl]w
y
ml)

HN¦=�����tJ
+

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)| (cos[l(αm − α∗m − αk) + θl]w
x
kl+

sin[l(αm − α∗m − αk) + θl]w
y
kl)

HN¦=���¥¦pJ
+

n−1

2
∑

l=−n−1

2

δ2
l l

2 [cos(l[αk − αm])(wxklw
x
ml + wyklw

y
ml)−

sin(l[αk − αm])(wyklw
x
ml − wxklw

y
ml)] .

HN¦=��� � J
½1è�Ñ6Ð}¼þÏ¶ÕNÔ*ý,v·Õw�§è;årÏ�v"ÿ:ì�Õ�ÐrÕNÎ<äs&¶è)�*å-çzÎ<ÐrÔmã×Ð^�;è4åmä)�
Õ�è¶ã¶ÿ Ïzè�ì*å-ã9å-Õ�è¶æ¾v�< � Ñ�ýmèKè4ý}(�Õw�§èAÏzèKäKÐrÑ�ýýmè¶ãMÎÊçrå-ÕuÎÊç-èKÏ>å-ãKè>ÕÍå}Ötè¶Ñ�å-Õ@åAì§ÐrÎÊÑ§Õ

ᾱn
¼��mÎ<ä)�
äKÐrÑ§ç-è¶ã<émèKÏ:Õ�Ð

α∗
�
ᾱn

Î!Ï>ÎÊÑ�ÕH�§è>Ñ6è¶Î é}�/&¶Ðrã)�§ÐzÐ	ýÐ^�
α∗

¼�ÎÊÕw�5ã9åtý-ÎÊÔpÏ ‖α∗−α̂n‖ < à è¶Ñ6äKè)(¬¼7èUÑ6èKè4ý;äKÐrÑ�ý-ÎÊÕuÎ<ÐrÑ*ÏUÕ�Ð×ä¶æ å-ÎÊÿ ÔmÑ§Î �EÐrã¶ÿ�äKÐrÑ§ç-è¶ãNémè¶Ñ6äKèÐ^� ∇2Mn(·)
<

� ÑªåkÏ¶ÎÊÿ5ÎÊæ å-ãs¼@å,v
årÏ5ÎÊÑFÕH�§èCì�ãßÐzÐ^�1Ð^�B�ÝÐrÑ�ý-ÎÊÕNÎ<ÐrÑ�H)¦=� � ¦pJ~(.årÏ�¼7è�årÏKÏ¶ÔGÿ·è×Õw�*å-Õ1HN¦=� �~� J�§Ðræ ýrÏ�å-Ñ�ýÃÔpÏ¶ÎÊÑmé°��å-Ô«ä)�lvrÒ � ä)�l¼@å-ãMÕ â2ÎÊÑ6è~�	Ô*å-æ ÎÊÕ�vÒ(A¼7è#�*å-ç-èAÕH�*å-Õ
∑

l∈Z

δ2
l l

2|cl(f)|2 ≤
(

∑

l∈Z

δ4
l l

4|cl(f)|2
) 1

2
(

∑

l∈Z

|cl(f)|2
) 1

2

< +∞,

�§è¶Ñ6äKè)(ÀÕH�§è×ýmè¶Õ�è¶ãMÿ5ÎÊÑ§Î!Ï¶ÕNÎ<äAÕ^è¶ãMÿ HN¦=���©£�J;äKÐrÑ§ç-è¶ã<émèKÏ)(ÀÔGÑ§Î �EÐrãMÿ5æ¾v�ÎÊÑ±Õw�§è�çrå-ã¶Îuå9&	æ!è
α
<

� ÎÊÑ6äKèn�EÐrã+å-æÊæ
k ∈ {1, . . . ,J} (�Õw�§è+ã9å-Ñ�ýmÐrÿ çrå-ã¶Îuå9&	æ!èKÏ

wx
kl

å-Ñ�ý
wykl

�EÐræÊæ!Ð}¼�å#�0å-ÔtÏKÏ¶Îuå-Ñæ å,¼ N (0,1/n)
(o¼7è;äKÐrÑ*Ï¶Îuýmè¶ãAÕw�§è�ÎÊÑ�ýmè�ì§è¶Ñ�ýmè¶Ñ§Õ�çrå-ãMÎuå9&	æ!èKÏ

ξxkl
å-Ñ�ý

ξykl
Ï¶Ô§ä)�LÕH�*å-Õ

wxkl =
1√
n
ξxkl

å-Ñ�ý
wykl =

1√
n
ξykl.
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Ó\ÐrãAÕH�§è+Õ�¼7Ð5ÏzèKäKÐrÑ�ýÃÕ�è¶ãMÿ×Ï
HN¦*�µ����J2å-Ñ�ýÜH)¦=�µ�B¦pJT(A¼7è
¼�ã¶ÎÊÕ�è

HN¦=�����tJ
=

1√
n

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)| (cos[l(αk − α∗k − αm) + θl]ξ
x
ml+

sin[l(αk − α∗k − αm) + θl]ξ
y
ml) ,

HN¦=���¥¦pJ
=

1√
n

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)| (cos[l(αm − α∗m − αk) + θl]ξ
x
kl+

sin[l(αm − α∗m − αk) + θl]ξ
y
kl) .

� Ï¶ÎÊÑmé2ÕH�§è:årÏKÏ¶Ômÿ:ì�ÕuÎ<ÐrÑ*Ï�H)¦=� �-� JCå-Ñ�ý�HN¦=� �~� JT(WÕH�§è¶ãßèAè�+�Î!Ï¶ÕÊÏCå×ã9å-Ñ�ýmÐrÿ�çrå-ãMÎuå9&	æ!è
Y
Ï¶Ô«ä)�1Õw�*å-Õ

Yn =
√
n
HN¦=���¥¦pJ ‖·‖2−−−−→

n→+∞
Y.

� ÐÃÕH�*å-Õ 1√
n
Yn

äKÐrÑ§ç-è¶ã<émèKÏ�ÎÊÑkì�ãßÐ,&Kå9&	ÎÊæ ÎÊÕ�v·Õ�Ð
0
< à è¶Ñ6äKè)(ÝÎÊÑFåÃÏ¶ÎÊÿ5ÎÊæ å-ãb¼@å,v­årÏ�ÎÊÑOÕw�§è.ì�ãKÐzÐ^�Ð^�°�ÝÐrÑ�ý-ÎÊÕNÎ<ÐrÑ HN¦=� � ¦pJ~(+å�Ï¶Õ<å-Ñ�ýtå-ã9ýªä)�*å-ÎÊÑ§ÎÊÑmé±å-ãNé-Ômÿ·è¶Ñ§ÕÝì�ãßÐrç-èKÏ·Õw�*å-Õw(��EÐrãkå-æÊæ

λ > 0
(�¼7è�*å-ç-è

P

(

sup
α∈Ã1

HN¦*�µ�¥¦tJ
> λ

)

−−−−→
n→+∞

0,

¼��mÎ<ä)�Læ!è4åtýrÏ+Õ�Ð,�

sup
α∈Ã1

HN¦=���¥¦pJ Pα∗−−−−→
n→+∞

0.

� ÑLÕw�§èCÏ	å-ÿ·è�¼@å,v¨(n¼7è>ÿ1å,v;å-æµÏzÐÃäKÐrÑ6ä¶æ Ô*ýmèCÕH�*å-Õ>HN¦=�����tJ>å-Ñ�ý��MÔmã¶Õw�§è¶ã­H)¦=��� � J
&¶ÐrÕw�
äKÐrÑ§ç-è¶ãNémèÔmÑ§Î �EÐrã¶ÿ5æ¾v�Õ�Ð
0
<
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J2

2

∂2Mn

∂α2
k

(α) =

n−1

2
∑

l=−n−1

2

δ2
l l

2
Re

(

c̃kl
∑

j 6=k
c̃jl

)

=

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)|2
∑

j 6=k
cos
(

l[αk − α∗k + α∗j − αj]
) HN¦=���E�tJ

+

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)|
∑

j 6=k

(

cos[l(αk − α∗k − αj) + θl]w
x
jl+

sin [l(αk − α∗k − αj) + θl]w
y
jl

) HN¦=��� ` J
+

n−1

2
∑

l=−n−1

2

δ2
l l

2|cl(f)|
∑

j 6=k

(

cos[l(αj − α∗j − αk) + θl]w
x
kl+

sin
[

l(αj − α∗j − αk) + θl
]

wykl
) HN¦=�����tJ

+

n−1

2
∑

l=−n−1

2

δ2
l l

2
∑

j 6=k

[

cos(l[αk − αj])(w
x
klw

x
jl + wyklw

y
jl)−

sin(l[αk − αj])(w
y
klw

x
jl − wxklw

y
jl)
]

.
HN¦=�����tJ

� Ï¶ÎÊÑmé×Ï¶ÎÊÿ5ÎÊæ å-ã+å-ãNé-ÔGÿ·è¶Ñ§ÕÊÏ+årÏ��EÐrã>Õw�§è7ì�ãßè¶çzÎ<ÐrÔpÏ:Õ�è¶ã¶ÿ×Ï)(�¼7è×ä4å-Ñ­ÏzèKèAÕw�*å-ÕH(ÀÔGÑ�ýmè¶ã:ÕH�§èCÏ	å-ÿ·èårÏKÏ¶Ômÿ:ì�ÕuÎ<ÐrÑ*Ï�¼7èÃémè¶Õ+Õw�*å-Õ×å-æÊæ7ÕH�§èLÕ�è¶ãMÿ×ÏþH)¦=�µ�¥�tJT(�HN¦=��� ` J~(2HN¦*�µ����J�å-Ñ�ý¢H)¦=�����tJ�äKÐrÑ§ç-è¶ãNémèKÏÔmÑ§Î �EÐrãMÿ5æ¾vÒ(@å-Ñ�ýÃ¼7è:émè¶Õ
∂2Mn

∂α2
k

(ᾱn)
Pα∗−−−−→

n→+∞

2(J − 1)

J2

∑

l∈Z

δ2
l l

2|cl(f)|2.

y Ï�å­ãßèKÏ¶ÔGæ Õw(�étå-ÕH�§è¶ãMÎÊÑmékÕH�§è×Õ�¼7Ð2ì�ãßè¶çzÎ<ÐrÔtÏ×ãßèKÏ¶Ômæ Õ�Ï;æ!è4åtýrÏ2Õ^Ð·ÕH�§è��EÐræÊæ!Ð}¼�ÎÊÑmé­årÏ�vrÿ:ì�Õ^ÐrÕuÎ<ä&¶è)�*å-çzÎ<Ðrã?�
∇2Mn(ᾱn)

Pα∗−−−−→
n→+∞

2

J2

∑

l∈Z

δ2
l l

2|cl(f)|2 (JIJ−1 − UJ−1) ,

¼��mÎ<ä)�×ì�ãKÐrç-èKÏAÕH�§è+ãßèKÏ¶Ômæ Õ�<
× ÐrãßèKÐrç-è¶ã)(�ÕH�mÎ!Ï�ÿ1å-ÕuãMÎP+kÎ!Ï+ÎÊÑ§ç-è¶ãMÕNÎ�&	æ!è*< y Ï×å·ãßèKÏ¶ÔGæ Õw(A¼7è#�*å-ç-è+Õw�*å-Õ

[

∇2Mn (ᾱn)
]−1 Pα∗−−−−→

n→+∞

J

2
∑

l∈Z
δ2
l l

2|cl(f)|2 (IJ−1 + UJ−1) .

�­ü%$ & m?X|{�j
t�n
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8:9<;�=?>A@CB DAEF=?GHG ±JI�K 9MLNEPO ± BQ;(RTSH9TB!DA9<GHU%=MU ± GHU ±JI�K 9V=�WX@ K S:@CY[ZH9ADAU ± ;]\!9VSH9AU�S�@ KQ^ 9TS_DA9TSHU%= ± BQ9TG\!9AG`DT=?S%=MDAU%RAS ± GHU ±aI�K 9TGb\cO K B!9dWX@?W K EF=eU ± @?B P f EgOh= ± \!9i\!9TG`j�9AG K SH9TGb9AkX9TDlU K RA9TGmG K S K B�B!@CjVYQS�9n B ± \cO ± B!\ ±o^�± \ K Gc\Q9�DT9AUHU%9]W�@CW K EJ=MU ± @CBcpAqr@?U�@CB!G
X ∈ Rn EJ9 ^ 9TDAU�9 K S`=?EaRs=MU�@ ± SH9ijt@u\QRTE ± G%=?B�UNEF=jt9TG K S�9v9AkX9TDlU K RA9:G K S K B ± B!\ ±a^�± \ K \!9 P p�qw@?U%@CBQG (xi)i=1,...,m

Ea9TG ^ =?EJ9 K S�G�\!9
X
@CY!GH9TS ^ RT9AGG K S K Bx9TB!GH9TjVY!Ea9�\Q9

m
± B!\ ±a^�± \ K Gy9AU

(Rn,B(Rn),PX)m
Ea9�jt@u\QzTEJ9{G|U�=MU ± G|U ±JI�K 9�=?GHG�@[D ± RMp8}=?BQG�Ea9{Ds=?G�\cO K B~RAD���=?B�U ± EJEa@CB�\!9 ^ 9TDlU%9 K S�GV=MEJRs=eU%@ ± S�9TG ± B!\!RAWX9AB!\�=?B�U�G<9AU ± \!9TB�U ±aI�K 9Tjt9TB�U\ ± GHU%S ± Y K RTGTL?EF=_j�@��?9TB!B!9v9Aj�W ± S ±aI[K 9

x̄m = 1
m

∑m
i=1 xi

9TG|U K B!9wS�Rs=ME ± G�=MU ± @CBV\!9vEPOh9AGHU ± j�=eU%9 K S
X̄m = 1

m

∑m
i=1Xi

p`8:9tW!E K GTLbG ±
X
9TGHU ± B�U�RT�CS�=?Y!EJ9MLb=?EJ@?S�G

X̄m → E(X)
9ABxW!SH@CY�=?Y ± E ± U%RMp��Oh9AG�W�RTS�=?B!DT9

E(X)
9TG|U K B!9_Ds=?S�=?DAU�RTS ± GHU ±JI�K 9_DA9TB�U%S�=?EJ9 I�KS± SHRTG K j�9_9AB K B�GH9 K E ^ 9TDAU�9 K SAL�EJ9W!E K GbG�@ KQ^ 9TB�U�\Q9d;�=?>A@CB�G%=MU ± GH;�= ± G%=MB�U�9?L�Ea9TGbj�9AG K SH9TG`9AkX9TDlU K RA9TGTpM� K U�S�9Aj�9AB�Um\ ± UsLsEPOh9AG�W�RTS%=MB!DT99TG|U}GH@ KQ^ 9AB�U K B�YX@?B S�9AW!S�RAG�9TB�U%=?B�Uy\!9<EJ=�W�@CW K EJ=MU ± @CB P p.�#=?EJ�!9 K S�9 K G�9Aj�9AB�UsLNEa@CS�G I�K 9<Ea9TGjt9TG K S�9TG�9AkX9TDlU K RA9TGVB!9�G�@CB�U<W!E K G�\!9AG ^ 9ADAU�9 K SHGTL�j�= ± Gy\!9AG�;(@CBQDAU ± @CB!G���W�=MS�9��Q9Aj�WQEJ9t\!9TG;(@CB!DlU ± @CB!Gw\ K U%9Aj�WQG��v=?EJ@CSHGrEPOh9AG�W�RTS�=?B!DT9�GTOh= ^ zTSH9{�AU�S�9?L�EJ9�W!E K G:GH@ KQ^ 9AB�UsL K B�U%SHzTG:j�= KQ^ = ± GS�9AW!S�RAG�9AB�U%=?B�Uv\!9 P p!��B�9lkN9lUsLQDA@Cjtj�9wDT9AEF=<9AGHU*9��QWQE ±JI�K R:\�=?B!G:�h�r�Q�t`e�X9AU_�h�r�Q�����gLuEJ@CSHG I�K 9EF=�j�9AG K SH9{9AkX9TDAU K RT9tG K S_\ ± kXRTSH9TB�U%G ± B!\ ±a^�± \ K G}9AGHU K B!9{;(@CBQDAU ± @CB \ K U�9TjtW!GTLc\Q9 K ��GH@CSHU�9TG\cOh=?EJRT=?Gr=?W!W�=?S�= ± GHG�9AB�UT� K B =?EJRT=�9TB =?j�WQE ± U K \!9y9AU K B�=?EaRs=t9TB U%9Aj�WQGTp ² SH9TB!@?B!G}EgO�9l�u9Aj�W!Ea9\!9AG�DT@ K S�Y�9TG�\!9
DAS�@ ± G�G�=?B!DT9*G K S K BQ9*WX@CW K EF=MU ± @CB�\!9
W�9TSHG�@CBQB!9TGAp��b9�W!S�9Aj ± 9TSi9lkN9lU]=?EaRs=MU�@ ± SH9\!RADT@ K Ea9�\ K ;�= ± U I[K 9�\!9AG ± B!\ ±a^�± \ K Gy\ ± kXRTSH9TB�U%G�= K SH@CB�UsLbW�=?Sy9��Q9Aj�WQEJ9�= K jt@Cjt9TB�U�\!9tEF=W K Y�9TS|U%RML�\Q9TGvU�= ± EJEJ9AG*\ ± kXRTSH9TB�U%9AGTL�\!@CBQD�\!9AGr@?Y!G�9AS ^ =MU ± @CB!G I�KS±.^ @CB�U ^ =MS ± 9ASv9TB =Mj�W!E ± U K \!9?p�.9_\!9 K � ± zTjt9y9AkX9AUw=?EaRs=MU�@ ± SH9:9TG|Uw\!��= K ;�= ± U I�K 9yDT9AGvj��Aj�9AG ± B!\ ±o^�± \ K G�BcO�=eU�U%9 ± �CBQ9TB�UwW�=?GEF=vW K Y�9TS|U%R*= K jt�Tjt9�jt@Cjt9TB�UsL \cO�@C¡V\!9AG�@CY!GH9TS ^ =eU ± @?B!GmBQ@CBVGH�[B!D��QS�@CB ± G�RA9TG�\�=?BQG�EJ9]U%9Aj�W!GAp8}=?BQG}DT9{DT=?GTLXB!@ K G}@?Y!G�9AS ^ @?B!Gy\!9TG_DA@ K S�Y�9TG:\!@CB�UyEF=tj�@��C9AB!B!9{B!9<B!@ K G_SH9TB!GH9 ± �?B!9TS�=�W�=?GG K S�EJ=�GHU%S K DAU K S�9t\!9¢EF=�DA@ K S�Y�9¢\!9tDTS�@ ± G�G�=?B!DA9t\Q9tEJ=�WX@CW K EF=MU ± @CB�GH@ K G¤£aZ�=?DA9TB�U%9M�`Ea9TGy\!9 K �9AkX9AU�G]=?EJRT=MU%@ ± S�9AG
�(9TBt=?jtW!E ± U K \Q9�9lU�9TB{U%9Aj�WQG��mB!9*GH@CB�U�W�=?G�\ ± G�GH@uD ± RAGTpC¥wB{9l�u9TjtW!Ea9*G ± jtW!Ea99TG|U ± EaE K G|U%S�RwW�=?S�EF= n � K S�9�¦upo§Cpu�.9TG*\!9 K ��DT@ K S�Y�9TG*9AB�U%S%= ± U
WQEJ9 ± B�S�9AW!S�RAG�9AB�U�9TB�UrEJ9TG ^ =MEJ9 K S�GW!S ± G�9AG{G K S¢EPO ± B�U�9TS ^ =MEJEJ9

[0,1]
W�=?S{\Q9 K �¨;(@?B!DAU ± @CB!G{\Q9�\!9TB!G ± U�R©�C= K G�G ± 9AB!B!9?L�\NOh9AG�W�RTS%=MB!DT9AG\ ± kNRAS�9TB�U�9TG_�

µ1 6= µ2
��9AU�\!9wj��Aj�9 ^ =?S ± =?B!DT9Mp�qr@ K G
= ^ @CBQG�S�9AW!S�RAG�9AB�U�R_EF=yj�@��?9TB!B!9r\!9:DA9TG\!9 K ��DT@ K S�Y�9TGyW�=?Sy\!9AGyWX@ ± B�U ± EaEJRAGTp�ª«E]=?W!W�=MS%=M¬aU}U%SHzTGyDTEJ= ± SH9Tjt9TB�U I�K 9¢EF=�jt@��C9TBQB!9�9AGHU K BU%SHzTGvj�= KQ^ = ± G�S�9TWQS�RTGH9TB�U�=MB�U:\ K W!�!RAB!@CjtzTB!9�G�@ K G|£aZ�=MDT9TB�UTp
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½d¾�¿*À�¦upo§tÁÃÂbÄ�Å�Æ[ÄlÇ?ÈxÉ�ÊeÇ[ËTÌlÄ�Å�ÄlÍÏÎ�Ë�Ð?Ñ�ÎdÒ�ÓJÄlÑ�Í7Ë%Ä«Ò�Ë%Ô�Å�ÄlÍ�Î«ÄlÍ�Î:ÓJÄ�Å�ÕeÐ?ÓJÄlÇuË%ÅyÒ�Ë�ÑJÅ�Ä�Å¢ÅlÇuË�Ó�Ö Ñ�Í�×Î«ÄlË�ÕeÐ?Ó�ÓJÄ
[0,1]

ÒQÐ?Ë2Æ[ÄlÇ?ÈÃØsÊeÍNÉlÎ�ÑgÊeÍQÅ2Æ[Ä+Æ[ÄlÍQÅlÑ�Î«ÔÃÙ�Ð?Ç�Å�ÅlÑgÄlÍ�ÍNÄ�Ú�Æ`ÖÛÄ�Å«Ò�ÔlËHÐ?ÍNÉ�Ä�ÅÜÆ?Ñ Ý}ÔlË%ÄlÍ�Î«Ä�ÅÞ
µ1 6= µ2 ß ÄlÎ�Æ[Ä�à�álà�Ä�ÕeÐ?Ë�Ñ�Ð?ÍNÉ�ÄTâ_ÂcÐãÉ�ÊeÇ[ËAÌlÄxÄlÍÜÒ�ÊeÑ�Í�Î�Ñ�Ó�ÓJÔ�ÅxÄ�ÅlÎ¢ÓoÐÜà�Êeä�ÄlÍ�ÍNÄåÆ[Ä~É�Ä�ÅÆ[ÄlÇMÈ©É�ÊeÇ[ËAÌlÄ�ÅTâ

æ ± GHU�@CS ±aI�K 9Tjt9TB�UsL�DA9<W!SH@CY!EJzAj�9�=?WQW�=?S%= ± Uw\�=?B!GrEF=¢E ± U�U%RAS%=MU K S�9y\cO ± BQ�CRTB ± 9TS ± 9?p ² E K GrWQS�Rl£D ± GHRTjt9TB�U�\!=?B!G_�h�!ç8` ­ ��GH@ K G
EJ=�\!RAB!@Cj ± B�=eU ± @?B�=MB!�CEF= ± G�9yÎ�Ñ�à�Ä}èdÐ?Ë"Ò�Ñ�Í[Ù?p[�.9:DA@CB�U%9l�[U�9}RAU%= ± UDA9TE KS± \!9
EF=vS�9ADT@CBQB�= ± GHG%=?BQDT9
\!9�EF=wW�=?S�@?EJ9?p 8�O K B{W�@ ± B�Um\!9 ^uK 9
GHU%=MU ± GHU ±aI�K 9?L DT9�W!S�@?Y!EJzAj�9d9TG|UWQS�RTGH9TB�U%R*\!=?B!G*���r=M@�¦ ­ �Q9AU�;�= ± UmS�RA;(RAS�9AB!DT9 f EJ=:DT@?j�W�=MS%= ± G�@CB�\!9
DT@ K S�Y�9TG�\!9�DTS�@ ± G�G�=?B!DA9?pC8r9BQ@CjVY!SH9 K GH9TGvj�RlU%�!@[\!9AGw\Q9�SHRTGH@CE K U ± @CB�@?B�UvRlU%RyW!SH@CWX@?G�RT9AGvDT9TGw\!9AS�B ± zTS�9AGw=?B!B!RA9TGTp�qw@?U�=?j{£jt9TB�U�\!=?B!Gv�Ûé+êy�t` �!9AUv�Ûé+êy�C�M�QG�@ K GdEJ=:\!RAB!@Cj ± B�=MU ± @CB<=?B!�CEJ= ± GH9wÅlÎ�Ë�Ç�ÉlÎ�ÇuËHÐ?Ó�Ð?Õ?ÄlËHÐ�Ù?Ñ�Í[Ù?pM��U= K G�G ± LNGH@ K G_EPO�=?WQWX9AEJEF=eU ± @?B¨ÉlÇ[Ë�Õ?Ä{Ë%ÄgÙ?ÑJÅlÎ�Ë�Ð?Î�ÑgÊeÍx\!=?B!G{���r8:�Q§T�PL����.éºëi��¦e�PL����r�b� ­ �gLi�hì:ê���� �gL��ì_B!9s�Mí?�d9AU��hìy�`���w�C�M�Ppiç�9�W!S�@?Y!EJzAj�9¢9TG|U<U�S%= ± U%Rt\�=?B!G�\!9TG<\!@Cj�= ± B!9AG�= K G�G ± \ ±a^ 9AS�G I[K 9EJ=Vj�RA\!9TD ± B!9��(\�=?B!G��hî�@u@���` �F�*9lUwEF={W!S�R ^�± G ± @CB�\!9_U%S�=MïtD�SH@ K U ± 9TS�� ^ @ ± Sy��êy�`���CðM�b\�=MB!GvEJ9TGD��!=?W ± U�S�9AGrð{9lUrí¢\!9yDA9AU�U�9_U%�!zAG�9���p
�.9�jt@u\!zAEJ9�W!S�@CW�@CGHR�\�=?B!G¢EF=#W!E K G{�?S%=?B!\Q9�W�=?SHU ± 9�\!9TG{U%S�= ^ = K �¨D ± U%RA9TG{D ± £«\Q9TG�G K G¢9TG|U;(@?B!\�=?jt9TB�U�=MEJ9Tjt9TB�U�EJ9wj��Aj�9MpQ��B�9lkN9lUsLQ\Q9:j�=?B ± zAS�9wG ± j�W!E ±an RA9?L�EJ9wW!SH@CY!EJzAj�9r9TG|U*WX@?G�R:\Q9EJ=<;�=?>T@?B©G KS±a^ =?B�U�9?p��u@ ± U K B©9TB!GH9TjVY!Ea9y\!9_;(@CB!DAU ± @CBQG*S�RT9AEJEa9TG

fi : [a,b] → R, i = 1, . . . ,m.



­ �
ª«EQGAO�=M� ± U�\NOh9AGHU ± j�9AS�EJ9AGi;(@CB!DlU ± @CB!G�G KS±a^ =?B�U%9AGTLC\ ± U%9AGi;(@CB!DlU ± @CB!G�\!9*\QRA;(@CSHj�=MU ± @CB���@ K èdÐ?Ë"Ò�Ñ�Í[ÙØ�Ç[ÍNÉlÎPÑgÊeÍQÅlL!\!=?B!GvEF=VE ± U�U�RTS�=MU K SH9_=?B!�?EF= ± G�9��

hi : [a,b] → [a,b], i = 1, . . . ,m,

DT@?B�U ± B K 9AGt9lU¢GHU�S ± DlU%9Aj�9AB�U¢DAS�@ ± G�G�=?B�U%9TG#��= ^ 9TD
hi(a) = a

9AU
hi(b) = b

�<j ± B ± j ± G�=?B�U K BDTS ± U�zTS�9_\NO�= Z K GHU%9Aj�9AB�U:\ K U«�[WX9
m
∑

i=1

Ψ

(

fi ◦ hi −
1

m

m
∑

i=1

fi ◦ hi
)

,
�P¦upo§ �

@C¡
Ψ
9TGHU K B!9�;(@?B!DAU ± @CB�\!9
DT@?�QUspM8:9
W!E K GTL DA9
DTS ± U%zAS�9�9TGHUiG�@ Ku^ 9TB�Ud=?DADT@CjtW�=?�?B!R�\cO K B<U�9TSHj�9\!9�WXRAB�=?E ± U%RMp�8:9<j�=?B ± zTS�9yW!E K G:SHRs=?E ± G|U%9?L ± EbGTOh=?� ± UwGH@ KQ^ 9AB�Uy\cOh9AGHU ± jt9TSr= K j ± 9 K �©EJ9AGw;(@CBQDl£U ± @CB!Gw\!9<\QRA;(@CSHj�=MU ± @CB

(hi)i=1,...,m

G K S:EJ=�Y�=?GH9<\!9AG}@CY!GH9TS ^ =eU ± @?B!G:Y!S KS± U�RT9AG:\!9AGr;(@CB!DlU ± @CB!G
(fi)i=1,...,m

G K Sv\!9TGwW�@ ± B�U%G*\Q9�EPO ± B�U%9TS ^ =?EJEa9
[a,b]

L�D?O�9TGHU|£ f £"\ ± SH9?L f W�=?S|U ± S
\!9TGv@CYQG�9TS ^ =MU ± @CB!G
yij = fi(tj) + εij, i = 1, . . . ,m, j = 1, . . . ,n,

@C¡cLXWX@ K S:U%@ K U
i = 1, . . . ,m

LNW�@ K S:U�@ K U
j = 1, . . . ,n

LXEJ9VW�@ ± B�U
tj ∈ [a,b]

9AU}EF= ^ =?S ± =?Y!Ea9=?EaRs=MU�@ ± SH9
εij
jt@u\QRTE ± G�9 K B#Y!S KS± U
\!9yj�9AG K SH9?p

� ± B!G ± L!EJ9_jt@u\QzTEJ9:WX@CGHRyBcOh9AGHUwW�=?G ± \!9TB�U ±on =?Y!Ea9?pQ�]B©9AkX9AUTL�WX@ K S
U%@ K U�9_;(@CB!DAU ± @CB
h̃ : [a,b] → [a,b]

DT@?B�U ± B K 9V9lU_GHU�S ± DAU%9Aj�9AB�U}DTSH@ ± GHG%=?B�U�9©�P= ^ 9AD
h̃(a) = a

9AU
h̃(b) = b

�rEPOh9AB!G�9AjVY!EJ9�\!9TGr;(@CB!Dl£U ± @CB!G*\!9y\!Rl;(@CS�j�=MU ± @CB
(

hi ◦ h̃
)

i=1,...,m9TG|Ur= K G�G ± G�@CE K U ± @CB�\!9��g¦[pa§ ��p
8}=?B!G�DT9�D���=?W ± U%SH9?LdEJ9#W!S�@CYQEJzTjt9�9AGHU�W�@CGHR \!9 j�=?B ± zTS�9©\ ± kNRAS�9TB�U�9?p
�.9 jt@[\!zTEa9 I�K 9B!@ K G�RAU K \ ± @CB!G�9AGHU K Bñj�@[\!zAEJ9�G%=?BQG�Y!S K�± UsL I�KS± U%S%= ± U%9©G�9 K EJ9Aj�9AB�U�\!9 EPO�=MEJRs=�\!� f K B!9U%S�=?B!G|;(@CS�j�=MU ± @CByj�@?B!@?U%@?B!9�\!9�EgOh=e�u9�\!9AG�=?Y!GHD ± G�G�9AGTpCª«E[GTOh=?� ± Ui\NO K B{jt@[\!zTEa9d\Q9
\!RA;(@?S�j�=MU ± @CB\cO K B!9_;(@CB!DlU ± @CB

f : [a,b] → R
± BQDT@CB!B K 9ML�W�=?S K B©W!SH@uDA9TG�G K Gr=?EJRT=MU%@ ± S�9MLQ\ ± U
Ò�Ë�Ê�É�Ä�Å�ÅlÇ�Å�Ð?ÓJÔ�Ð?Î«ÊeÑ�Ë%Ä�Æ[Ä<Æ[Ô(ØsÊeË�àtÐ?ÎPÑgÊeÍ�L

H : [a,b] → [a,b]

± BQDT@CB!B K p�ç�9yjt@u\QzTEJ9:GTO�RTDTS ± UwDT@?j�jt9}G K�± Us�
Yij = f ◦H−1

i (w,tj), i = 1, . . . ,m, j = 0, . . . ,n,

@C¡
w
=MW!W�=?S|U ± 9AB�U f K B�DT9TS|U�= ± B�9TGHW�=?DT9yW!SH@CY�=?Y ± E ± G�RMp!��=MEJ�!9 K S�9 K G�9Aj�9AB�UTL!W�@ K S*EJ9AG
jt�Tjt9TGS%= ± G�@?B!G I�K 9¢W!S�RADTRA\!9Tjtj�9AB�UsL.DT9¢jt@u\QzTEJ9�BcO�9TGHU�W�=MG ± \!9AB�U ±an =MY!EJ9Mp ² =MS_DT@CB�U%SH9?L.DA9{j�@[\!zTEa9B!@ K GmW�9TSHj�9lUi\!9�\!R n B ± S`\!9�j�=?B ± zTSH9 K B ±JI�K 9�9AU ± B�U%S ± B!GHz I�K 9�EPO(Ä�Å«Ò�ÔlËHÐ?ÍNÉ�Ä�ÅlÎ�Ë�Ç�ÉlÎ�ÇuË%ÄlÓ�ÓJÄ
=?G�GH@M£D ± RT9v= K jt@[\!zTEa9
\!9*\!Rl;(@CS�j�=MU ± @CB�� ^ @ ± S�\!R n B ± U ± @CB{9AB��P¦up�í�����p�� ± BQ@ K G]S�9AW!S�9AB!@CB!G]EgO�9l�u9Aj�W!Ea9
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½d¾�¿*À�¦up��©Á7Â`Ä�Å©Æ[ÄlÇ?È7É�ÊeÇ[ËAÌlÄ�Å�ÄlÍñÎ�ËHÐ?Ñ�ÎvÒ�ÓJÄlÑ�ÍÜË%Ä«Ò�Ë�Ô�Å�ÄlÍ�Î«ÄlÍ�Î�Æ[ÄlÇMÈ�ØsÊeÍNÉlÎPÑgÊeÍQÅ�Æ[Ä#Æ[ÄlÍQÅlÑ�Î«ÔÙ�Ð?Ç�Å�ÅlÑgÄlÍ�ÍNÄ�Ú:Æ`ÖÛÄ�Å«Ò�ÔlËHÐ?ÍNÉ�Ä�Å�Æ?Ñ Ý}ÔlË�ÄlÍ�Î«Ä�Å Þ
µ1 6= µ2 ß ÄlÎ�Æ[Ä�à�álà�Ä�ÕeÐ?Ë�Ñ�Ð?ÍNÉ�ÄTâ�Â.Ð�à�Êeä�ÄlÍ�ÍNÄÅlÎ�Ë�Ç�ÉlÎ�Ç[Ë�ÄlÓ�ÓJÄ�Älà:Ò�Ñ�ËlÑ�ôTÇ�ÄtÆ[Ä�É�Ä�Å�Æ[ÄlÇ?È�É�ÊeÇuËAÌlÄ�Å�Ä�ÅlÎ}ÄlÍ#Ò�ÊeÑ�Í�Î�Ñ�Ó�ÓJÔ�Å�Ú*Ñ�Ó`Å�Ö Ð�Ù?Ñ�ÎwÆ[Ä¢ÓoÐ�ØsÊeÍNÉlÎ�ÑgÊeÍÆ[Ä�Æ[ÄlÍQÅlÑ�Î¤ÔrÙ�Ð?Ç�Å�ÅlÑgÄlÍ�ÍNÄ�Æ`ÖÛÄ�Å«Ò�ÔlËHÐ?ÍNÉ�Ä µ1+µ2

2

â

WQS�RTDART\!9AB�UsL�EF= n � K SH9v¦up��rB!@ K G�jt@CB�U%SH9?LM9TB{W�@ ± B�U ± EJEaRTGTL�EJ=:jt@ �?9TB!BQ9*GHU%S K DAU K S�9AEJEa9
9TjtW ± S ±JI�K 9\Q9TG�\Q9 K ��\!9TBQG ± U�RTG
�C= K G�G ± 9AB!B!9TGAp�ç�9lU�U%9:j�@��C9AB!B!9}G|U%S K DAU K S�9AEJEJ9r9TG|U
EF=y;(@CB!DlU ± @?B�\!9r\!9TB!G ± U�R�C= K G�G ± 9AB!B!9y\cO�9TG�W�RTS�=?B!DA9 µ1+µ2

2

p

�.9�j�@[\!zTEa9 I�K 9<B!@ K G:RlU K \ ± @CB!Gw9TG|U:\!RADTS ± Ur\�=?B!GwEF=¢G�9ADAU ± @CB�¦[pa§Cp�8:=?B!G:EJ={G�9TDlU ± @CB�¦up��uLBQ@ K G¢W!S�@?WX@CGH@CB!GALd\!=?B!G¢EJ9�Ds=MGt@?¡ÜEJ=�;(@?B!DAU ± @CB
f
9TG|U�G|U%S ± DAU�9Tjt9TB�UtDTSH@ ± GHG%=?B�U%9ML]\!9TGt9TG|U ± £j�=MU�9 K SHG<9TjtW ± S ±JI�K 9AG�\Q9�EgO�9TGHWXRAS%=?B!DA9�GHU�S K DlU K SH9TEaEJ9�9lU{\ K WQS�@[DT9TGHG K G{\Q9�\!RA;(@?S�j�=MU ± @CB~\Q9D��!=?D K BQ9V\!9TGr;(@CB!DAU ± @CBQG:\!9�B!@?U%SH9<RAD���=?B�U ± EJEJ@?Bcp�8:9<W!E K GTL�B!@ K G}j�@?B�U�S�@CBQGTL�G�@ K G:DT9TS|U�= ± B!9TG���[W�@?U%�!zAG�9AGTL!EJ=�DT@?B!G ± GHU�=MB!DT9}9lU
EJ=�B!@CSHj�=ME ± U�Rv=?GH�[jtWQU%@MU ±JI�K 9r\!9:DA9TG
9AGHU ± j�=MU%9 K S�GApQ8}=MB!G
EF=GH9TDlU ± @?Bå¦up�ðuLcB!@ K G_jt9AUHU%@CBQG_9TB�W!EF=MDT9 K B!9{jtRAU��!@[\!9 I�KS± B!@ K G_WX9AS�jt9AUy\cO�9TG|U ± jt9TS:EgO�9TG�W�Rl£S�=?B!DA9{GHU%S K DAU K S�9AEJEa9{\�=?B!G_Ea9{Ds=?G_@C¡�EJ=�;(@CB!DAU ± @CB

f
BcOh9AGHU�W�=?GyG|U%S ± DAU�9Tjt9TB�UyDTSH@ ± GHG%=?B�U%9Mp.�b=GH9TDlU ± @?B¢¦up�í_9TGHU�\!RT\ ± RT9 f EJ=rG ± j K EJ=MU ± @CB�\ K W!S�@[DT9AG�G K G�\!9*\!Rl;(@CS�j�=MU ± @CB H 9AU f K B{9l�u9TjtW!EJ9\NOh9AGHU ± j�=eU ± @?B�W�@ K S K B!9V;(@?B!DAU ± @CB

f
W!=?SHU ± D K E ± zAS�9Mp ² @ K S n B ± STLX\�=?B!G_EJ=�G�9ADAU ± @CB~¦up�¦uLNB!@ K GWQS�RTGH9TB�U%@?B!G K B!9yj�RlU%�!@[\!9y\cO�9TGHU ± j�=MU ± @CB�W�@ K Sv\!9AGw@?Y!G�9AS ^ =MU ± @CB!G*Y!S KS± U�RT9AGTp
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�.9�jt@[\!zTEa9}\!9y\!RA;(@?S�j�=MU ± @CB�9TG|Ur\QR n B ± W!=?S
Yij = f ◦H−1

i (w,tj), i = 1, . . . ,m, j = 0, . . . ,n,
�g¦[p �C�

@C¡
• f : [a,b] → I ⊂ R

9TG|U K B!9_;(@CB!DlU ± @?B©SHRT9AEJEJ9:DT@CB�U ± B K 9?L
• Ea9TGwW!S�@[DT9AG�G K G_=?EaRs=MU�@ ± SH9TG (Hi)i=1,...,m

GH@CB�U ± p ± p�\cp!9lU}\!9�jt�Tjt9�Ea@ ±.I�K 9<Ea9�WQS�@[DT9TGHG K G=?EaRs=MU�@ ± SH9
H
\!R n B ± W�=?S

H : Ω → (C ([a,b]) ,B (C ([a,b])))
w 7→ H(w,·),

�P¦uphð��
@C¡
◦ (Ω,A,P)

9AGHU_EPOh9AG�W�=?DA9{\!9VW!SH@CY�=?Y ± E ± U%RyG K S_EJ9 I�K 9AEiGH@CB�Uy\!R n B ± G}B!@?G}W!S�@[DT9AG�G K G\Q9�\QRA;(@CSHj�=MU ± @CBNL
◦ C ([a,b])

9AGHU�EgO�9TB!GH9TjVYQEJ9�\!9TG¢;(@CB!DlU ± @CB!G{S�RA9TEaEJ9TG¢DA@CB�U ± B K 9AGTL]\!R n B ± 9AG�G K StEgO ± Bu£U�9TS ^ =MEJEJ9
[a,b]

j K B ± \!9~EF=ÏB!@CSHj�9 K B ± ;(@CS�jt9�9AU#\!9xEJ=ÏU�S ± Y K \!9AG�Y�@CS�RAE ± 9AB!G
B (C ([a,b])) �\!9rW!E K GTLQBQ@ K G�;�= ± G�@CBQG�EJ9AG����[WX@MU%�!zAG�9TGvG KS±a^ =?B�U%9AG
G K S
B!@?U�S�9:WQS�@[DT9TGHG K Gv\!9r\!RA;(@?S�j�=e£U ± @CB
H
�

± �
H
9AGHUwWcp�GTp�DT@CB�U ± B K G K S

[a,b]
9AUwWcp�GTp�G|U%S ± DAU�9Tjt9TB�UwDTS�@ ± G�G�=?B�UsL

±�± �
H(·,a) ps

= a
9AU
H(·,b) ps

= b
L

• W�@ K S
U�@ K U j ∈ {0, . . . ,n}, tj = a+ j b−a
n

p
� n Bå\cOh=?EJEaRT�C9AS}EJ9AG_B!@?U%=MU ± @CB!GTLNB!@ K GyRTDAS ± S�@CB!GALcW�@ K S}U%@ K U

t ∈ [a,b]
L
Hi(t)

= K E ± 9 K \!9
Hi(·,t)

p�qw@ K GvB!@?U�9TSH@CB!Gw= K GHG ± L�W�@ K S
U�@ K U
i = 1, . . . ,m

L
Fi = f ◦H−1

i

L!9lU
fi : [a,b] → I ⊂ R

t 7→ fi(t) = f ◦ h−1
i (t),@C¡

hi
9TG|U K B!9�S�RT=?E ± G%=MU ± @CBy\ K W!S�@[DT9AG�G K G]=?EJRT=MU%@ ± S�9

Hi

pMqr@ K GiB!@MU%9TSH@CB!G`9TB n B
A
L EgO�9TB!GH9TjVYQEJ9\!9AG}U%S%=�ZH9TDAU�@ ± SH9TG

F (w,·) = f ◦ H−1(w,·) � w ∈ Ω
�:DA@CB�U ± B K 9AGTLcG|U%S ± DAU�9Tjt9TB�UyDTSH@ ± GHG%=?B�U�9TGTL9AU*U�9TEaEJ9TG I�K 9

F (w,a) = f(a)
9lU
F (w,b) = f(b)

p
�b=åW!SH@CW�@CG ± U ± @?B¨G KS±o^ =MB�U�9�RTB!@CBQDT9©EgO�9l� ± G|U%9TBQDT9?L]GH@ K GtEJ9TG¢���[WX@MU%�!zAG�9TG �g¦uphð���L�\!9TGtjt@M£jt9TB�U%Gv\cO�@CS�\QS�9¢§y9AUw\cO�@CS�\!SH9��{\ K W!SH@uDA9TGHG K Gr=?EJRT=MU%@ ± S�9

H
p

����� �!�#"%$'&($)�+*-,/.1032cÊeÇ�Å¢ÓJÄ�Å54[ä�Ò�ÊeÎ'476�Å�Ä�Å �g¦uphð��%Ú*ÓJÄ�Å*ØsÊeÍNÉlÎ�ÑgÊeÍQÅ
φ
Þ Ä�Å«Ò�ÔlËHÐ?ÍNÉ�Ä ß ÄlÎ γ Þ à�Êe×à�ÄlÍ�Î�Æ`ÖÛÊeËHÆ?Ë�Ä�8 ß Ú�Æ[Ô)9]Í�ÑgÄ�Å�ÒQÐ?Ë

φ : [a,b] → [a,b]
t 7→ φ(t) = E(H(t))ÄlÎ

γ : [a,b] → R+

t 7→ γ(t) = E(H2(t)),ÄHÈCÑJÅlÎ«ÄlÍ�Î"â�:<Ä
Ò�Ó Ç�Å�ÚÐ ß φ ÄlÎ γ Å�ÊeÍ�Î*É�ÊeÍ�Î�Ñ�Í�Ç�Ä�ÅVÄlÎ�ÅlÎ�ËlÑgÉlÎ«Älà�ÄlÍ�Î*ÉlË�ÊeÑJÅ�ÅTÐ?Í�Î«Ä�Å�Ú



�C� ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
Ì ß φ(a) = a

Ú
φ(b) = b

Ú
γ(a) = a2 ÄlÎ γ(b) = b2

â�;�ÍÜÒQÐ?Ë�ÎPÑgÉlÇ[Ó ÑgÄlË%Ú¢ÍNÊeÇ�ÅåÐ?Õ?ÊeÍQÅ
Var(H(a)) = Var(H(b)) = 0

â
qw@ K Gv\!R n B ± GHG�@CBQGwRA��=?Ea9Tjt9TB�UvEF={DT@ ^ =?S ± =?B!DA9_\ K W!S�@[DT9AG�G K Gr\!9y\!Rl;(@CS�j�=MU ± @CB

H
W�=?S

∀(t,s) ∈ [a,b]2, r (t,s) = Cov (H(t),H(s)) .

���(<>=�?#<@,/.BADCvÊeÇuË�Î«ÊeÇuÎ
t ∈ [a,b]

Ú�ÓoÐxÕeÐ?Ë�Ñ�Ð�ÌTÓJÄ#Ð?ÓJÔ�Ð?Î¤ÊeÑ�Ë%Ä
H(t)

Ä�ÅlÎVÌlÊeË�ÍNÔ�ÄTâE:VÊeÍNÉ�ÚyÓJÄ�ÅØsÊeÍNÉlÎ�ÑgÊeÍQÅ
φ
ÄlÎ
γ
ÄHÈCÑJÅlÎ«ÄlÍ�Î"âF:VÄ]Ò�Ó Ç�Å�ÚdÆ`Ö ÐlÒ�ËG6�ÅrÓJÄ}Î'4�Ô�ÊeËG6là�ÄyÆ[ÄwÂbÄTÌlÄ�Å�Ù?Ç�Ä�ÄlÎNÒQÐ?Ë�É�ÊeÍ�Î�Ñ�Í�ÇuÑ�Î«ÔÆ[Ä

H
Ú{ÄlÓ�ÓJÄ�Å�Å�ÊeÍ�ÎVÐ?Ç�Å�ÅlÑVÉ�ÊeÍ�Î�Ñ�Í�Ç�Ä�ÅTâH: Ö Ð?Ç[ÎPË%Ä¢ÒQÐ?Ë�Î(ÚwÒ�ÊeÇ[Ë#Î«ÊeÇuÎ

(t′,t′′) ∈ [a,b]2
Î¤ÄlÓ�Å ôTÇ�Ä

t′ < t′′
Ú
ÍNÊeÇ�Å{Ð?Õ?ÊeÍQÅ

H(t′) < H(t′′)
Ú*Æ[ÊeÍNÉ

E(H(t′)) < E(H(t′′))
ÚrÄlÎ�ÓoÐ_ØsÊeÍNÉlÎ�ÑgÊeÍ

φ
Ä�ÅlÎÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î
ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«ÄTâ�:VÄyà�álà�Ä�Ú]ÓoÐrØsÊeÍNÉlÎ�ÑgÊeÍ

γ
Ä�ÅlÎ�ÅlÎ�ËlÑgÉlÎ«Älà�ÄlÍ�Î*ÉlË�ÊeÑJÅ�ÅTÐ?Í�Î«ÄTâ

�ç�@Cjtjt9:B!@ K G*EgOh= ^ @CB!G
GH@ K E ± �CB!Rr\�=?B!G*EPO ± B�U%S�@[\ K DlU ± @CB�\!9:DT9_D���=?W ± U%SH9?LuEJ9}jt@u\QzTEJ9<�g¦[p �C�BNOh9AGHU�W�=?G ± \!9AB�U ±an =?Y!EJ9Mp ² =MStDA@CB�U%SH9?L ± E
9AGHU�B�=MU K S�9AE*\!9#\QR n B ± S{EgO�9TGHWXRAS%=?B!DA9#G|U%S K DAU K S�9AEJEJ9�(S�9AEF=MU ±a^ 9Aj�9AB�U f H ��\!9yEF=<;(@CB!DlU ± @CB©=?EJRT=MU%@ ± S�9 f ◦H−1 LQB!@?U%RA9 ESH
L�W�=?S

ESH
(

f ◦H−1
)

= f ◦ φ−1,
�g¦[phí��

@?¡�EJ9}WQS�@[DT9TGHG K Gw=?EaRs=MU�@ ± SH9
H
9TGHUv\QR n B ± W�=?Sy�P¦uphð��lpu� ± BQG ± L[EgO�9TGHWXRAS%=?BQDT9}G|U%S K DAU K S�9TEaEJ9}\NO K BQ9;(@?B!DAU ± @CB7=?EaRs=MU�@ ± SH9�BcOh9AGHU�W�=?GtEF=�;(@CB!DAU ± @CB

f
L]j�= ± G{EJ=åDA@CjtWX@CGHRT9©\!9

f
W�=?S

φ−1 LdDMOh9AGHU|£
f £«\ ± S�9?L.EJ=©DA@CjtWX@CGHRT9t\!9 f W�=?S�EgO ± B ^ 9TS�GH9�\!9�EgO�9TGHWXRAS%=?B!DA9�\ K W!S�@[DT9AG�G K GV\!9�\QRA;(@CSHj�=MU ± @CB
H
p��]O�9TGHWXRAS%=?BQDT9<G|U%S K DAU K S�9AEJEJ9�GTO ± B�U�9TS�WQS�zAU�9�\Q@CB!D�DT@Cjtj�9yEJ=¢\QRA;(@CSHj�=MU ± @CB�jt@��C9TBQB!9<\!9�EF=;(@?B!DAU ± @CB

f
W�=MSrEa9�WQS�@[DT9TGHG K G

H
p�8}=?B!GrEF=¢G�9ADAU ± @CB�G KS±a^ =?B�U�9?L�B!@ K GrDT@CB!G|U%S KS± GH@CB!GTL�\�=?BQGrEa9DT=?G:@?¡ EF=¢;(@CB!DAU ± @CB

f
9TG|U}G|U%S ± DAU�9Tjt9TB�U}DAS�@ ± G�G�=?B�U%9?LX\�=?B!G:EJ9�Ds=?\!SH9V\ K jt@[\!zTEa9�\cO�@CY!GH9TS ^ = £U ± @CBx�g¦[p �C��L K B�9AGHU ± j�=eU%9 K SrDA@CB!G ± GHU%=?B�U:\!9�EgO ± B ^ 9AS�GH9<\!9�EgO�9TG�W�RTS�=?B!DA9<GHU�S K DlU K SH9TEaEJ9

f ◦ φ−1 L9lU<9ABÃjt@CB�U%S�@?B!GyEF=�B!@CS�j�=?E ± U%R¢=MGH�[j�WuU%@?U ±JI�K 9?p`qw@ K G�DT@CB!G|U%S KS± GH@CB!G<9AB!G K�± U%9ML f W�=?S|U ± S_\Q9DA9AU�9TG|U ± j�=MU�9 K SAL K Bx9AGHU ± j�=MU%9 K S_DT@CBQG ± G|U�=?B�U�\!9tEgO�9TG�W�RTS�=?B!DA9�G|U%S K DAU K S�9TEaEJ9¢9TEaEJ9�£«jt�Tjt9?pc8r9WQE K GALeBQ@ K GiDA@CB!G|U%S K�± G�@?B!G K BV9AGHU ± j�=MU%9 K SmDA@CB!G ± GHU%=?B�U�=?GHG�@[D ± R f EJ=v;(@?B!DAU ± @CB�\!9�\!Rl;(@CS�j�=MU ± @CB
h−1
i , i = 1, . . . ,m

Lu9AU*9AB�j�@?B�U�S�@CBQG�RT�C=?EJ9Aj�9AB�U�EF=�B!@CS�j�=?E ± U%Rw=?G|�[j�WQU�@?U ±aI�K 9?pQ�]B�9lkN9lUsLu9TBWQS%=MU ±JI�K 9?L ± E[9TG|U�G�@ Ku^ 9TB�U ± B�U�RTS�9AG�G�=?B�U]\!9*DT@CBQB�=M¬JU�S�9�EF=:\!Rl;(@CS�j�=MU ± @CB�G K Y ± 9
W�=?S K B ± B!\ ±a^�± \ KW!=?SHU ± D K E ± 9AS�\!9yB!@MU%S�9yRAD���=?B�U ± EJEJ@?Bcp
û¢üGI JLKM���N� �����N�5� ��ÿ��PO«ÿEKMQ@�R�S�5�UT�ÿ	KM�M�SVUTW�XVY�iÿ����lÿ
qw@ K GvB!@ K GvW!EJ=?>T@?B!G ± D ± \�=?B!GwEJ9:Ds=?Gw@C¡�EF=<;(@CBQDAU ± @CB

f
9TG|UrG|U%S ± DAU�9Tjt9TB�UwDTSH@ ± GHG%=?B�U%9M�

∀(t′,t′′) ∈ [a,b]2, t′ < t′′ ⇒ f(t′) < f(t′′).
�g¦[p ¦C�

ç�9lU�U�9åGH9TDlU ± @?BºGH9�G K Y�\ ±o^�± G�9�9AB I�K =MU�S�9�W�=MSHU ± 9TGAp*8}=?B!G�EJ=ÃW�=?SHU ± 9�¦[p �upo§CL�B!@ K G�U%S�= ± U�@CB!GEa9�jt@u\!zAEJ9��P¦up��C�<= ^ 9AD#EPOh���[WX@MU%�!zAG�9�G K WQW!EJRAj�9AB�U%= ± SH9 I�K 9�EJ9AGV;(@CB!DAU ± @CBQG
(fi)i=1,...,m

GH@CB�UDA@CB!B K 9AG�G K StU�@ K UtEgO ± B�U�9TS ^ =?EaEJ9
[a,b]

pdqr@ K G��?RTB!RAS%=?E ± G�@?B!G{9TB!G KS± U�9#Ea9TG{SHRTG K EaU�=eU%Gt@CYQU%9AB K G= ^ 9TD�DA9�jt@u\QzTEJ9 É�ÊeÍ�Î�Ñ�Í�ÇuL`\�=?BQG�EJ=#W�=?S|U ± 9�¦[p �up��uL`= K j�@[\!zTEa9¢\cOh@?Y!G�9AS ^ =MU ± @CB+�P¦up��C�lp`8}=?BQGEJ=�W!=?SHU ± 9_¦[p �uphðQL�B!@ K G
DT@CBQGHU%S KS± GH@CB!G�EgO�9TGHU ± j�=MU%9 K Sd\!9:EPOh9AG�W�RTS%=MB!DT9}G|U%S K DAU K S�9AEJEJ9r9AU�9TB�jt@CBu£U�S�@CBQG�EJ=�DT@CB!G ± G|U�=?B!DA9?p`8}=?BQG�EJ=�W�=?SHU ± 9�¦up��up�í!LcB!@ K G<=MkN= ± Y!E ± G�G�@?B!G}EJ9AGy���[W�@?U%�QzTG�9AG��P¦up�ðup ±¿± �9ABxG K W!W�@CG%=?B�U I[K 9
H−1(a)

9lU
H−1(b)

G�@CB�UV\Q9TG ^ =?S ± =?YQEJ9TGy=MEJRs=eU%@ ± S�9TGy9lU<@CB�U�\!9TG�EJ@ ± G fG K W!W�@CSHUvDA@CjtW�=?DAUTp



ò ¶[ZQ¶ µd·b³`²|ö#°:³`²l÷*¹�ø}µ2¼]\ µd·Q±]¸]´w°:¹V®�µº·b³m´{»�®w³:»m´wµd¼b¼bµ �Cð
^R_a`R_cb dfe�gihMjlk3m+eonWprqcnts

��BVW!S%=eU ±JI�K 9ML EgO�R ^ =?E K =MU ± @CB_\cO K B!9�;(@?B!DAU ± @CB I[K 9TEJDA@CB I�K 9�9TGHUi9AkX9TDlU K RA9
G K S K B ± B�U%9TS ^ =?EJEa9\ ± G�DTSHRAU ± G�R�\!9
R
pN� ± B!G ± L�DT@Cjtjt9<B!@ K G}EgOh= ^ @CB!Gr\!RTDAS ± U_\�=?B!G:EF=�GH9TDlU ± @?B�¦upo§CLNEa9�jt@u\QzTEJ9�\!9\!Rl;(@CS�j�=MU ± @CB}9AGHUm@CY!G�9AS ^ R�G K S K B!9]�CS ± EJEJ9m\!9]WX@ ± B�U%G

(tj)j=0,...,n

\!9
[a,b]

pe8}=?B!G K BQ9�W!SH9Tj ± zAS�9=?W!WQS�@[D��!9?L�B!@ K GvDT@CB!G ± \!RAS�@CBQGwEa9_j�@[\!zAEJ9:U��!RT@CS ±JI�K 9

Yi(t) = f ◦H−1
i (t), i = 1, . . . ,m, t ∈ [a,b].

�g¦[pvu��
qr@ K G�DT@?B!G ± \!RTSH@CB!G�\!@CBQD I�K 9*B!@CG�;(@CBQDAU ± @CB!GmG�@CB�U]jt9TG K S�RT9AG�G K S�U�@ K U�EPO ± B�U%9TS ^ =?EJEa9

[a,b]
p��.9TGS�RAG K EoU�=MU�G*@CYQU�9TB K GvWX@ K S*DT9yjt@u\!zAEJ9:U��!RT@?S ±JI�K 9_GH9TSH@CB�Ur9AB!G K�± U%9 K U ± E ± GHRTG
W�@ K S*EPOh9AGHU ± j�=eU ± @?B\�=?BQGwEa9_j�@[\!zAEJ9¢�P¦up �?��p

�.@CS�G I[K 9#EJ=�;(@CB!DAU ± @CB
f : [a,b] → I ⊂ R

9TGHU�GHU�S ± DAU%9Aj�9AB�U¢DTS�@ ± G�G�=?B�U%9MLdEJ=�;(@CB!DlU ± @?BS�RAD ± W!S�@ I�K 9
f−1 : I → [a,b]

9�� ± GHU�9{9AUy9AGHUyGHU�S ± DAU%9Aj�9AB�UyDTS�@ ± G�G�=?B�U%9Mp.8:9{W!E K GTL K B!9{\!Rl;(@CS|£j�=MU ± @CB}9TB�W!��=MG�9]\!9]EF=
;(@CB!DlU ± @CB
f
��DMOh9AGHUH£ f £«\ ± S�9 K B!9]\!RA;(@CSHj�=eU ± @?B_G K SbEgOh=e�u9�\!9AGm=MY!G�D ± G�GH9TG%�DT@?S�S�9AG�W�@CB!\ f K B!9t\!Rl;(@CS�j�=MU ± @CB�9TB¨=Mj�W!E ± U K \!9{\!9tEF=�;(@CB!DlU ± @?B f−1 ��DMOh9AGHU|£ f £"\ ± SH9 f K B!9\!Rl;(@CS�j�=MU ± @CB \!9tEgOh=e�u9{\!9AG�@CSH\!@CB!BQRT9TG%�lpbª«E�9TG|U�\!@CB!DtB�=MU K S�9AE�\!9¢DT@CB!G ± \!RAS�9AS�EJ=�j�@��C9AB!B!9\!9yEgO�9TBQG�9Tj<Y!EJ9y\!9AGw;(@CBQDAU ± @CB!G (

f−1
i

)

i=1,...,m

WX@ K Sv9TGHU ± jt9TS
φ ◦ f−1 L�G�@ ± UvEgO ± B ^ 9AS�GH9�\!9�EgO�9TG¤£W�RTS%=MB!DT9#GHU%S K DAU K S�9AEJEa9?pdqr@ K G�W!SH@CWX@?G�@CB!G�\!@CB!D#EgO�9TG|U ± j�=MU�9 K S¢9TjtW ± S ±JI�K 9�\!9#EgO ± B ^ 9AS�GH9�\!9EgO�9TGHWXRAS%=?BQDT9yGHU�S K DlU K SH9TEJEa9

φ ◦ f−1
m =

1

m

m
∑

i=1

F−1
i .

�P¦upµ`C�
8}=?BQG�EJ9
U%�QRT@CSHzTjt9*G KS±o^ =MB�UTLCB!@ K G�j�@CB�U�S�@CB!G�EJ=:DT@?B!G ± GHU�=MB!DT9v\!9vDT9lU]9TG|U ± j�=MU�9 K S�9Aj�W ± S ±aI�K 9\�=?BQG

(C(I),‖ · ‖∞)
p

w�x�y � ��z>{|<},/.�~�2cÊeÇ�Å¢ÓJÄ�Å�4[ä�Ò�ÊeÎ'476�Å�Ä�Å��P¦up�ðC��ÄlÎ��g¦up�¦C��ÚwÓ�ÖÛÄ�ÅlÎPÑ�àtÐ?Î«ÄlÇ[Ë
φ ◦ f−1

m

É�ÊeÍ�Õ?ÄlËPÙ[ÄÒ�Ë%Ä�ÅTôTÇ�Ä:Å��uË%Älà�ÄlÍ�ÎdÕ?ÄlË�Å
φ ◦ f−1 �

∥

∥

∥
φ ◦ f−1

m − φ ◦ f−1
∥

∥

∥

∞

ps−−−−→
m→+∞

0.

� y {|�#*�"N&%���r&($1�#*�,M.�����ÄlÎ�Î¤ÄVÆ[Ôlà�ÊeÍQÅlÎ�ËHÐ?ÎPÑgÊeÍÃÄ�ÅlÎ�Ç[ÍNÄ{ÐlÒ�Ò�Ó ÑgÉ�Ð?ÎPÑgÊeÍåÆ?Ñ�Ë%Ä�ÉlÎ«Ä{Æ?ÇåÉ�ÊeË�ÊeÓ�ÓoÐ?Ñ�Ë%Ä
� â'�>�vÒQÐ�Ù[Ä]�����tÆ[Ät�PÂ!���P�l�Aâ#��Ó!Å�Ö Ð�Ù?Ñ�Î]Æ`Ö ÇuÍNÄyÄHÈCÎ«ÄlÍQÅlÑgÊeÍ#Æ[Ä:ÓoÐVÓJÊeÑ�ØsÊeË�Î¤Ä}Æ[Ä�Å
Ù?ËHÐ?Í�ÆeÅ:ÍNÊeàtÌTË%Ä�Å
� Æ[Ä�Å{Ä�Å«ÒQÐ[É�Ä�ÅyÆ[Ä��rÐ?Í�Ð[É�4Qâ

CvÊeÇuË�Î¤ÊeÇ[Î
i = 1, . . . ,m

ÚNÓoÐ�ØsÊeÍNÉlÎ�ÑgÊeÍ
Fi = f ◦H−1

i

Ä�ÅlÎNÓoÐ<É�Êeà:Ò�Ê�Å�Ô�Ä�Æ[ÄvÆ[ÄlÇMÈ�ØsÊeÍNÉlÎPÑgÊeÍQÅÅlÎ�ËlÑgÉlÎ«Älà�ÄlÍ�Î*ÉlË�ÊeÑJÅ�ÅTÐ?Í�Î«Ä�Å�Ú�Æ[ÊeÍNÉ
F−1
i

Ä�ÅlÎ*ÌTÑgÄlÍåÆ[Ô)9]Í�ÑgÄ{ÄlÎvÄ�ÅlÎ]ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�ÎvÉlË�ÊeÑJÅ�ÅTÐ?Í�Î«ÄTâX:VÄà�álà�Ä�Ú�ÓoÐrØsÊeÍNÉlÎ�ÑgÊeÍ

φ ◦ f−1
m =

1

m

m
∑

i=1

F−1
i



�Mí ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
Ä�ÅlÎ�ÌTÑgÄlÍ�Æ[Ô)9]Í�ÑgÄ�ÄlÎvÄ�ÅlÎ�ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�ÎvÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«ÄTâ�:VÄ
Ò�Ó Ç�Å�ÚdÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ

φ ◦ f−1
m =

1

m

m
∑

i=1

F−1
i

=
1

m

m
∑

i=1

(

f ◦H−1
i

)−1

=
1

m

m
∑

i=1

Hi ◦ f−1.

CvÊ�Å�ÊeÍQÅ
Xi = Hi ◦ f−1 − φ ◦ f−1, i ∈ N∗

ÄlÎ
Sn =

n
∑

i=1

Xi, n ∈ N∗.

ÂbÄ�Å©ÕeÐ?Ë�Ñ�Ð�ÌTÓJÄ�Å#Ð?ÓJÔ�Ð?Î«ÊeÑ�Ë%Ä�Å
(Xi)i=1,...,m

Å�ÊeÍ�Î*ÒQÐ?Ë�Æ[Ô)9]Í�Ñ�Î�ÑgÊeÍãÌlÊeË%ÔlÓ ÑgÄlÍ�ÍNÄ�Å � ÕeÐ?ÓJÄlÇ[Ë%Å�Æ�Ð?ÍQÅ
B = C(I)

Ê�� I Ä�ÅlÎVÇ[Í É�Êeà:ÒQÐ[ÉlÎ{Æ[Ä R
Ú¢ÄlÎ

B
Ä�ÅlÎVÇ[Í�Ä�Å«ÒQÐ[É�Ä�Æ[ÄU�rÐ?Í�Ð[É�4¨Å�Ô«ÒQÐ?ËHÐ�ÌTÓJÄTâ

:<ÄVÒ�Ó Ç�Å�Ú_ÓJÄ�Æ?Ç!Ð?ÓvÆ[Ä
B
Ä�ÅlÎ�Ó�ÖÛÄlÍQÅ�ÄlàtÌTÓJÄ�Æ[Ä�Å�à�Ä�ÅlÇ[Ë�Ä�Å©ÌlÊeËlÍNÔ�Ä�Å�ÅlÇuË I Þ ���vÇQÆ�� � � ß â���ÊeÇ�ÅÅ�Êeà{à�Ä�ÅyÆ[ÊeÍNÉ�ÌTÑgÄlÍ�Æ�Ð?ÍQÅyÓJÄ{É�Ð�Æ?Ë%Ä�Æ?Ç�É�4QÐlÒ�Ñ�Î�Ë�Ä � Æ[ÄH�PÂ!���P�l�VÄlÎdÍNÊeÇ�Å*Ò�ÊeÇ[Õ?ÊeÍQÅ�ÐlÒ�Ò�Ó Ñ�ôTÇ�ÄlËÓJÄ<É�ÊeË�ÊeÓ�ÓoÐ?Ñ�Ë%Ä � â'�>�?âM;�ÍxÄ(Ý}ÄlÎ�Ú
E (‖X1‖∞) < +∞ ÄlÎ

E (X1) = 0.

:<ÊeÍNÉ
Sn
n

ps−−−−→
m→+∞

0.

:�ÖÛÊ��©ÓJÄ�Ë%Ô�ÅlÇ[Ó Î"Ð?Îgâ
�

ª«Eb9AGHU}DA9TS|U�= ± B!9Tjt9TB�UrWX@CGHG ± Y!EJ9�\!9<jt@CB�U%SH9TS K B�U��!RT@?S�zTjt9�DT9TB�U�S%=?E`E ± j ± U%9}\�=MB!G:EPOh9AB!G�9AjVY!EJ9
(C(I),‖ · ‖∞)

9AB K U ± E ± G%=?B�UwEJ9AG:SHRTG K EaU�=eU%G:�?RTB!RAS%= K ��\!9��h�>�v�Q§T�PpNqw@ K G:BQ@ K G}DA@CB�U%9TB�U�9TS�@?B!G\!=?B!G*EJ9rU%�!RA@CS�zAj�9_G KS±a^ =?B�Uv\!9yjt@CB�U%S�9AS K B!9 ^ 9TS�G ± @CB ^ 9TDAU�@CS ± 9TEaEJ9}\!9_EJ=VB!@CSHj�=?E ± U�R:=?G|�[j�Wu£U�@?U ±aI�K 9_\!9yEgO�9TG|U ± j�=MU�9 K S
9Aj�W ± S ±aI�K 9
φ ◦ f−1

m

p
w5xXy � �(z>{|<@,/.B,�2cÊeÇ�Å:ÓJÄ�ÅE4[ä�Ò�ÊeÎ'476�Å�Ä�Å��g¦[p�ð���ÄlÎ_�g¦up�¦C��ÚXÒ�ÊeÇ[Ë:Î«ÊeÇuÎ]Õ?Ä�ÉlÎ«ÄlÇuË

(y1, . . . ,yk)
′ Æ[Ä

Ik, k ∈ N∗ ÚdÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ

√
m













φ ◦ f−1
m(y1)âââ

φ ◦ f−1
m(yk)






−







φ ◦ f−1(y1)âââ
φ ◦ f−1(yk)













L−−−−→
m→+∞

Nk (0,Γ(y)) ,

Ê��
Γ(y)

Ä�ÅlÎvÓoÐ©àtÐ?Î�Ë�ÑgÉ�Ä�Æ[Ä¢ÕeÐ?Ë�Ñ�Ð?ÍNÉ�Äl×�É�ÊeÕeÐ?Ë�Ñ�Ð?ÍNÉ�Ä{Æ[ÄVÎ"Ð?Ñ�Ó�ÓJÄ
k
ÚrÆ[Ô)9]Í�ÑgÄrÒ�ÊeÇuË{Î«ÊeÇuÎ

(i,j) ∈
{1, . . . ,k}2 Ú.ÒQÐ?Ë

Γ(y)ij = r
(

f−1(yi),f
−1(yj)

)

.



ò ¶[ZQ¶ µd·b³`²|ö#°:³`²l÷*¹�ø}µ2¼]\ µd·Q±]¸]´w°:¹V®�µº·b³m´{»�®w³:»m´wµd¼b¼bµ ��¦
��B#W!=?SHU ± D K E ± 9ASTL[B!@ K Gw= ^ @?B!GrW�@ K S
U�@ K U

i ∈ {1, . . . ,k} L�EF= ^ =?S ± =?B!DA9
Γ(y)ii = r

(

f−1(yi),f
−1(yi)

)

= E
(

(

H ◦ f−1(yi)
)2
)

−
(

E
(

H ◦ f−1(yi)
))2

= γ ◦ f−1(yi)−
(

φ ◦ f−1(yi)
)2
.

� y {|�#*�"N&%���r&($1�#*�,M.B DCvÊeÇ[Ë�Î«ÊeÇuÎ
i = 1, . . . ,m

Ú�É�Êeà{à�ÄtÍNÊeÇ�Å�Ó�Ö Ð?Õ?ÊeÍQÅtÕ�ÇÏÆ�Ð?ÍQÅtÓoÐ~Æ[Ôl×à�ÊeÍQÅlÎ�Ë�Ð?Î�ÑgÊeÍ�Æ?Ç©Î)4�Ô�ÊeËG6là�Ä5¡�â£¢MÚ�ÓoÐrØsÊeÍNÉlÎPÑgÊeÍ

φ ◦ f−1
m =

1

m

m
∑

i=1

F−1
i

Ä�ÅlÎ�ÌTÑgÄlÍ#Æ[Ô)9]Í�ÑgÄyÄlÎdÄ�ÅlÎ`ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�Î�ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤ÄTâ#;�Í©ÍNÊeÎ"Ð?Í�Î�Ú�Æ[ÄmØAÐ�¤MÊeÍ#Ð�ÌTÇ�ÅlÑ�Õ?Ä�Ú�Ò�ÊeÇuËwÎ¤ÊeÇ[ÎÕ?Ä�ÉlÎ«ÄlÇuË
y = (y1, . . . ,yk)

′ Æ[Ä Ik, k ∈ N∗ Ú

φ ◦ f−1
m(y) =







φ ◦ f−1
m(y1)âââ

φ ◦ f−1
m(yk)






, φ ◦ f−1(y) =







φ ◦ f−1(y1)âââ
φ ◦ f−1(yk)







ÄlÎ�Ú.Ò�ÊeÇuË_Î«ÊeÇuÎ
i ∈ N∗ Ú

Hi ◦ f−1(y) =







Hi ◦ f−1(y1)âââ
Hi ◦ f−1(yk)






,

ÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ
φ ◦ f−1

m(y) =
1

m

m
∑

i=1

Hi ◦ f−1(y).

¥ Ë%Ú*ÓJÄ�ÅVÕ?Ä�ÉlÎ¤ÄlÇ[Ë%ÅtÐ?ÓJÔ�Ð?Î«ÊeÑ�Ë�Ä�Å
(Hi ◦ f−1 (y))i=1,...,m

Å�ÊeÍ�Î*Ñ�âJÑ�â�Æ�â
ÄlÎ:ÊeÍ�Î(ÚrÉ�Êeà{à�Ä�Ä�Å«Ò�ÔlËHÐ?ÍNÉ�ÄÓJÄ*Õ?Ä�ÉlÎ«ÄlÇ[Ë
φ◦f−1(y)

ÄlÎ�É�Êeà{à�Ä*àtÐ?Î�Ë�ÑgÉ�ÄwÆ[Ä
ÕeÐ?ËlÑ�Ð?ÍNÉ�Äl×�É�ÊeÕeÐ?Ë�Ñ�Ð?ÍNÉ�Ä
Γ(y)

â¦: ÖÛÊ��{ÓJÄvË%Ô�ÅlÇ[Ó Î"Ð?Î�ÚÒQÐ?Ë�ÐlÒ�Ò�Ó ÑgÉ�Ð?Î�ÑgÊeÍ�Æ?Ç#Î'4�Ô�ÊeËG6là�ÄVÉ�ÄlÍ�Î�Ë�Ð?ÓNÓ Ñ�à{Ñ�Î¤ÄTâ
���BtWQS%=MU¨§ I�K 9?L?\�=?B!G�Ea9*Ds=?\!SH9*\cO K B¢j�@[\!zTEa9
\!9*\!Rl;(@CS�j�=MU¨§J@CBcL�§JEu9TG|U]G�@ KQ^ 9TB�UW§JB�U%RAS�9TGHG%=?B�U\!9_DA@CB!B�=M¬aU%SH9?L!9AB©W!=?SHU¨§JD K E�§J9ASTL[EF=V\!Rl;(@CS�j�=MU¨§J@CB�G K Y¦§a9_W�=?S*EF=�;(@CB!DAU¨§J@CB

fi
�
i ∈ {1, . . . ,m} �D?O�9TG|UH£ f £«\¦§aS�9åEF=¨;(@CB!DlUG§J@?Bó\!9~\!RA;(@CSHj�=eUG§J@?B h−1

i

I�K §�=2RlU%RxDA@CjtWX@CGHRT9~= ^ 9TD
f
prç�@Cj�jt9B!@ K G EgOh= ^ @CB!G�\!R¤Z f GH@ K E�§a�CB!RMLwEa9Ãjt@u\!zAEJ92�g¦up��C��BcOh9AGHU�W�=MG}§J\!9AB�UG§ n =?Y!EJ9Mpv�i§JBQG¨§gLwDT@?j�jt9W�@ K StEgO�9TG�W�RTS�=?B!DA9�GHU�S K DlU K SH9TEaEJ9?L]B!@ K G�B!9#WX@ K S�SH@CB!GtW�=?G�9AGHU¨§Jjt9TS¢EF=�;(@CB!DlUG§J@?B2\!9©\!RA;(@?S|£j�=MUG§a@CB

h−1
i , i = 1, . . . ,m

p!©m=?S{DT@?B�U�S�9�B!@ K G{WX@ KQ^ @CBQG{9TGHU¨§Jjt9TSALi9TB K U¨§JEB§JG%=MB�U<EF=�jt�Tjt9
§J\QRT9 I�K 9ÏW�@ K S EJ=ñDT@CB!G|U%S K DAU¨§J@CB�\!9ÏEPOh9AGHUG§aj�=eU%9 K S¨�g¦[p `C��L}EJ=Ü;(@CB!DlUG§J@?B�\!9¨\!RA;(@?S�j�=MUG§a@CB
φ ◦ h−1

i , i = 1, . . . ,m
po©`@ K StDT9TEJ=QL�B!@ K G�\!R n B¦§aG�G�@?B!G�W�@ K S{U�@ K U

i0 ∈ {1, . . . ,m} n �uR?LDT@?B!\¦§aU¨§J@CBQB!9TEaEJ9Tjt9TB�U f Fi0 = fi0 ∈ A
L�EPOh9AGHU¨§Jj�=MU%9 K S*9TjtW¦§JSª§ I�K 9y\!9�EF={;(@CB!DlUG§J@?B#\!9�\!Rl;(@CS|£j�=MUG§a@CB

φ ◦ h−1
i0

φ ◦ h−1
i0 m

=
1

m− 1

m
∑

i=1
i6=i0

F−1
i ◦ Fi0(t).

�g¦up ­ �



�«u ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
8:=?B!G�EJ9 DA@CS�@?EJEF=
§JS�9#G K § ^ =?B�UsL
B!@ K G�j�@CB�U�S�@CB!G�EJ=ÃDT@CBQG¨§JG|U�=?BQDT9�\!9�DT9lU#9AGHU¨§Jj�=MU%9 K S�\�=?BQG
(C ([a,b]) ,‖ · ‖∞)

p
¬ � �(�#­�­)�7$)��<®,/.£¯°��ÊeÇ�Å#ÍNÊeÇ�Å{Ò�ÓoÐ�¤MÊeÍQÅ�Å�ÊeÇ�Å#ÓJÄ�Å�4[ä�Ò�ÊeÎ)476�Å�Ä�Å¨�g¦[p�ð�� ÄlÎ �P¦up�¦C�TâH2cÊeÑ�Î

fi0 ∈
A
Ð?Õ?Ä�É

i0 ∈ {1, . . . ,m} 9`ÈuÔTâ�±:ÓJÊeË�Å�Ú�É�ÊeÍ�Æ?Ñ�ÎPÑgÊeÍ�ÍNÄlÓ�ÓJÄlà�ÄlÍ�Î �
Fi0 = fi0

Ú{Ó�ÖÛÄ�ÅlÎ�Ñ�àtÐ?Î¤ÄlÇ[Ë
Älà:Ò�Ñ�Ë�Ñ�ôTÇ�Ä

φ ◦ h−1
i0 m

É�ÊeÍ�Õ?ÄlËPÙ[Ä
Ò�Ë%Ä�ÅTôTÇ�Ä}Å��[Ë�Älà�ÄlÍ�ÎdÕ?ÄlË%Å
φ ◦ h−1

i0
�

∥

∥

∥
φ ◦ h−1

i0 m
− φ ◦ h−1

i0

∥

∥

∥

∞

ps−−−−→
m→+∞

0.

���(<>=�?#<@,/.B²�2cÊeÑ�Î
i0 ∈ {1, . . . ,m} 9`ÈuÔ�Ú}Ð?ÓJÊeË�Å�ÚyÉ�ÊeÍ�Æ?Ñ�Î�ÑgÊeÍ�ÍNÄlÓ�ÓJÄlà�ÄlÍ�Î �

Fi0 = fi0 ∈ A
ÚÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ

φ ◦ h−1
i0 m

=
1

m− 1

m
∑

i=1
i6=i0

F−1
i ◦ Fi0 =

1

m− 1

m
∑

i=1
i6=i0

F−1
i ◦ fi0 ,

Ð?Ñ�ÍQÅlÑJÚdÆ`Ö ÐlÒ�Ë�6�Å}ÓJÄ�Î)4�Ô�ÊeËG6là�Ä5¡�â£¢MÚ
φ ◦ h−1

i0 m

ps−−−−→
m→+∞

φ ◦ f−1 ◦ fi0 = φ ◦ f−1 ◦ f ◦ h−1
i0

= φ ◦ h−1
i0
.

�ç�@?j�jt9#W�@ K StEJ9�U%�QRT@CSHzTjt9�¦up�¦uLdB!@ K G�B!@ K G�DA@CB�U%9AB�U�9TSH@CB!G�\�=MB!G�EJ9©DT@?S�@CEaEF=«§aS�9�G K § ^ =?B�UsL\Q9�j�@CB�U�S�9TS K B!9 ^ 9TSHG¨§a@CB ^ 9TDlU%@CSª§J9TEaEJ9 \Q9åEJ=ÃB!@CSHj�=?EB§aU�R =?G|�ujtWQU�@?UG§ I[K 9�\!9�EgO�9TG|UG§Jj�=MU�9 K S
φ ◦ h−1

i0 m

p
¬ � �(�#­�­)�7$)��<®,/.B³D��ÊeÇ�Å<ÍNÊeÇ�ÅwÒ�ÓoÐ�¤MÊeÍQÅ_Å�ÊeÇ�Å<ÓJÄ�Å�4[ä�Ò�ÊeÎ)476�Å�Ä�Å#�P¦uphð��¢ÄlÎ{�P¦up�¦C�TâS2cÊeÑ�Î

fi0 ∈ AÐ?Õ?Ä�É
i0 ∈ {1, . . . ,m} 9`ÈuÔTâ�±:ÓJÊeË%Å�Ú_É�ÊeÍ�Æ?Ñ�Î�ÑgÊeÍ�ÍNÄlÓ�ÓJÄlà�ÄlÍ�Î �

Fi0 = fi0
Ú�Ò�ÊeÇuË¢Î«ÊeÇuÎrÕ?Ä�ÉlÎ¤ÄlÇ[Ë

t = (t1, . . . ,tk)
′ Æ[Ä [a,b]k

Ú]ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ

√
m













φ ◦ h−1
i0 m

(t1)âââ
φ ◦ h−1

i0 m
(tk)






−







φ ◦ h−1
i0

(t1)âââ
φ ◦ h−1

i0
(tk)













L−−−−→
m→+∞

Nk (0,Γ0(t)) ,

Ê��
Γ0(t)

Ä�ÅlÎ*ÓoÐ�àtÐ?ÎPË�ÑgÉ�Ä{Æ[ÄVÕeÐ?Ë�Ñ�Ð?ÍNÉ�Äl×�É�ÊeÕeÐ?Ë�Ñ�Ð?ÍNÉ�Ä�Æ[Ä<Î"Ð?Ñ�Ó�ÓJÄ
k
ÚwÆ[Ô)9]Í�ÑgÄvÒ�ÊeÇ[ËVÎ«ÊeÇuÎ

(i,j) ∈
{1, . . . ,k}2 Ú.ÒQÐ?Ë

Γ0(t)ij = r
(

h−1
i0

(ti),h
−1
i0

(tj)
)

.��B©W�=?S|UG§JD K E�§a9TSALuB!@ K Gw= ^ @CB!GwWX@ K S
U%@ K U
i ∈ {1, . . . ,k} L�EJ= ^ =MS¨§F=MB!DT9

Γ0(t)ii = r
(

h−1
i0

(ti),h
−1
i0

(ti)
)

= E
(

(

H ◦ h−1
i0

(ti)
)2
)

−
(

E
(

H ◦ h−1
i0

(ti)
))2

= γ ◦ h−1
i0

(ti)−
(

φ ◦ h−1
i0

(ti)
)2
.

���(<>=�?#<@,/.10�´ ÂcÐ�Ò�Ë%ÄlÇ[Õ?Ä�Æ[Ä�É�Ä�É�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë%Ä�Æ[Ô�É�ÊeÇ[ÓJÄ�Æ?Ñ�Ë%Ä�ÉlÎ¤Älà�ÄlÍ�Î:Æ?ÇÃÎ'4�Ô�ÊeË�6là�ÄY¡�â'¡�âW;�ÍÄ(Ý}ÄlÎ�Ú{Ñ�ÓwÅlÇ�µ7Î�Æ[Ä�Ë%Älà:Ò�ÓoÐ[É�ÄlË�Æ�Ð?ÍQÅ�ÅTÐñÆ[Ôlà�ÊeÍQÅlÎ�ËHÐ?ÎPÑgÊeÍQÚVÓJÄ�Õ?Ä�ÉlÎ«ÄlÇuË
(y1, . . . ,yk)

′ ÒQÐ?Ë�ÓJÄÕ?Ä�ÉlÎ«ÄlÇ[Ë
(fi0(t1), . . . ,fi0(tk))

′ â
�



ò ¶[ZQ¶ µd·b³`²|ö#°:³`²l÷*¹�ø}µ2¼]\ µd·Q±]¸]´w°:¹V®�µº·b³m´{»�®w³:»m´wµd¼b¼bµ �t`
^R_a`R_¶` dfe�gihMjlk3gHql·rm#¸¦kFp
8}=?B!G�DT9 I[K §rW!SHRTDAzT\!9ML
B!@ K GtB!@ K G�G�@?j�jt9TGtW!EF=MDTRTG�\�=?B!G�EJ9©Ds=?\QS�9�W�9 K S�RT=?E�§aGHU%9©\ Kjt@u\!zAEJ9��g¦up[u���LN\�=MB!G:Ea9 I�K 9TEmEJ9AG:S�RT=?E�§aG%=MU¨§J@CBQG

(fi)i=1,...,m

G�@?B�U}@CY!G�9AS ^ RT9TGyG K SrU�@ K U_EPO[§aB�U�9TS¤£^ =?EJEa9
[a,b]

p�8}=?B!G�DT9 I[K §rG K §aUTLdBQ@ K GtRAU%9AB!\!@CBQG�EJ9AGtU��!RT@CSHzTjt9TG�¦up�ðå9AU�¦up�¦å9AU�EJ9AG�DA@CS�@CE £EF=
§JS�9AGv¦upµ`V9AU:¦uph�t= K jt@[\!zTEa9_RTD���=?B�U¨§JEJEa@CB!B!R{�g¦up��C�lLQG�@�§oU
Yij = f ◦H−1

i (w,tj), i = 1, . . . ,m, j = 0, . . . ,n.

qr@ K GVDT@?B!GHU�S K §aG�@CB!G{\Q@CB!D�\!9AG{9TG|UG§Jj�=MU�9 K SHGVR I�K § ^ =MEJ9TB�U�G f �g¦upµ`C��9lU©�g¦[p ­ ��LiY!=?G�RAGtG K SVEa9TGG�9 K EJ9AGvj�9AG K SH9TGw\!9TG*;(@CB!DlUG§a@CB!G
(fi)i=1,...,m

9lkN9ADAU K RT9TGwG K SwEa9TGvW�@�§JB�U%G
(tj)j=0,...,n

\!9
[a,b]

p
� ^ =?B�Ut\!9�\!@CBQB!9TS{EJ= \!R n B¹§aUG§a@CBÏ\!9TG¢9AGHUG§aj�=eU%9 K S�GTLiB!@ K G¢\!R n B¦§JGHG�@CBQG K B!9�B!@?UG§a@CB¨\!9DT@?B ^ 9TSH�C9TB!DA9�\cO K B!9�G K §aU�9�§aB!\¦§aDTRT9¢W�=MS�Ea9�DA@ K W!Ea9

(m,n) ∈ N2 p�ç�9lU�U�9�B!@?U¨§J@CBåB!@ K G<G�9AS%=K U¨§JEJ9:W�=?S*EF={G K §aU�9?p
� yPº *X$)&»$1�#*¼,/.10 0¾½`ÍNÄ_ÅlÇ[Ñ�Î«Ä

(Umn)(m,n)∈N2

É�ÊeÍ�Õ?ÄlËPÙ[ÄyÕ?ÄlË%Å�ÓoÐ�É�ÊeÍQÅlÎ"Ð?Í�Î«Ä
c ∈ R

ÚdÍNÊeÎ«Ô
Umn −−−−−→

m,n→+∞
c,

ÅlÑJÚ
ÄlÎ�Å�ÄlÇuÓJÄlà�ÄlÍ�Î�ÅlÑJÚ
∀ε > 0, ∃(m0,n0) ∈ N2 / ∀(m,n) ∈ N2, m > m0, n > n0 ⇒ |Umn − c| < ε.

8}=?B!G:EJ9�j�@[\!zTEa9��P¦up[u��lL�EgO�9TG|UG§Jj�=MU�9 K Sv9TjtW¦§aS¨§ I�K 9��g¦[p `C�v\!9
φ ◦ f−1 =�RAU�RV\!R n B¦§gL�W�@ K SU%@ K U

y ∈ I L�W�=MS
φ ◦ f−1

m(y) =
1

m

m
∑

i=1

F−1
i (y).

ª«Ei9AGHUy=MEJ@CSHG:B�=MU K S�9AEgL�\�=?B!G:EJ9<jt@[\!zTEa9��g¦[p �C��LN@?¡ EJ9AG:;(@CB!DlUG§J@?B!G:GH@CB�UyG�9 K EJ9Tjt9TB�U_jt9TG K S�RA9TGG K S�EJ=��?S¨§JEaEJ9
(tj)j=0,...,n

\!9
[a,b]

L]\!9©S�9Aj�W!EJ=?DT9ASTL�W�@ K S{U%@ K U
i = 1, . . . ,m

L]EJ= ^ =?Sª§F=?YQEJ9
=?EaRs=MU�@�§JSH9

F−1
i (y)

W�=MS�EF= ^ =?EJ9 K SdEF=�WQE K G�W!S�@[D��!9:\!=?B!G�EPOh9AB!G�9AjVY!Ea9 {t0, . . . ,tn} pQ�u@�§oU y ∈ In �uR?L�B!@ K G:\!R n B¦§JGHG�@CBQG}EgO�9TG|UG§Jj�=MU�9 K Sv9TjtW¦§aS¨§ I�K 9y\!9�EgO¿§JB ^ 9AS�GH9<\!9�EgO�9TG�W�RTS�=?B!DA9<GHU�S K DlU K SH9TEaEJ99TB
y
W!=?S

φ̂ ◦ f−1
mn(y) =

1

m

m
∑

i=1

Tji,
�P¦uph���

@C¡
∀i = 1, . . . ,m, Tji = arg min

tj∈{t0,...,tn}
|Fi(tj)− y| .

8}=?BQG©Ea9 U%�!RA@CS�zAj�9�G K § ^ =?B�UTL
B!@ K G�jt@CB�U%SH@CB!G�EF=ÃDA@CB!Gª§JGHU%=?B!DA9å\Q9åDA9AU©9TG|UG§aj�=MU�9 K S�\�=?B!G
(C(I),‖ · ‖∞)

p
w�x�y � ��z>{|<},/.�0>A�2cÊeÇ�Å]ÓJÄ�Å!4[ä�Ò�ÊeÎ)476�Å�Ä�Å_�g¦uphð��
ÄlÎ��P¦up�¦C��Ú�Ó�ÖÛÄ�ÅlÎ�Ñ�àtÐ?Î«ÄlÇuË
Älà:Ò�Ñ�Ë�Ñ�ôTÇ�Ä

φ̂ ◦ f−1
mnÉ�ÊeÍ�Õ?ÄlËPÙ[Ä�Ò�Ë%Ä�ÅTôTÇ�Ä_Å��uË%Älà�ÄlÍ�Î]Õ?ÄlË%Å

φ ◦ f−1 �
∥

∥

∥
φ̂ ◦ f−1

mn − φ ◦ f−1
∥

∥

∥

∞

ps−−−−−→
m,n→+∞

0.



� ­ ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
� y {|�#*X"N&»�(�¹&($)�#*¼,/.10r~DCvÊeÇ[ËyÎ¤ÊeÇ[Î

y ∈ I ÚbÒ�ÊeÇuËyÎ«ÊeÇuÎ i = 1, . . . ,m
ÚdÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ

Tji = arg min
tj∈{t0 ,...,tn}

|Fi(tj)− y|

= arg min
tj∈{t0 ,...,tn}

∣

∣Fi(tj)− Fi ◦ F−1
i (y)

∣

∣ ,

ÊeË%Ú
Fi
ÔlÎgÐ?Í�Î]ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î*ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤Ä�Ú�ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ

F−1
i (y)− 1

n
≤ Tji ≤ F−1

i (y) +
1

n
,

Æ`ÖÛÊ���ÚcÒ�Ë%Ä�ÅTôTÇ�Ä}Å��uË%Älà�ÄlÍ�Î�Ú
φ ◦ f−1

m(y)− 1

n
≤ φ̂ ◦ f−1

mn(y) ≤ φ ◦ f−1
m(y) +

1

n

�g¦upo§����
:<ÊeÍNÉ�ÚiÒ�ÊeÇ[Ë{à�ÊeÍ�ÎPË%ÄlË{ÓoÐ�É�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�ÄtÐ?Ç Å�ÄlÍQÅ�Æ[ÄVÓoÐ Æ[Ô)9]Í�Ñ�Î�ÑgÊeÍÀ¡�â'�P�eÚ*Ñ�ÓmÅlÇÁµ7Î}Æ[Ä{à�ÊeÍ�×Î�Ë%ÄlË_ÓoÐ�É�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä�Ò�Ë%Ä�ÅTôTÇ�Ä:Å��[Ë%Ä�Æ[Ä�Å�Æ[ÄlÇMÈ�ÌlÊeË�ÍNÄ�Å�Æ[ÄyÓ�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ô��g¦[pa§��C�Aâ���ÊeÇ�ÅyÎPËHÐ?Ñ�Î«ÊeÍQÅÇ[Í�Ñ�ôTÇ�Älà�ÄlÍ�Î�ÑgÉlÑmÓoÐtÌlÊeË�ÍNÄrÅlÇ�Ò�ÔlË�ÑgÄlÇuË%Ä�ÚiÓJÄ_Î�ËHÐ?Ñ�Î¤Älà�ÄlÍ�Î�ÔlÎgÐ?Í�Î�Ñ�Æ[ÄlÍ�Î�Ñ�ôTÇ�ÄdÒ�ÊeÇuË:ÓoÐ�ÌlÊeË�ÍNÄ:Ñ�ÍsØsÔl×Ë�ÑgÄlÇ[Ë%ÄTâ���ÊeÇ�ÅVÐ?Õ?ÊeÍQÅ�Æ[ÊeÍNÉ

∣

∣

∣

∣

φ ◦ f−1
m(y) +

1

n
− φ ◦ f−1(y)

∣

∣

∣

∣

≤
∣

∣

∣
φ ◦ f−1

m(y)− φ ◦ f−1(y)
∣

∣

∣
+

1

n
,

Æ`ÖÛÊ��
∥

∥

∥

∥

φ ◦ f−1
m +

1

n
− φ ◦ f−1

∥

∥

∥

∥

∞
≤
∥

∥

∥
φ ◦ f−1

m − φ ◦ f−1
∥

∥

∥

∞
+

1

n
,

ÊeË%Ú�Æ`Ö ÐlÒ�ËG6�ÅyÓJÄ�Î'4�Ô�ÊeËG6là�Ä5¡�â£¢MÚ
∥

∥

∥
φ ◦ f−1

m − φ ◦ f−1
∥

∥

∥

∞

ps−−−−→
m→+∞

0,

Æ`ÖÛÊ���ÓoÐ©É�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä�Æ[Ä_ÓoÐ�ÌlÊeËlÍNÄ:ÅlÇ Ò�ÔlË�ÑgÄlÇ[Ë�Ä<Æ[Ä_Ó�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î¤Ô��g¦[pa§��C��Ú
∥

∥

∥

∥

φ ◦ f−1
m(y) +

1

n
− φ ◦ f−1

∥

∥

∥

∥

∞

ps−−−−−→
m,n→+∞

0.

�ç�@?j�jt9vWX@ K S�EJ9vU%�QRT@CSHzTjt9_¦up�¦�9lU
W�@ K SdEJ9wDT@CSH@CEJEJ=«§JSH9w¦up��uLuB!@ K G�B!@ K G�DA@CB�U%9TB�U�@CB!G*\!9wU%S%=
§o£
U�9TS�§aDÂ§cEJ=¢BQ@CS�j�=?E�§oU%R:=?GH�[jtWQU%@?U¨§ I�K 9_\!9yEPOh9AGHUG§aj�=eU%9 K S

φ̂ ◦ f−1
mn

\Q9y;�=M>T@CB ^ 9ADAU�@CS¨§a9TEJEa9?p
w5xXy � �(z>{|<@,/.10P�Ã��ÊeÇ�Å�ÍNÊeÇ�Å�Ò�ÓoÐ�¤MÊeÍQÅ}Å�ÊeÇ�Å�ÓJÄ�Åi4[ä�Ò�ÊeÎ'476�Å�Ä�Å��P¦uphð��{ÄlÎ��g¦[p ¦C�AâX2cÊeÑ�ÎdÓJÄ�Õ?Ä�Él×Î«ÄlÇ[Ë

y = (y1, . . . ,yk)
′ Æ[Ä Ik, k ∈ N∗ âW��ÊeÇ�Å�ÅlÇ�Ò�Ò�Ê�Å�ÊeÍQÅ�Æ[Ä�Ò�Ó Ç�Å�ôTÇ�Ä n = m

1

2
+α Ð?Õ?Ä�É

α > 0
â/±:ÓJÊeË%Å�Ú

√
m













φ̂ ◦ f−1
mn(y1)âââ

φ̂ ◦ f−1
mn(yk)






−







φ ◦ f−1(y1)âââ
φ ◦ f−1(yk)













L−−−−→
m→+∞

Nk (0,Γ(y)) ,

Ê��
Γ(y)

Ä�ÅlÎ�ÓoÐ�àtÐ?Î�Ë�ÑgÉ�Ä�Æ[Ä�ÕeÐ?Ë�Ñ�Ð?ÍNÉ�Äl×�É�ÊeÕeÐ?Ë�Ñ�Ð?ÍNÉ�ÄyÆ[Ô)9]Í�ÑgÄyÆ�Ð?ÍQÅ�ÓJÄyÎ)4�Ô�ÊeËG6là�Ä5¡�â'¡�â
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� y {|�#*�"N&%���r&($1�#*�,M.10>,DCvÊeÇuË©Î«ÊeÇuÎ

i ∈ {1, . . . ,k} Ú�Ó�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«ÔÏ�P¦upo§�����ÔlÎgÐ�ÌTÓ ÑgÄ�Æ�Ð?ÍQÅ©ÓoÐÆ[Ôlà�ÊeÍQÅlÎ�Ë�Ð?Î�ÑgÊeÍ�Æ?Ç©Î'4�Ô�ÊeË�6là�Ä�¡�â'�«8�Å�ÖÛÔ�ÉlËlÑ�Î
φ ◦ f−1

m(yi)−
1

n
≤ φ̂ ◦ f−1

mn(yi) ≤ φ ◦ f−1
m(yi) +

1

n
,

Æ[ÊeÍNÉ�ÚcÒ�ÊeÇ[Ë
n = m

1

2
+α
Þ
α > 0 ß Ú�ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ

√
m
(

φ ◦ f−1
m(yi)− φ ◦ f−1(yi)

)

− 1

mα
≤ √

m
(

φ̂ ◦ f−1
mn(yi)− φ ◦ f−1(yi)

)

ÄlÎ
√
m
(

φ̂ ◦ f−1
mn(yi)− φ ◦ f−1(yi)

)

≤ √
m
(

φ ◦ f−1
m(yi)− φ ◦ f−1(yi)

)

+
1

mα
,

Æ[ÊeÍNÉ

√
m













φ̂ ◦ f−1
mn(y1)âââ

φ̂ ◦ f−1
mn(yk)






−







φ ◦ f−1(y1)âââ
φ ◦ f−1(yk)













=
√
m













φ ◦ f−1
m(y1)âââ

φ̂ ◦ f−1
m(yk)






−







φ ◦ f−1(y1)âââ
φ ◦ f−1(yk)












+OP







1
mαâââ
1
mα






,

Æ`ÖÛÊ���Ú�Æ`Ö ÐlÒ�ËG6�ÅyÓJÄ�Î)4�Ô�ÊeËG6là�Ä5¡�â'¡eÚ�ÓoÐ©É�ÊeÍ�Õ?ÄlËgÙ[ÄlÍNÉ�Ä�ÄlÍ ÓJÊeÑ�â
�

©m@ K S:DT@?B!GHU�S K §aS�9 K B�9AGHUG§aj�=eU%9 K Sr\!9�EF={;(@CB!DlUG§J@?B#\!9�\!Rl;(@CS�j�=MUG§a@CB
φ ◦ h−1

i

L�WX@ K SwU�@ K U
i ∈ {1, . . . ,m} LQ\�=?B!G*Ea9}j�@[\!zAEJ9:RAD���=?B�UG§aEJEa@CB!B!R¢�P¦up��C��LQB!@ K Gv=?EaEJ@CBQG K U¨§JE�§aG�9AS�EF=�j��Aj�9]§a\!RT9I�K 9åW!S�RADTRT\Q9Tjtj�9AB�UTprç:Oh9AGHUH£ f £«\¹§JS�9 I�K 9åB!@ K G©=?EaEJ@CBQG�S�9TjtW!EJ=?DT9AS�EJ9TG ^ =?Ea9 K SHG®§aB!DT@?B!B K 9TGW�=?S�EJ9AG ^ =?EJ9 K S�GVDA@CB!B K 9AG{EJ9TG<W!E K G<W!S�@[D��!9TGAp]�u@�§a9TB�U

i0 ∈ {1, . . . ,m} 9AU t ∈ [a,b]
LiB!@ K G\!R n B¦§JGHG�@CBQGrEPOh9AGHUG§aj�=eU%9 K S�9TjtW¦§aS¨§ I�K 9ML!DT@?B!\¦§aU¨§J@CBQB!9TEaEJ9Tjt9TB�U f Fi0 = fi0 ∈ A

L�W�=?S

φ̂ ◦ h−1
i0 mn

(t) =
1

m− 1

m
∑

i=1
i6=i0

Tji,
�P¦upa§?§ �

= ^ 9AD?L�WX@ K S
U%@ K U
i ∈ {1, . . . ,m}r i0

L
Tji = arg min

tj∈{t0 ,...,tn}
|Fi(tj)− Fi0 (tj0)| ,

= ^ 9AD
tj0 = arg min

tj∈{t0 ,...,tn}
|tj − t|.

��Oh9AGHU¨§Jj�=MU%9 K S
φ̂ ◦ h−1

i0 mn

G�9y\!RA\ K §aUw\!9�EgO�9TG|UG§aj�=MU�9 K S
φ ◦ h−1

i0 m

\!9yEJ=¢jt�Tjt9_j�=?B¦§JzAS�9 I�K 9
EgO�9TG|UG§aj�=MU�9 K S

φ̂ ◦ f−1
mn

G�9å\!RA\ K §JG�=«§aU©\!9åEgO�9TG|UG§aj�=MU�9 K S
φ ◦ f−1

m

pv�b=ÏW!S¨§aB!DÂ§aW�=?EJ9�\¹§aï{£D K EaU%R©S�9AB!DT@?B�U�S�RA9?L�W�@ K S�\!RTjt@CB�U%SH9TStEF=åDT@CB!Gª§JG|U�=?B!DA9�9lU�EF=�B!@CSHj�=ME�§aU�R�=?GH�[jtWQU%@MUG§ I�K 9©\!9
φ̂ ◦ h−1

i0 mn

L�9TGHU�E�§aRT9w= K ;�=
§aU I�K 9:\Q9 K ��=?W!WQS�@s�r§Jj�=MUG§a@CB!G�G K DTDT9AG�Gª§ ^ 9AG*G�@CB�U K UG§aE�§JGHRT9AGd\!=?B!GdEF=



§s�C� ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
\QR n B¦§oUG§a@CB��g¦[pa§C§���p7©�E K G*W!S�RADÂ§aG�RTjt9TB�UTL�EF=<W!SH9TjÄ§JzAS�9_=?WQW!S�@s�r§Jj�=MUG§a@CB�DA@CB!G¨§aGHU�9 f G K Y!G|UG§oU K 9ASEJ= ^ =MEJ9 K S�\!9

t ∈ [a,b]
G K S�EF= I�K 9AEJEJ9�BQ@ K G ^ @ K Ea@CB!G�9TGHU¨§Jjt9TS

φ ◦ h−1
i0

L]W�=MS�EJ= ^ =?Ea9 K S¢EF=WQE K G
WQS�@[D��!9yG K S*EJ=V�CS¨§aEJEJ9 {t0, . . . ,tn} p7©m@ K S*j�9AB!9TS f Y¦§a9TB�EJ9AG*\!RTjt@CB!G|U%S�=MUG§a@CB!G I�K § ^ @CB�UG K § ^ SH9?LsB!@ K GbDT@Cjtj�9AB!>T@?B!G.W�=?S.\!R n B¦§aS�ÓJÄdà�ÊTÆ?ÇuÓJÄ�Æ`Ö Ç[Í�Ñ ØsÊeË�à�Ä
É�ÊeÍ�ÎPÑ�Í�Ç[Ñ�Î«Ô�Æ[Ä�Æ[Ô(ØsÊeËlàtÐ?Î�ÑgÊeÍ�p
� yPº *�$'&($)�+*�,/.�0> �2cÊeÑgÄlÍ�Î

H1

ÄlÎ
H2

Æ[ÄlÇMÈvÒ�Ë%Ê�É�Ä�Å�ÅlÇ�Å*Æ[ÄwÆ[Ô(ØsÊeË�àtÐ?Î�ÑgÊeÍ�Ñ�Í�Æ[Ô«Ò�ÄlÍ�Æ�Ð?Í�Î�ÅvÄlÎ`Æ[Äà�álà�ÄrÓJÊeÑiôTÇ�Ä
H
Æ[Ô)9]Í�Ñ�ÒQÐ?Ë��g¦uphð��TâF��ÊeÇ�ÅyÆ[Ô)9]Í�ÑJÅ�Å�ÊeÍQÅ:ÓJÄdÒ�Ë%Ê�É�Ä�Å�ÅlÇ�Å_Ð?ÓJÔ�Ð?Î«ÊeÑ�Ë�Ä

KH
Ú�ÐlÒ�Ò�ÄlÓJÔà�ÊTÆ?Ç[ÓJÄ�Æ`Ö Ç[Í�Ñ ØsÊeË�à�ÄVÉ�ÊeÍ�ÎPÑ�Í�Ç[Ñ�Î«Ô�Æ[Ä<Æ[Ô(ØsÊeË�àtÐ?ÎPÑgÊeÍQÚXÒQÐ?Ë

KH(δ) = sup
(t1 ,t2)∈[a,b]2

|t1−t2|≤δ

∣

∣H1 ◦H−1
2 (t1)−H1 ◦H−1

2 (t2)
∣

∣ , δ ≥ 0.
�g¦upo§ �C�

:<Ä
Ò�Ó Ç�Å�Ú�ÍNÊeÇ�Å*Ò�Ê�Å�ÊeÍQÅ
L1
H(H2,δ) = E (KH(δ)|H2) , δ ≥ 0,ÄlÎ

L2
H(H2,δ) = E

(

K2
H(δ)|H2

)

, δ ≥ 0.qw@ K GvS�9Aj�=MS I�K @CB!G I�K 9�W!SH9TG I�K 9�G��QS�9Tjt9TB�UTL�W�@ K S
U�@ K U
δ ≥ 0

L
0 ≤ KH(δ) ≤ b− a,\Q@CB!D

L1
H(H2,·)

9AU
L2
H(H2,·)

L]EgO�9TGHWXRAS%=?B!DA9�DA@CB!\¦§oUG§J@?B!B!9TEaEJ9�9lU�Ea9#jt@Cjt9TB�UtDT@CBQ\¦§aU¨§J@CB!BQ9TE\NOh@CSH\!S�9��V\!9
KH

L�9l�r§aGHU%9AB�UrY¹§J9TBNp�8:9yW!E K GAL!W!SH9TG I�K 9�G��!SH9Tjt9TB�UsL
L1
H(H2,0) = L2

H(H2,0) = 0.

Åo<>{Æ{|<Ç,/.�0¹¯�ÂbÄ�ÅmØsÊeÍNÉlÎPÑgÊeÍQÅ
L1
H(H2,·)

ÄlÎ
L2
H(H2,·)

Å�ÊeÍ�ÎXÒ�Ë%Ä�ÅTôTÇ�ÄwÅ��uË%Älà�ÄlÍ�Î�É�ÊeÍ�Î�Ñ�Í�Ç�Ä�Å
� Æ?Ë�ÊeÑ�Î«Ä{ÄlÍÈ�?â
���(<>=�?#<@,/.10>²É��Ä_ÓJÄlà{à�ÄyÆ[Ô�É�ÊeÇuÓJÄyÆ?Ñ�Ë�Ä�ÉlÎ«Älà�ÄlÍ�Î�Æ[Ä_ÓoÐ�Æ[Ô)9]Í�Ñ�Î�ÑgÊeÍ�Æ?Ç�à�ÊTÆ?Ç[ÓJÄ�Æ`Ö Ç[Í�Ñ ØsÊeË�à�ÄÉ�ÊeÍ�Î�Ñ�Í�Ç[Ñ�Î¤Ô#Æ[Ä�Æ[Ô(ØsÊeË�àtÐ?ÎPÑgÊeÍ

KH(·) Ú�Æ?ÇÏÎ'4�Ô�ÊeË�6là�Ä�Æ[Ä�ÓoÐÏÉ�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä�Æ[Êeà{Ñ�ÍNÔ�ÄlÎ�Æ[Ä�ÓoÐÉ�ÊeÍ�Î�Ñ�Í�Ç[Ñ�Î¤Ô
Ò�Ë%Ä�ÅTôTÇ�Ä_Å��uË%Ä<Æ?Ç{Ò�Ë%Ê�É�Ä�Å�ÅlÇ�Å
H
â

��.9�DT@CSH@CEJEJ=«§JSH9:G K § ^ =?B�U:BQ@ K Gwj�@CB�U�S�9?L�W�@ K SvU%@ K U
i0 ∈ {1, . . . ,m}

n �uR?L�EF={DT@CBQG¨§JG|U�=?BQDT9
\Q9�EPOh9AGHU¨§Jj�=MU%9 K S

φ̂ ◦ h−1
i0 mn

\�=MB!G
(C([a,b]),‖ · ‖∞)

p
¬ � �(�#­�­)�7$)��<®,/.10>³D��ÊeÇ�Å©ÍNÊeÇ�Å<Ò�ÓoÐ�¤MÊeÍQÅ�Å�ÊeÇ�Å�ÓJÄ�Å�4[ä�Ò�ÊeÎ'476�Å�Ä�ÅÃ�g¦uphð���ÄlÎ©�g¦up�¦C�TâE2cÊeÑ�Î

i0 ∈
{1, . . . ,m} 9`ÈuÔTâ/±:ÓJÊeË%Å�Ú*É�ÊeÍ�Æ?Ñ�ÎPÑgÊeÍ�ÍNÄlÓ�ÓJÄlà�ÄlÍ�Î � Fi0 = fi0 ∈ A

Ú
∥

∥

∥
φ̂ ◦ h−1

i0 mn
− φ ◦ h−1

i0

∥

∥

∥

∞

ps−−−−−→
m,n→+∞

0.

���(<>=�?#<@,/.BA7´Ã2cÊeÑ�Î
i0 ∈ {1, . . . ,m} 9`ÈuÔTâWCvÊeÇuË�Î«ÊeÇ[Î

t ∈ [a,b]
ÚVÉ�ÊeÍ�Æ?Ñ�Î�ÑgÊeÍ�ÍNÄlÓ�ÓJÄlà�ÄlÍ�Î �

Fi0 = fi0 ∈ A
ÚdÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ

∀i ∈ {1, . . . ,m}r i0, Tji = arg min
tj∈{t0,...,tn}

|Fi(tj)− fi0 (tj0)|

= arg min
tj∈{t0,...,tn}

∣

∣Fi(tj)− Fi ◦ F−1
i ◦ fi0 (tj0)

∣

∣ ,



ò ¶[ZQ¶ µd·b³`²|ö#°:³`²l÷*¹�ø}µ2¼]\ µd·Q±]¸]´w°:¹V®�µº·b³m´{»�®w³:»m´wµd¼b¼bµ §��Q§
ÊeË%Ú

Fi
ÔlÎ"Ð?Í�Î�ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�Î
ÉlË�ÊeÑJÅ�ÅTÐ?Í�Î«Ä�Ú

F−1
i ◦ fi0 (tj0)−

1

n
≤ Tji ≤ F−1

i ◦ fi0 (tj0) +
1

n
.

�P¦upa§sð��
:VÄ
Ò�Ó Ç�Å�ÚdÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ

tj0 = arg min
tj∈{t0,...,tn}

|tj − t| ,
Æ[ÊeÍNÉ

t− 1

n
≤ tj0 ≤ t+

1

n
,

ÄlÎ�Ú.Ò�ÇuÑJÅTôTÇ�Ä
fi0
Ä�ÅlÎ]ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î*ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤Ä�Ú

fi0

(

t− 1

n

)

≤ fi0(tj0) ≤ fi0

(

t+
1

n

)

.

ÂyÖ Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î¤Ô��P¦upa§sð��yÑ�à:Ò�Ó Ñ�ôTÇ�Ä�Æ[ÊeÍNÉyÓ�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ô

F−1
i ◦ fi0

(

t− 1

n

)

− 1

n
≤ Tji ≤ F−1

i ◦ fi0
(

t +
1

n

)

+
1

n
,

Æ`ÖÛÊ��
φ ◦ h−1

i0 m

(

t− 1

n

)

− 1

n
≤ φ̂ ◦ h−1

i0 mn
(t) ≤ φ ◦ h−1

i0 m

(

t+
1

n

)

+
1

n
.

�P¦upa§Tí��
CvÊeÇuË�à�ÊeÍ�ÎPË%ÄlË�ÓoÐxÉ�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä�Ð?Ç~Å�ÄlÍQÅ�Æ[Ä�ÓoÐ~Æ[Ô)9]Í�Ñ�Î�ÑgÊeÍ-¡�â'�P�eÚrÑ�Ó]ÅlÇÁµ7ÎyÆ[Ä�à�ÊeÍ�Î�Ë%ÄlË�ÓoÐÉ�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä�Ò�Ë%Ä�ÅTôTÇ�Ä Å��[Ë�ÄåÆ[Ä�Å~Æ[ÄlÇ?ÈñÌlÊeËlÍNÄ�ÅåÆ[Ä�Ó�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î¤Ô2�P¦upo§sí��Tâ_Â`Ä�ÎPËHÐ?Ñ�Î«Älà�ÄlÍ�Î�Æ[ÄÉ�Ä�Å�Æ[ÄlÇMÈ�ôTÇ!Ð?Í�Î�Ñ�Î«Ô�Å�ÔlÎ"Ð?Í�ÎwÑ�Æ[ÄlÍ�ÎPÑ�ôTÇ�Ä�ÚwÍNÊeÇ�Å¢ÍNÊeÇ�ÅtÑ�Í�Î«ÔlË%Ä�Å�Å�ÊeÍQÅVÅ�ÄlÇ[ÓJÄlà�ÄlÍ�ÎwÑgÉlÑ � ÓoÐ�ÌlÊeË�ÍNÄÅlÇ�Ò�ÔlËlÑgÄlÇ[Ë%ÄTâ���ÊeÇ�Å<Ð?Õ?ÊeÍQÅ

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t+
1

n

)

+
1

n
− φ ◦ h−1

i0
(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t +
1

n

)

− φ ◦ h−1
i0 m

(t) +
1

n
+ φ ◦ h−1

i0 m
(t)− φ ◦ h−1

i0
(t)

∣

∣

∣

∣

≤
∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t+
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

+
1

n
+
∣

∣

∣
φ ◦ h−1

i0 m
(t)− φ ◦ h−1

i0
(t)
∣

∣

∣
.

:VÊeÍNÉ
sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t +
1

n

)

+
1

n
− φ ◦ h−1

i0
(t)

∣

∣

∣

∣

≤ sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t +
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

+
1

n
+
∥

∥

∥
φ ◦ h−1

i0 m
− φ ◦ h−1

i0

∥

∥

∥

∞
.

: Ö ÐlÒ�ËG6�Å_ÓJÄ{É�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë%Ä5¡�â � Ú]ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ
∥

∥

∥
φ ◦ h−1

i0 m
− φ ◦ h−1

i0

∥

∥

∥

∞

ps−−−−→
m→+∞

0.
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��ÓcÍNÊeÇ�Å}ÅlÇ�µ7Î
Æ[ÊeÍNÉ�Æ[Äyà�ÊeÍ�Î�Ë�ÄlË�ôTÇ�Ä

sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t+
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

ps−−−−−→
m,n→+∞

0.

��ÊeÇ�Å<Ð?Õ?ÊeÍQÅ�ÚcÒ�ÊeÇuË_Î«ÊeÇ[Î
t ∈ [a,b]

Ú
∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t +
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

1

m− 1

m
∑

i=1
i6=i0

F−1
i ◦ fi0

(

t+
1

n

)

− 1

m− 1

m
∑

i=1
i6=i0

F−1
i ◦ fi0(t)

∣

∣

∣

∣

∣

∣

∣

≤ 1

m− 1

m
∑

i=1
i6=i0

∣

∣

∣

∣

Hi ◦ h−1
i0

(

t +
1

n

)

−Hi ◦ h−1
i0

(t)

∣

∣

∣

∣

≤ 1

m− 1

m
∑

i=1
i6=i0

sup
(t1 ,t2)∈[a,b]2

|t1−t2|≤ 1

n

∣

∣Hi ◦ h−1
i0

(t1)−Hi ◦ h−1
i0

(t2)
∣

∣ ,

Æ`ÖÛÊ��
sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t+
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

≤ 1

m− 1

m
∑

i=1
i6=i0

sup
(t1 ,t2)∈[a,b]2

|t1−t2|≤ 1

n

∣

∣Hi ◦ h−1
i0

(t1)−Hi ◦ h−1
i0

(t2)
∣

∣ ,
�g¦upo§ ¦C�

Ð?Õ?Ä�É�ÚNÒ�ÊeÇuËyÎ«ÊeÇuÎ
n ∈ N∗ Ú�ÓJÄ�Å�ÕeÐ?ËlÑ�Ð�ÌTÓJÄ�ÅyÐ?ÓJÔ�Ð?Î¤ÊeÑ�Ë%Ä�Å









K̃i
H

(

1

n

)

= sup
(t1,t2)∈[a,b]2

|t1−t2|≤ 1

n

∣

∣Hi ◦ h−1
i0

(t1)−Hi ◦ h−1
i0

(t2)
∣

∣









i=1,...,m, i6=i0Å�ÊeÍ�Î]Ñ�âJÑ�â�Æ�â]ÄlÎ�Æ[Ä�à�álà�ÄyÓJÊeÑ]ôTÇ�Ä
KH

(

1

n

)∣

∣

∣

∣

H2 = hi0 .

2cÊeÑ�Î
ε > 0

â�C�ÇuÑJÅTôTÇ�Ä:ÒQÐ?Ë�4[ä�Ò�ÊeÎ'476�Å�Ä
fi0 = f ◦ h−1

i0
∈ A
ÚwÐ?ÓJÊeË%Å

hi0
Ä�ÅlÎ:É�ÊeÍ�Î�Ñ�Í�Ç�ÄTâ�: ÖÛÊ���ÚÆ`Ö ÐlÒ�ËG6�Å�ÓJÄ{ÓJÄlà{à�ÄÊ¡�â'� � Ú

L1
H(H2 = hi0 ,·)

Ä�ÅlÎ:É�ÊeÍ�Î�Ñ�Í�Ç�Ä � Æ?Ë%ÊeÑ�Î«Ä�ÄlÍË��Ú:ÄlÎwÆ[ÊeÍNÉ<Ñ�Ó]ÄHÈCÑJÅlÎ«ÄÇ[ÍNÄyÕeÐ?ÓJÄlÇ[Ë
ηε > 0

ÚdÎ¤ÄlÓ�ÓJÄ�ôTÇ�Ä
L1
H(H2 = hi0 ,ηε) < ε.

:<Ä�Ò�Ó Ç�Å�Ú]ÓoÐ�à�ÊeÍNÊeÎ«ÊeÍ�ÑgÄ�Æ?Ç©à�ÊTÆ?ÇuÓJÄyÆ[ÄVÉ�ÊeÍ�ÎPÑ�Í�Ç[Ñ�Î«Ô
KH

ÍNÊeÇ�Å�Ò�ÄlËlà�ÄlÎ�Æ`Ö ÐeÅ�ÅlÇ[Ë%ÄlË�ôTÇ�Ä
Ò�ÊeÇ[ËÇ[Í
n ∈ N

ÐeÅ�Å�Ä¨Ì}Ù?ËHÐ?Í�Æ Þ
n > 1

ηε
ß Ó�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ô��g¦upo§ ¦C��Æ[ÄlÕ�ÑgÄlÍ�Î

sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t+
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

≤ 1

m− 1

m
∑

i=1
i6=i0

K̃i
H (ηε) .
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C
Ð?ËyÓoÐ�ÓJÊeÑ!ØsÊeË�Î¤Ä�Æ[Ä�Å:Ù?ËHÐ?Í�ÆeÅyÍNÊeàtÌTË%Ä�Å�Ú�ÍNÊeÇ�Å<Æ[Ô�Æ?Ç[ÑJÅ�ÊeÍQÅ�Æ[ÄVÉ�ÄlÎ�Î¤Ä�Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ô�ôTÇ�Ä

0 ≤ lim sup
m,n→+∞

sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t +
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

≤ lim
m→+∞

1

m− 1

m
∑

i=1
i6=i0

K̃i
H (ηε) = L1

H(H2 = hi0 ,ηε) < ε.

��Ä�ÉlÑ�ÔlÎgÐ?Í�Î�Õ�ËHÐ?ÑXÒ�ÊeÇ[ËyÎ¤ÊeÇ[Î
ε > 0

ÚdÐ?ÓJÊeË�Å�ÚNÒ�Ë�Ä�ÅTôTÇ�Ä_Å��[Ë�Älà�ÄlÍ�Î�Ú]ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ
lim

m,n→+∞
sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t +
1

n

)

− φ ◦ h−1
i0 m

(t)

∣

∣

∣

∣

= 0.

: ÖÛÊ���ÓoÐ©É�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä�Ò�Ë%Ä�ÅTôTÇ�Ä}Å��uË%Ä<Æ[Ä�ÓoÐ�ÌlÊeË�ÍNÄ}ÅlÇ�Ò�ÔlË�ÑgÄlÇuË%Ä<Æ[ÄyÓ�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ô��g¦upo§sí���Ú
sup
t∈[a,b]

∣

∣

∣

∣

φ ◦ h−1
i0 m

(

t+
1

n

)

+
1

n
− φ ◦ h−1

i0
(t)

∣

∣

∣

∣

ps−−−−−→
m,n→+∞

0.

: ÖÛÊ���ÓJÄ�Ë%Ô�ÅlÇuÓ ÎgÐ?Îgâ
�ç�@Cjtj�9�W�@ K StEJ9AG�S�RAG K EoU�=MU�G�\Q9�DT@?B ^ 9TSH�C9TB!DA9�9TBñEa@�§*W!SHRTDTRA\!9TB�U�GTL�U��!RT@CSHzTjt9�¦up�¦uL]DT@?S�@CE £EF=
§JS�9�¦uph�¨9AU�U��!RT@CSHzTjt9å¦upo§sí!L�BQ@ K G�jt@CB�U%S�@?B!G�\�=?BQG�EJ9 DA@CS�@CEaEF=«§aS�9©G K § ^ =?B�U K B!9 ^ 9TS�Gª§J@CB

^ 9ADAU�@CS¨§a9TEJEa9}\!9yEF={B!@?S�j�=?E�§oU%R}=MGH�[j�WuU%@?U¨§ I�K 9_\!9yEgO�9TG|UG§aj�=MU�9 K S�9TjtW¦§JSª§ I�K 9
φ̂ ◦ h−1

i0 mn

p
¬ � ���#­1­1�¦$1�(<Í,/.�AM0Î��ÊeÇ�Å�ÍNÊeÇ�Å�Ò�ÓoÐ�¤MÊeÍQÅ�Å�ÊeÇ�Å�ÓJÄ�ÅÏ4[ä�Ò�ÊeÎ)476�Å�Ä�ÅÃ�P¦up�ðC� ÄlÎ©�P¦up ¦?�Tâ�2cÊeÑ�Î

i0 ∈
{1, . . . ,m} 9`ÈuÔTât2cÊeÑ�Î�Ú_Æ[Ä_Ò�Ó Ç�Å�Ú

n = m
1

2
+α Ð?Õ?Ä�É α > 0

âÐ±:ÓJÊeË%Å�Ú_É�ÊeÍ�Æ?Ñ�Î�ÑgÊeÍ�ÍNÄlÓ�ÓJÄlà�ÄlÍ�Î �
Fi0 = fi0 ∈ A

Ú.Ò�ÊeÇuËyÎ«ÊeÇuÎ�Õ?Ä�ÉlÎ¤ÄlÇ[Ë
t = (t1, . . . ,tk)

′ Æ[Ä [a,b]k, k ∈ N∗ Ú

√
m

















φ̂ ◦ h−1
i0 mn

(t1)âââ
φ̂ ◦ h−1

i0 mn
(tk)









−







φ ◦ h−1
i0

(t1)âââ
φ ◦ h−1

i0
(tk)















L−−−−→
m→+∞

Nk (0,Γ0(t)) ,

Ê��
Γ0(t)

Ä�ÅlÎ�ÓoÐ�àtÐ?Î�Ë�ÑgÉ�Ä<Æ[ÄyÕeÐ?Ë�Ñ�Ð?ÍNÉ�Äl×�É�ÊeÕeÐ?Ë�Ñ�Ð?ÍNÉ�ÄyÆ[Ô)9]Í�ÑgÄ�Æ�Ð?ÍQÅ_ÓJÄ{É�ÊeË�ÊeÓ�ÓoÐ?Ñ�Ë%Ä5¡�â'��â
����<>=M?#<@,/.BA#A�2cÊeÑ�Î

i0 ∈ {1, . . . ,m}
9`ÈuÔTâ�:VÄrÒ�Ó Ç�Å�ÚdÅ�ÊeÑ�Î

n = m
1

2
+α Ð?Õ?Ä�É α > 0

Ú*Ð?ÓJÊeË�Å�ÚÆ`Ö ÐlÒ�ËG6�Å�Ó�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ôx�g¦upo§sí���Æ[Ä�ÓoÐÃÆ[Ôlà�ÊeÍQÅlÎPËHÐ?Î�ÑgÊeÍñÆ?ÇñÉ�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë%Ä®¡�â'�P�eÚ}ÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ<Ò�ÊeÇ[ËÎ«ÊeÇuÎ
ti ∈ {t1, . . . ,tk}

Ú
√
m

(

φ ◦ h−1
i0 m

(

ti −
1

n

)

− φ ◦ h−1
i0 m

(ti)

)

+
√
m
(

φ ◦ h−1
i0 m

(ti)− φ ◦ h−1
i0

(ti)
)

− 1

mα

≤√m
(

φ̂ ◦ h−1
i0 mn

(ti)− φ ◦ h−1
i0

(ti)
) �P¦upa§%u��

≤√m
(

φ ◦ h−1
i0 m

(

ti +
1

n

)

− φ ◦ h−1
i0 m

(ti)

)

+
√
m
(

φ ◦ h−1
i0 m

(ti)− φ ◦ h−1
i0

(ti)
)

+
1

mα
.



§s�?í ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
CvÊeÇ[Ë�Ð?Õ?ÊeÑ�Ë ÓoÐ¨ÍNÊeË�àtÐ?Ó Ñ�Î¤Ô�ÐeÅläMà:Ò�Î«ÊeÎPÑ�ôTÇ�Ä�Ú{Æ`Ö ÐlÒ�Ë�6�Å ÓJÄ~É�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë%ÄÑ¡�â'�eÚ<Ñ�Ó:ÍNÊeÇ�Å�ÅlÇÁµ7ÎtÆ[Äà�ÊeÍ�Î�Ë%ÄlË�ôTÇ�Ä

√
m

















φ̂ ◦ h−1
i0 mn

(t1)âââ
φ̂ ◦ h−1

i0 mn
(tk)









−







φ ◦ h−1
i0

(t1)âââ
φ ◦ h−1

i0
(tk)















=
√
m

















φ ◦ h−1
i0 m

(t1)âââ
φ̂ ◦ h−1

i0 m
(tk)









−







φ ◦ h−1
i0

(t1)âââ
φ ◦ h−1

i0
(tk)















+ oP







1âââ
1






,

ÊeË%ÚcÒ�ÊeÇ[ËVÉ�ÄlÓoÐeÚ]Ñ�Ó.ÍNÊeÇ�Å}ÅlÇ�µ7Î
Æ[Äyà�ÊeÍ�ÎPË%ÄlË�ôTÇ�Ä
Ò�ÊeÇuËyÎ«ÊeÇuÎ
i ∈ {1, . . . ,k} Ú

√
m
(

φ̂ ◦ h−1
i0 mn

(ti)− φ ◦ h−1
i0

(ti)
)

=
√
m
(

φ ◦ h−1
i0 m

(ti)− φ ◦ h−1
i0

(ti)
)

+ oP (1) ,

ÄlÎ�Ú�Æ`Ö ÐlÒ�ËG6�Å_Ó�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ô5¡�â'�>Ò�Ú
É�ÄlÓoÐ�Ë%ÄlÕ�ÑgÄlÍ�Î � à�ÊeÍ�ÎPË%ÄlË�ôTÇ�Ä
√
m

(

φ ◦ h−1
i0 m

(

ti −
1

n

)

− φ ◦ h−1
i0 m

(ti)

)

= oP(1)

ÄlÎ
√
m

(

φ ◦ h−1
i0 m

(

ti +
1

n

)

− φ ◦ h−1
i0 m

(ti)

)

= oP(1).

��Ä�ÅvÆ[ÄlÇ?ÈVË%Ô�ÅlÇ[Ó Î"Ð?Î�Å
Å�ÄwÎ�ËHÐ?Ñ�Î"Ð?Í�ÎiÆ[ÄvàtÐ?Í�Ñ¶6lË%Ä*Ñ�Æ[ÄlÍ�Î�Ñ�ôTÇ�Ä�Ú.ÍNÊeÇ�ÅvÍNÊeÇ�Å}É�ÊeÍ�Î«ÄlÍ�Î¤ÄlË%ÊeÍQÅrÆ[Ä*à�ÊeÍ�×Î�Ë%ÄlË_ÑgÉlÑiÓJÄyË%Ô�ÅlÇ[Ó Î"Ð?ÎcÒ�ÊeÇ[Ë_ÓoÐ¢Å�Ä�É�ÊeÍ�Æ[Ä_ôTÇ!Ð?Í�Î�Ñ�Î¤ÔTâM: Ö ÐlÒ�ËG6�Å_Ó�Ö Ñ�ÍNÔgÙ�Ð?Ó Ñ�Î«Ô��g¦upo§ ¦C�yÆ[ÄyÓoÐ�Æ[Ôlà�ÊeÍQÅl×Î�ËHÐ?ÎPÑgÊeÍåÆ?Ç�É�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë%Ä�¡�â'�P�eÚ]ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ
∣

∣

∣

∣

√
m

(

φ ◦ h−1
i0 m

(

ti +
1

n

)

− φ ◦ h−1
i0 m

(ti)

)∣

∣

∣

∣

≤ √
m

1

m− 1

m
∑

j=1
j 6=i0

K̃j
H

(

1

n

)

,

Ð?Õ?Ä�É�ÚNÒ�ÊeÇuËyÎ«ÊeÇuÎ
j ∈ {1, . . . ,m}r i0

Ú

K̃j
H

(

1

n

)

= KH

(

1

n

) ∣

∣

∣

∣

H2 = hi0

= sup
(s1,s2)∈[a,b]2

|s1−s2|≤ 1

n

∣

∣Hj ◦ h−1
i0

(s1)−Hj ◦ h−1
i0

(s2)
∣

∣ .

��Êeà{à�ÄwÍNÊeÇ�ÅrÓ�Ö Ð?Õ?ÊeÍQÅwÕ�Ç�Æ�Ð?ÍQÅrÓoÐ¢Æ[Ôlà�ÊeÍQÅlÎPËHÐ?Î�ÑgÊeÍ�Æ?Ç�É�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë�Ä]¡�â'�P�eÚ`ÓJÄ�ÅrÕeÐ?Ë�Ñ�Ð�ÌTÓJÄ�Å}Ð?ÓJÔ�Ð?×
Î«ÊeÑ�Ë%Ä�Å (

K̃j
H

(

1
n

)

)

j=1,...,m, j 6=i0

Å�ÊeÍ�ÎdÑ�âJÑ�â�Æ�â�â�:VÄ�Ò�Ó Ç�Å�Ú*ÄlÍ�Ò�Ê�ÅTÐ?Í�Î

Zm =
√
m

1

m− 1

m
∑

j=1
j 6=i0

K̃j
H

(

1

n

)

,
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ÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ

Var (Zm) =
m2

(m− 1)2
Var

(

K̃1
H

(

1

n

))

=
m2

(m− 1)2

(

L2
H

(

H2 = hi0 ,
1

n

)

−
(

L1
H

(

H2 = hi0 ,
1

n

))2
)

.

¥ Ë%Ú�Æ`Ö ÐlÒ�ËG6�ÅyÓJÄ�ÓJÄlà{à�Ä�¡�â'� � Ú.Ò�Ç[ÑJÅTôTÇ�Ä
n = m

1

2
+α Ð?Õ?Ä�É α > 0

Ú]ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ
Var (Zm) −−−−→

m→+∞
0.

: ÖÛÊ���ÓJÄ�Ë%Ô�ÅlÇuÓ ÎgÐ?Îgâ
�

^R_a`R_1Ó ÔU·�prqcÕ×Ö�p¹qleonØgHk3j�Ù)kM·>Ú5Û/¸¦Öonim+kÜ·Ppr¸¹sim p¹s�¸¦kMjljlk
8}=?B!GwEJ9AGv\!9 K �©W!=?SHU¨§J9TG*WQS�RTDART\!9AB�U%9TG{�g¦up��upo§�9lU}¦[p �up��C��B!@ K G:= ^ @CB!GwRAU K \¦§JRy\!9AGr9AGHUG§aj�= £U%9 K S�G`\!9]EgO¿§JB ^ 9TS�GH9�\Q9�EPOh9AG�W�RTS%=MB!DT9dGHU�S K DlU K SH9TEJEa9

(φ ◦ f−1)
9AU`\!9AGm;(@CB!DlUG§a@CB!G.\!9d\!RA;(@?S�j�=MUG§a@CB

§JBQ\¦§ ^ §J\ K 9TEaEJ9TG (
φ ◦ h−1

i , i = 1, . . . ,m
) p`8}=?B!G�DT9lU�U%9tW�=?S|UG§a9?L.B!@ K G<=?EaEJ@CBQG_\!R n B¹§JS K Bx9AGHUG§ £j�=MU%9 K S*\!9yEgO�9TGHWXRAS%=?B!DA9yGHU%S K DAU K S�9AEJEa9_9TEJEa9l£"j��Aj�9Mp

��Oh9AGHUG§aj�=eU%9 K S}\!9{EgO¿§JB ^ 9TS�GH9¢\!9{EgO�9TGHWXRAS%=?B!DA9{GHU�S K DlU K SH9TEJEa9{9TG|Uy\!R n B¹§gLcW�@ K S}U�@ K U
y ∈ In �uR?L�W!=?S

φ̂ ◦ f−1
mn(y) =

1

m

m
∑

i=1

Tji,

@C¡
∀i = 1, . . . ,m, Tji = arg min

tj∈{t0,...,tn}
|Fi(tj)− y| .

©i=MSwDA@CB!G|U%S K DAUG§a@CBcL�EJ=<;(@CB!DAU¨§J@CB
φ̂ ◦ f−1

mn

9TG|U K B!9_;(@CB!DAU¨§J@CB�9AB#9AG�Ds=ME�§J9AS*DTSH@�§JGHG%=?B�U%9ML�= ^ 9TDK B©B!@CjVYQS�9
K(m,n)

\Q9�G�= K U�Gr9AB#Ea9TG*W�@�§JB�U%G
(vk)k=1,...,K(m,n)

U%9TEaG I�K 9
f(a) = v0 < v1 < · · · < vK(m,n) < vK(m,n)+1 = f(b).

8:@CBQD?L�W�@ K S
U%@ K U
y ∈ I = [f(a),f(b)] r (vk)k=1,...,K(m,n)

LQB!@ K GvW�@ KQ^ @?B!GrRADTSª§JS�9

φ̂ ◦ f−1
mn(y) =

K(m,n)
∑

k=0

ukll]vk,vk+1[(y),

@C¡�EJ9AG ^ =MEJ9 K S�G
(uk)k=0,...,K(m,n)

G�@CB�UvU%9AEJEa9TG I�K 9
a = u0 < u1 < · · · < uK(m,n)−1 < uK(m,n) = b.

�i§aB!G¨§PLQ\!9_;�=?>A@CB�B�=MU K S�9AEJEJ9MLQB!@ K Gv\!R n B¹§JG�GH@CB!G K B©9TGHU¨§Jj�=MU%9 K S
\!9yEPOh9AG�W�RTS%=MB!DT9yGHU�S K DlU K SH9TEaEJ9
f ◦ φ−1 \!9yEF=<;�=?>A@CB#G K § ^ =?B�U�9?p ©m@ K S*U%@ K U t ∈ [a,b]

L�BQ@ K GvWX@?G�@CB!G

f̂ ◦ φ−1
mn(t) =

K(m,n)−1
∑

k=0

(

vk+1 − vk
uk+1 − uk

(t− uk) + vk

)

ll[uk,uk+1[(t) + vK(m,n)ll{b}(t).
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©m=?S¢DT@CBQGHU%S K DAU¨§J@CBNL�B!@?U%SH9�9TGHU¨§Jj�=MU%9 K S

f̂ ◦ φ−1
mn

9TGHU�DT@?B�U¨§JB K 9AUtGHU�S¨§JDlU%9Aj�9AB�UtDAS�@�§aG�G%=MB�UG K SvEgO¿§JB�U%9AS ^ =?EaEJ9
[a,b]

p�8:9yW!E K GTL�Ea9}U%�!RA@CS�zAj�9_G K § ^ =?B�UwB!@ K Gw=?GHG K SH9�G�={DT@CB!Gª§JG|U�=?B!DA9?p
w5xXy � �(z>{|<@,/.BA ~�2cÊeÇ�Å]ÓJÄ�Å!4[ä�Ò�ÊeÎ'476�Å�Ä�Åy�P¦up�ðC�
ÄlÎ��g¦up�¦C�%Ú�Ó�ÖÛÄ�ÅlÎPÑ�àtÐ?Î«ÄlÇ[Ë*Älà:Ò�Ñ�Ë�Ñ�ôTÇ�Ä

f̂ ◦ φ−1
mnÉ�ÊeÍ�Õ?ÄlËPÙ[Ä�Ò�Ë�Ä�ÅTôTÇ�Ä_Å��[Ë�Älà�ÄlÍ�Î]Õ?ÄlË%Å�Ó�ÖÛÄ�Å«Ò�ÔlËHÐ?ÍNÉ�Ä:ÅlÎ�Ë�Ç�ÉlÎ�ÇuË%ÄlÓ�ÓJÄ

f ◦ φ−1 �
∥

∥

∥
f̂ ◦ φ−1

mn − f ◦ φ−1
∥

∥

∥

∞

ps−−−−−→
m,n→+∞

0.

� y {|�#*X"N&»�(�¹&($)�#*¼,/.BA7�Ã��ÊeÇ�Å¢à�ÊeÍ�ÎPË%ÊeÍQÅ�ÚvÆ�Ð?ÍQÅ{Ç[Í#Ò�Ë%Älà{ÑgÄlËVÎ¤Älà:Ò�Å�ÚwôTÇ�Ä¢ÍNÊeÎ�Ë%Ä�Ä�ÅlÎ�Ñ�àtÐ?×
Î«ÄlÇ[Ë{Älà:Ò�Ñ�Ë�Ñ�ôTÇ�Ä

f̂ ◦ φ−1
mn

É�ÊeÍ�Õ?ÄlËPÙ[Ä
Ò�ÊeÍNÉlÎ�Ç�ÄlÓ�ÓJÄlà�ÄlÍ�Î]Õ?ÄlË%Å
f ◦ φ−1 �

f̂ ◦ φ−1
mn  f ◦ φ−1.

± Ç[ÍNÄVÎ�ËHÐ?ÍQÅ(ØsÊeË�àtÐ?ÎPÑgÊeÍ�Ó Ñ�ÍNÔ�Ð?Ñ�Ë%ÄvÒ�Ë�6�Å�Ú�ÍNÊeÎ�Ë�ÄtÄ�ÅlÎ�Ñ�àtÐ?Î¤ÄlÇ[Ë
φ̂ ◦ f−1

mn

Ò�ÄlÇ[Î:álÎPË%ÄtÉ�ÊeÍQÅlÑ�×Æ[ÔlË%Ô_É�Êeà{à�ÄvÇ[ÍNÄbØsÊeÍNÉlÎ�ÑgÊeÍ©Æ[ÄwË�Ô«ÒQÐ?Ë�Î�Ñ�ÎPÑgÊeÍ�Älà:Ò�Ñ�Ë�Ñ�ôTÇ�ÄTâ7±:Ñ�ÍQÅlÑJÚ�ÄlÍ�Ç[ÎPÑ�Ó ÑJÅTÐ?Í�ÎmÓJÄwÓJÄlà{à�Ä�8>��â�8Æ[ÄE�"ÕeÆMÝ����¨�%Ú]ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅyÓ�ÖÛÔ�ôTÇ[Ñ�ÕeÐ?ÓJÄlÍNÉ�Ä:ÅlÇ[Ñ�ÕeÐ?Í�Î¤Ä:ÅlÇuË�ÓJÄ�ÅVÉ�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä�Å:ÅlÑ�à:Ò�ÓJÄ�Å �
φ̂ ◦ f−1

mn  φ ◦ f−1 ⇔
(

φ̂ ◦ f−1
mn

)−1

 
(

φ ◦ f−1
)−1

,

Ê���ÚNÒ�ÊeÇ[Ë}Î«ÊeÇuÎ«Ä�ØsÊeÍNÉlÎ�ÑgÊeÍ
F : I → [a,b]

Ú]Ó�ÖÛÊ�Ò�ÔlËHÐ?Î¤ÄlÇ[Ë
F−1 Ä�ÅlÎ�ÐlÒ�Ò�ÄlÓJÔ}Ñ�Í�Õ?ÄlË%Å�Ä*Ù[ÔlÍNÔlËHÐ?Ó ÑJÅ�Ô�ÄÆ[Ä

F
Ú*ÄlÎ*Ä�ÅlÎ�Æ[Ô)9]Í�ÑXÒQÐ?Ë

F−1 : [a,b] → I
t 7→ F−1(t) = inf {y ∈ I; F (y) ≥ t} .

:<ÊeÍNÉ�Ú�Ò�ÊeÇ[Ë�Î«ÊeÇuÎ
t ∈ [a,b]

Ú*Ò�Ç[ÑJÅTôTÇ�Ä
φ ◦ f−1 Ä�ÅlÎ<É�ÊeÍ�ÎPÑ�Í�Ç�Ä�ÄlÎ:ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î<ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä�ÚÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ

(

φ̂ ◦ f−1
mn

)−1

(t)
ps−−−−−→

m,n→+∞

(

φ ◦ f−1
)−1

(t) = f ◦ φ−1(t).

:<Ä
Ò�Ó Ç�Å�ÚNÒ�ÊeÇuËyÎ«ÊeÇuÎ
t ∈ [a,b]

Ú�ÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ
(

φ̂ ◦ f−1
mn

)−1

(t) = v0ll{a}(t) +

K(m,n)−1
∑

k=0

vk+1ll]uk,uk+1](t).

��Ó_ÍNÊeÇ�Å�ÅlÇÁµ7Î�àtÐ?Ñ�Í�Î«ÄlÍ�Ð?Í�Î(Ú:Ò�ÊeÇuË~Ð?Õ?ÊeÑ�Ë�ÓoÐºÉ�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä ÅlÑ�à:Ò�ÓJÄxÆ[ÄåÍNÊeÎPË%Ä¨Ä�ÅlÎ�Ñ�àtÐ?Î¤ÄlÇ[Ë
f̂ ◦ φ−1

mn

Ú�Æ[Äyà�ÊeÍ�ÎPË%ÄlË�ôTÇ�Ä�ÚcÒ�ÊeÇuËyÎ«ÊeÇuÎ
t ∈ [a,b]

Ú
∣

∣

∣

∣

f̂ ◦ φ−1
mn(t)−

(

φ̂ ◦ f−1
mn

)−1

(t)

∣

∣

∣

∣

ps−−−−−→
m,n→+∞

0.

¥ Ë%ÚyÅ�ÊeÑ�Î
t ∈]uk(m,n),uk(m,n)+1] ⊂ [a,b]

Ú¢Ð?Õ?Ä�É
k(m,n) ∈ {0, . . . ,K(m,n) − 1} Ú<ÍNÊeÇ�ÅÐ?Õ?ÊeÍQÅ�ÚXÒQÐ?ËVÉ�ÊeÍQÅlÎPË�Ç�ÉlÎPÑgÊeÍQÚ

vk(m,n) ≤ f̂ ◦ φ−1
mn(t) ≤ vk(m,n)+1,



ò ¶[ZQ¶ µd·b³`²|ö#°:³`²l÷*¹�ø}µ2¼]\ µd·Q±]¸]´w°:¹V®�µº·b³m´{»�®w³:»m´wµd¼b¼bµ §��t`
Æ[ÊeÍNÉ�Ú]ÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ

vk(m,n) − vk(m,n)+1 ≤ f̂ ◦ φ−1
mn(t)−

(

φ̂ ◦ f−1
mn

)−1

(t) ≤ 0.

:VÄ
Ò�Ó Ç�Å�ÚdÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅyÇ[ÍNÄ]ØsÊeÍNÉlÎPÑgÊeÍ Ó Ñ�à{Ñ�Î«Ä
f ◦ φ−1 ôTÇ[Ñ�Ä�ÅlÎvÉ�ÊeÍ�Î�Ñ�Í�Ç�Ä�Ú�Æ[ÊeÍNÉ

vk(m,n) − vk(m,n)+1 −−−−−→
m,n→+∞

0.

: ÖÛÊ���ÓoÐ©É�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�Ä:ÅlÑ�à:Ò�ÓJÄTâ
CvÊeÇuË{É�ÊeÍNÉlÓ ÇuË%Ä�ÚdÍNÊeÇ�ÅdØAÐ?ÑJÅ�ÊeÍQÅ<ÐlÒ�Ò�ÄlÓ`Ð?Ç�Î'4�Ô�ÊeË�6là�Ä<Æ[Ä�:_Ñ�Í�Ñ Þ Õ?ÊeÑ�Ëi�(Þ{Ð�ÙP�P¡c� ß ôTÇ[Ñ]ÍNÊeÇ�ÅÆ?Ñ�Î:ôTÇ]Ö Ç[ÍNÄ{ÅlÇuÑ�Î«Ä�Æ[ÄvØsÊeÍNÉlÎ�ÑgÊeÍQÅ�ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤Ä�Å�É�ÊeÍ�Î�Ñ�Í�Ç�Ä�ÅVÅlÇuËtÇ[Í¨Ñ�Í�Î¤ÄlË�ÕeÐ?Ó�ÓJÄ

[a,b]
É�ÊeÍ�Õ?ÄlËgÙ[ÄÅlÑ�à:Ò�ÓJÄlà�ÄlÍ�Î�Õ?ÄlË%Å<ÇuÍNÄ�ØsÊeÍNÉlÎPÑgÊeÍ¨ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤Ä¢É�ÊeÍ�Î�Ñ�Í�Ç�Ä�ÅlÑJÚrÄlÎ�Å�ÄlÇ[ÓJÄlà�ÄlÍ�Î�ÅlÑJÚwÄlÓ�ÓJÄ�É�ÊeÍ�Õ?ÄlËPÙ[ÄÇ[Í�Ñ ØsÊeËlà�Ôlà�ÄlÍ�ÎgâM:�ÖÛÊ��#ÍNÊeÎ�Ë%ÄVÉ�ÊeÍ�Õ?ÄlËPÙ[ÄlÍNÉ�ÄyÇuÍ�Ñ ØsÊeË�à�ÄTâ

�

^R_a`R_)ß à�ÛMgHsim#prqleonÉgikM·âátãtÚ�e�práihM·>kM·È·>sH¸|jlk¼Úi¸¦e�m+kM·r·>si·âgHkägiÛMå�e!¸7Õ×ÖSæ
prqceon

�.9TGb���uW�@?U��!zTGH9TG*�P¦uphðQp[§B§���;�=
§aU%9AG.G K SbEa9�W!S�@[DT9AG�G K Gi\!9]\!Rl;(@CS�j�=MUG§a@CB
H
\�=?B!GbEJ=vGH9TDlUG§J@?B<¦[pa§G�@?B�U<=?GHG�9Âç�S�9AGHU%Sª§JDlUG§ ^ 9TGApi��Bx9lkN9lUsL`DT9AG<���[WX@?U��!zTGH9TGVGH@CB�U

H(a)
ps
= a

9AU
H(b)

ps
= b
p`qr@ K Gjt@CB�U%S�@?B!G�§JDN§ I�K 9�BQ@ K GvWX@ KQ^ @CBQGr=ekc=«§aY!E�§aS�DA9TGw���uW�@?U��!zTGH9TGTL�9TB©S�9Aj�WQEF=?>T=?B�U��g¦uphðQp¿§�§��]W�=?S

§B§ ′ � H−1(·,a) 9lU H−1(·,b) G�@CB�Uy\!9AG ^ =?Sª§F=?YQEJ9TGr=?EaRs=MU�@�§JSH9TG:9lUyEJ9 K S�G}Ea@�§JGrG�@CB�U f G K W!W�@CSHUDA@Cj�W!=?DAUTL�= ^ 9TD�\!9yW!E K G
sup
w∈Ω

H−1(w,a)
ps
< inf

w∈Ω
H−1(w,b).

qr@ K G:B!@MU%9TSH@CB!G<�g¦uphð ′ �wEJ9AGr���[W�@?U%�!zAG�9AG¢�g¦uphð��*\�=?B!GrEJ9AG I�K 9TEaEJ9AGrB!@ K G}= ^ @?B!G}S�9Aj�WQEF=?DAR�EPOh����£W�@?U%�!zAG�9��g¦[p�ðQp¿§�§F�dW�=MSwEPOh���[W�@?U%�!zAG�9��g¦[p�ðQp¿§�§ ′ �lp
qr@ K G�B!@ K G�W!EJ=?>T@?B!GY§JDN§r\!=?B!G�EJ9�Ds=?\!SH9�\ K jt@u\!zAEJ9©U%�!RA@CS¨§ I[K 9Ï�g¦up[u���9lU�B!@ K G�B!@ K GDT@?B�U�9TB�U%@?B!Gv\!9_j�@?B�U�S�9AS
EF=<DA@CB!Gª§JGHU%=?B!DA9_\!9_EgO�9TG|UG§Jj�=MU�9 K S�9TjtW¦§JSª§ I�K 9{�P¦upµ`C��G�@ K GvEJ9TG����[W�@M£U%�QzTG�9AGr�g¦uphð ′ ��pC��B¢9AkX9AUTLCWX@ K S�EF=}BQ@CS�j�=?E�§oU%Rd=?G|�ujtWQU�@?UG§ I[K 9*9AU�W�@ K S�EPOh9��uU�9TB!Gª§J@CB¢= K j�@[\!zTEa9\cO�RTD���=MB�U¨§JEaEJ@CB!B!=?�C9¢�P¦up �?�lL!Ea9TGvDs=?EaD K EaG
G�@?B�UrG¨§aj�§aEF=«§aS�9AGTp
��Oh9AGHUG§aj�=eU%9 K S��g¦upµ`C��9TG|U

φ ◦ f−1
m =

1

m

m
∑

i=1

F−1
i .

ª«DÂ§PLQDA9AUw9TG|UG§Jj�=MU�9 K S
BQ9�W�9 K UvW�=?G*�AU�S�9yDs=MEJD K EJR}G K SvEF=<U%@MU�=?EB§aU%Rw\!9yEgO¿§JB�U�9TS ^ =?EaEJ9 I p��]B�9lkN9lUsL= ^ 9AD�EgO����[WX@?U��!zTGH9_�P¦up�ðup[§B§ ′ �lL EJ9AG.;(@CB!DAU¨§J@CBQG (fi)i=1,...,m

W�9 Ku^ 9TB�U�BQ9�W�=MGm�lU%S�9]U%@ K U%9AG f ^ =MEJ9 K S�G\�=?BQG I pE©m=?S�DT@CB�U�S�9?L*W K §JG I[K 9~DA9TG�U%S�= ZH9TDlU%@�§aS�9TG�GH@CB�U©DTS�@«§JG�G�=?B�U%9AGTLv9TEaEJ9TG�G�@CB�U�U%@ K U%9TG f^ =?EJ9 K S�G*\!=?B!GvEgO¿§JB�U%9AS ^ =?EaEJ9
Im =

[

max
i∈{1,...,m}

fi(a), min
i∈{1,...,m}

fi(b)

]

.
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��B©DT@CBQG¨§J\QRTS%=MB�UwEa9TG*9TG|UG§aj�=MU�9 K SHGv=?G�GH@uDN§JRAGr= K ��Y�@CS�B!9AGv\!9yDT9AU�§aB�U�9TS ^ =MEJEJ9MLQDMOh9AGHUH£ f £«\¹§JS�9

max
i∈{1,...,m}

Fi(a)
9AU

min
i∈{1,...,m}

Fi(b),

W K §JG I[K 9
H−1(a)

9AU
H−1(b)

G�@CB�U f ^ =?Ea9 K SHG}\�=?B!G K BåDA@CjtW�=?DAUTLNB!@ K Gy= ^ @CB!GyEa9TG}DA@CB ^ 9TS¤£�?9TB!DA9TGwW!S�9AG I�K 9�G��!SH9TGw\!9TGv9l�[U�S�zTjt9TGA�
max

i∈{1,...,m}
Fi(a)

ps−−−−→
m→+∞

sup
w∈Ω

f ◦H−1(w,a)

9lU
min

i∈{1,...,m}
Fi(b)

ps−−−−→
m→+∞

inf
w∈Ω

f ◦H−1(w,b).

ç�@?j�jt9}EF=V;(@CBQDAUG§a@CB
f
9TG|U:DA@CB�UG§JB K 9�9lUwGHU%Sª§JDlU%9Tjt9TB�UvDAS�@�§aG�G%=MB�U�9?L�DA9TEF={GH9�U�S%=?\ K §aU*W�=MS

max
i∈{1,...,m}

Fi(a)
ps−−−−→

m→+∞
f

(

sup
w∈Ω

H−1(w,a)

)

9lU
min

i∈{1,...,m}
Fi(b)

ps−−−−→
m→+∞

f

(

inf
w∈Ω

H−1(w,b)

)

.

8r9�WQE K GAL!EgO����uW�@?U��!zTGH9��P¦up�ð ′ ��B!@ K Gr=MG�G K S�9 I[K 9�EPO[§aB�U�9TS ^ =MEJEJ9

Ĩ =

[

f

(

sup
w∈Ω

H−1(w,a)

)

,f

(

inf
w∈Ω

H−1(w,b)

)]

BNOh9AGHUvW�=?G ^ §J\Q9?p!8:=?B!GvEJ9:U��!RT@?S�zTjt9_G K § ^ =?B�UsL!BQ@ K G*jt@CB�U%S�@?B!G*EF=<DA@CB!Gª§JGHU%=?B!DA9�\Q9_EgO�9TGHU¨§Jj�=e£
U�9 K Sv9Aj�W¦§aS¨§ I[K 9¢�g¦upµ`C��\�=MB!G (C (Ĩ) ,‖ · ‖∞) p
w5xXy � �(z>{|<@,/.BA ,�2cÊeÇ�ÅvÓJÄ�Åt4[ä�Ò�ÊeÎ'476�Å�Ä�Å Þ ¡�â£¢ ′ ß ÄlÎ}�P¦up ¦?�%Ú`Ó�ÖÛÄ�ÅlÎ�Ñ�àtÐ?Î¤ÄlÇ[Ë φ ◦ f−1

m

É�ÊeÍ�Õ?ÄlËPÙ[Ä
Ò�Ë%Ä�ÅTôTÇ�Ä}Å��[Ë�Älà�ÄlÍ�ÎdÕ?ÄlË%Å

φ ◦ f−1 Æ�Ð?ÍQÅ (C (Ĩ) ,‖ · ‖∞) �
∥

∥

∥
φ ◦ f−1

m − φ ◦ f−1
∥

∥

∥

∞

ps−−−−→
m→+∞

0.

� y {|�#*X"N&»�(�¹&($)�#*¼,/.BA# É��ÄlÎ�Î«Ä�Æ[Ôlà�ÊeÍQÅlÎ�ËHÐ?ÎPÑgÊeÍñÄ�ÅlÎ}ÓoÐ�à�álà�Ä�ôTÇ�Ä�ÓoÐ~Æ[Ôlà�ÊeÍQÅlÎ�ËHÐ?ÎPÑgÊeÍÜÆ?ÇÎ'4�Ô�ÊeËG6là�Ät¡�â£¢�âP�lÓ?Å�Ö Ð�Ù?Ñ�ÎNÆ`Ö ÇuÍNÄ
ÐlÒ�Ò�Ó ÑgÉ�Ð?Î�ÑgÊeÍ¢Æ?Ñ�Ë%Ä�ÉlÎ¤Ä�Æ?Ç¢É�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë�Ä � â'�>��ÒQÐ�Ù[Ät�����_Æ[Ä��PÂ����P�c�Aâ
��ÊeÎ�Ë�Ä{Ä�ÅlÎ�Ñ�àtÐ?Î«ÄlÇuË

φ ◦ f−1
m =

1

m

m
∑

i=1

F−1
i

=
1

m

m
∑

i=1

Hi ◦ f−1

Ä�ÅlÎ�ÌTÑgÄlÍ�Æ[Ô)9]Í�Ñ�ÄlÎ�ÅlÎ�ËlÑgÉlÎ«Älà�ÄlÍ�Î
ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î�ÅlÇ[Ë�Ó�Ö Ñ�Í�Î¤ÄlË�ÕeÐ?Ó�ÓJÄ Ĩ âX:VÄ
Ò�Ó Ç�Å�Ú
ÄlÍ�Ò�Ê�ÅTÐ?Í�Î
Xi = Hi ◦ f−1 − φ ◦ f−1, i ∈ N∗
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ÄlÎ

Sn =

n
∑

i=1

Xi, n ∈ N∗,

ÓJÄ�Å�ÕeÐ?ËlÑ�Ð�ÌTÓJÄ�Å�Ð?ÓJÔ�Ð?Î«ÊeÑ�Ë%Ä�Å
(Xi)i=1,...,m

Å�ÊeÍ�Î�Ú�ÒQÐ?Ë�Æ[Ô)9]Í�Ñ�ÎPÑgÊeÍQÚ}ÌlÊeË%ÔlÓ ÑgÄlÍ�ÍNÄ�Å � ÕeÐ?ÓJÄlÇ[Ë%Å�Æ�Ð?ÍQÅ
B = C(Ĩ)

Ê�� Ĩ Ä�ÅlÎ*Ç[ÍÜÉ�Êeà:ÒQÐ[ÉlÎvÆ[Ä R
ÚrÄlÎ

B
Ä�ÅlÎvÇ[Í7Ä�Å«ÒQÐ[É�Ä¢Æ[Ä��rÐ?Í�Ð[É�4©Å�Ô«ÒQÐ?ËHÐ�ÌTÓJÄTâ�:VÄÒ�Ó Ç�Å�ÚbÓJÄ:Æ?Ç!Ð?Ó�Æ[Ä

B
Ä�ÅlÎmÓ�ÖÛÄlÍQÅ�ÄlàtÌTÓJÄvÆ[Ä�Åvà�Ä�ÅlÇ[Ë%Ä�Å:ÌlÊeËlÍNÔ�Ä�Å�ÅlÇuË Ĩ â#��ÊeÇ�Å*Å�Êeà{à�Ä�ÅrÆ[ÊeÍNÉrÌTÑgÄlÍÆ�Ð?ÍQÅ�ÓJÄ�É�Ð�Æ?Ë%Ä{Æ?Ç~É�4QÐlÒ�Ñ�ÎPË%Ä � Æ[Ä��PÂ!���P�l�tÄlÎ*ÍNÊeÇ�ÅwÒ�ÊeÇ[Õ?ÊeÍQÅ{ÐlÒ�Ò�Ó Ñ�ôTÇ�ÄlË<ÓJÄtÉ�ÊeË%ÊeÓ�ÓoÐ?Ñ�Ë%Ä � â'�>�?â

: ÖÛÊ���ÓJÄ�Ë%Ô�ÅlÇuÓ ÎgÐ?Îgâ
�

�b= n � K SH9~¦up�ðÆ§aEJE K GHU�S�9 EPOh9AGHUG§aj�=eUG§J@?B2\!9�EJ=Ãj�@��C9AB!B!9�GHU�S K DlU K SH9TEaEJ9�@CYQU�9TB K 9�W�@ K S�\!9 K �DT@ K S�Y�9TGAp]ç�9TG¢\!9 K �¨DA@ K S�Y�9TG¢SH9TW!SHRTG�9AB�U%9TB�U�EJ9AG ^ =?EJ9 K S�GVWQS¨§JGH9TG{G K S{EgO¿§JB�U%9AS ^ =?EaEJ9
[0,1]

W�=?S\!9 K �x;(@?B!DAU¨§J@CB!G�\!9�S�RTW!=?SHU¨§aUG§a@CBå��= K GHG¨§J9AB!B!9MLm\cO�9TGHWXRAS%=?BQDT9TG{\¹§akXRTS�9AB�U%9TG��
µ1 6= µ2

��9AU�\!9jt�Tjt9 ^ =MS¨§F=MB!DT9Mp���O[§aB ^ 9TSHG�9�\Q9dEJ=*j�@��C9AB!B!9dGHU�S K DlU K SH9TEJEa9r��9TB�W�@�§JB�UG§aEJEaRTG���9TG|US§aDÂ§CDT=?EJD K EJRA9�G K SEgO¿§JB�U�9TS ^ =?EaEJ9 I2

SH9TW!SHRTGH9TB�U%R�W�=?S_EJ9AG_\!9 K �å\!S�@�§oU%9AG_�!@CS¨§BçT@CB�U%=?EJ9AG_9TB�UG§JSHRTGApbç�9AUHU%9tj�@��C9AB!B!9GHU�S K DlU K SH9TEaEJ9©DT@CSHS�9TGHWX@?B!\ f EJ=�;(@CBQDAUG§a@CB2\Q9�S�RAW�=?S|UG§aU¨§J@CBÏ\cO K B!9���= K GHG¨§J9AB!B!9#\cOh9AG�W�RTS�=?B!DT9
µ1+µ2

2

p

t

0.0 0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

½�¾�¿*Àb¦uphðtÁ�ÂbÄ�Å�É�ÊeÇ[ËTÌlÄ�Å�ÄlÍxÎ�ËHÐ?Ñ�Î�Ò�ÓJÄlÑ�ÍÏÉ�ÊeË�Ë�Ä�Å«Ò�ÊeÍ�Æ[ÄlÍ�Î � Æ[ÄlÇMÈ�ØsÊeÍNÉlÎ�ÑgÊeÍQÅ¢Æ[ÄVË�Ô«ÒQÐ?Ë�Î�Ñ�ÎPÑgÊeÍÙ�Ð?Ç�Å�ÅlÑgÄlÍ�ÍNÄ�ÚrÐ?Õ?Ä�É�Æ[ÄlÇ?ÈxÄ�Å«Ò�ÔlËHÐ?ÍNÉ�Ä�Å�Æ?Ñ Ý}ÔlË%ÄlÍ�Î¤Ä�Å Þ
µ1 6= µ2 ß ÄlÎ:Ç[ÍNÄ�à�álà�ÄtÕeÐ?Ë�Ñ�Ð?ÍNÉ�ÄTâdÂ.ÐÉ�ÊeÇ[ËTÌlÄxÄlÍÜÒ�ÊeÑ�Í�ÎPÑ�Ó�ÓJÔ�ÅxÉ�ÊeËlË%Ä�Å«Ò�ÊeÍ�Æ � ÓoÐÜà�Êeä�ÄlÍ�ÍNÄ�ÅlÎPË�Ç�ÉlÎPÇ[Ë%ÄlÓ�ÓJÄTâY��ÄlÎPÎ«Äåà�Êeä�ÄlÍ�ÍNÄxÄ�ÅlÎtÓoÐØsÊeÍNÉlÎ�ÑgÊeÍ�Æ[ÄyË%Ô«ÒQÐ?Ë�ÎPÑ�Î�ÑgÊeÍ©Ù�Ð?Ç�Å�ÅlÑgÄlÍ�ÍNÄyÆ`ÖÛÄ�Å«Ò�ÔlËHÐ?ÍNÉ�Ä µ1+µ2

2

â

� ^ 9TD K B�S�=«§JGH@CB!B!9Aj�9AB�U�§J\!9AB�UG§ I�K 9ML+§aEm9AGHU_W�@CGHG¨§JYQEJ9<\NOhRlU%9TBQ\!S�9{Ea9TG}SHRTG K EaU�=eU%G:SH9TEJ=MUG§o;(G fEgO�9TG|UG§aj�=MU¨§J@CB�\Q9TGr;(@?B!DAU¨§J@CB!Gw\!9�\!RA;(@CSHj�=eUG§J@?B
φ ◦ h−1

i0

= ^ 9TD
i0 ∈ {1, . . . ,m}

n �uR?pNª«EbG K ï¢U



§?§�� ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
\!=?B!G�DA9
Ds=?Gi\!9
S�9AGHU�S�9Â§aB!\!SH9
EJ9AGi9TG|UG§aj�=MU�9 K SHG f \Q9TG ^ =?EJ9 K S�Gm\!9 t =?W!W!=?SHU�9TB�=?B�U f EgO¿§JB�U%9AS ^ =?EJEa9

[

f−1
i0

(

max
i∈{1,...,m}

fi(a)

)

,f−1
i0

(

min
i∈{1,...,m}

fi(b)

)]

.

ç�@?j�jt9�W!SHRTDART\!9Aj�jt9TB�UsLi9TB¨DT@?B!G¨§a\!RTS�=?B�U¢EJ9TG<9TGHU¨§Jj�=MU%9 K S�G<=?G�GH@uDN§JRAG¢= K �xYX@CSHB!9TG{\Q9�DT9lU
§aB�U%9TS ^ =?EJEa9?L[DT@CB!\¹§aUG§a@CB!B!9AEJEa9Tjt9TB�U f Fi0 = fi0 ∈ A

L�B!@ K Gw= ^ @CBQG

f−1
i0

(

max
i∈{1,...,m}

Fi(a)

)

ps−−−−→
m→+∞

f−1
i0

(

sup
w∈Ω

f ◦H−1(w,a)

)

9lU
f−1
i0

(

min
i∈{1,...,m}

Fi(b)

)

ps−−−−→
m→+∞

f−1
i0

(

inf
w∈Ω

f ◦H−1(w,b)

)

.

8r9�W!E K GTL`W K §aG I�K 9
fi0
9TG|UVGHU�S¨§aDAU%9Aj�9AB�U<DAS�@�§aG�G%=MB�U�9?L`9AU�9TBÃRADTSª§ ^ =?B�U

fi0 = f ◦ h−1
i0

Lb\!@CBQD
f−1
i0

= hi0 ◦ f−1 L�BQ@ K Gv@CYQU�9TB!@CBQG

f−1
i0

(

max
i∈{1,...,m}

Fi(a)

)

ps−−−−→
m→+∞

hi0

(

sup
w∈Ω

H−1(w,a)

)

9lU
f−1
i0

(

min
i∈{1,...,m}

fi(b)

)

ps−−−−→
m→+∞

hi0

(

inf
w∈Ω

H−1(w,b)

)

.

û¢üªè é��5Kê��ë �Â� �����UTW�����5�
f

�ÆO"ÿEK/�ìQ®��KìTW���5�NK�K��5�Ê�bÿ
8}=MB!G]DT9AUHU%9*GH9TDAU¨§J@CBNLCB!@ K G]�CRAB!RTS�=?E�§aG�@CBQG�B!@?U�S�9*jt@u\!zAEJ9 f K B!9
;(@CB!DlUG§J@?B f I�K §�BcO�9TGHUdW�=MGG|U%Sª§JDAU�9Tjt9TB�UbDTSH@�§JGHG%=?B�U�9?p ��B�9lkN9lUsL�Ea@CS�G I[K 9dEJ=�;(@CB!DlUG§J@?B

f
BNOh9AGHU`W�=?GbGHU�S¨§aDAU%9Aj�9AB�UbDTS�@«§JG�G�=?B�U%9MLEa9TGw9TG|UG§Jj�=MU�9 K SHGw\QR n B¦§aG:\�=MB!G:EJ=¢GH9TDlUG§J@?B�¦up��¢B!9�G�@CB�U:W!E K Gr=?W!WQE�§JDT=?Y!Ea9TGTp!�]O¿§J\QRT9 I[K 9<B!@ K G\QR ^ 9AEJ@CWQWX@CBQGwj�=«§aB�U�9TB�=MB�U
9TGHUw\!@?B!Dy\!9}U%S�=?B!GH;(@?S�jt9TS K B!9_;(@CBQDAUG§a@CB

f
I�K 9TEaDT@CB I[K 9�9AB K B!9;(@?B!DAU¨§J@CB

g
GHU%Sª§JDlU%9Tjt9TB�U*DAS�@�§aG�G�=?B�U%9?p[� n B�\!9}\!R n B¦§JS K B!9:U�9TEaEJ9v;(@CB!DlUG§J@?B

g
L�B!@ K G
G K W!W�@CG�9�£SH@CB!Gw\!@CSHRTB�= ^ =?B�U I�K 9

f
9AGHUrU%9TEaEJ9 I�K O¿§JEb9��¹§aGHU�9�\!9AG:SHRT9TEaG

(sk)k=1,...,r ∈]a,b[r
= ^ 9AD

r ∈ N∗ LU�9TEaG I[K 9
a = s0 < s1 < · · · < sr < sr+1 = b9lUsL!W�@ K S*U�@ K U

k ∈ {0, . . . ,r − 1} L
∀(t1,t2) ∈]sk,sk+1[, ∀(t3,t4) ∈]sk+1,sk+2[,

t1 < t2
9lU
t3 < t4 ⇒ (f(t1)− f(t2)) (f(t3)− f(t4)) < 0.

�g¦upo§~`C�
qw@?U%@?B!GTL

F = {f : [a,b] → I ⊂ R
U%9AEJEa9 I�K 9��P¦upo§~`C� }EPOh9AB!G�9AjVY!Ea9~\!9AG ;(@CB!DlUG§J@?B!G#G|U%Sª§JDAU�9Tjt9TB�U jt@CB!@MU%@CB!9AG�G K S K B BQ@CjVY!SH9 n B¦§�\cO¿§JB�U%9AS ^ =?EJEa9TGDA@CB�UG§a� K GTL�\!@CB�U�EJ9 GH9TB!G�\!9 ^ =?Sª§F=MU¨§J@CBÜ9TGHU#=?EoU%9AS�B!RMp�ª«E}9AGHU©\!@CB!D�B!=MU K SH9TE}\Q9åDA@CB!G|U%S K §JS�9K B!9�;(@CBQDAUG§a@CB©DTS�@«§JG�G�=?B�U%9�9TB K U¨§JEB§JG%=MB�UvEJ=tG|U%Sª§JDAU�9�jt@CB!@MU%@CB¦§a9y\!9

f
G K SwD���=?D K B�\!9�DT9TGH§JBu£U�9TS ^ =MEJEJ9AGTp



ò ¶îí[¶ ®i°_·~÷ÄïÃ¼.° úd÷*¹V®w³`²l÷*¹
F
¹U\ µd·b³7±X°}·~®�´}÷*²|·Q·u°}¹{³mµ §C§C§

^R_�ÓE_cb ðñÛ/ò]niqaprqleonØgikÎnie�p>¸¦kÎp>¸¹ÖÐnH·rå�e!¸¦Õ×Ö!prqleon
� n B©\!9yG¨§aj�WQE�§ n 9TS�Ea9TGvB!@?U%=MUG§a@CB!GALQB!@ K Gw\QR n B¦§aG�GH@CB!GwEF=V;(@CB!DlUG§J@?B�G K § ^ =MB�U�9?p

� yPº *X$)&»$1�#*¼,/.BA+¯ó2cÊeÑ�Î
f ∈ F Ú�Å�ÊeÑgÄlÍ�Î (sk)k=1,...,r

Æ[Ô)9]Í�ÑJÅ
ÒQÐ?Ë#�P¦upa§z`C��Ú]ÍNÊeÇ�Å<Æ[Ô)9]Í�ÑJÅ�Å�ÊeÍQÅÓoÐwØsÊeÍNÉlÎ�ÑgÊeÍ
Π
ÒQÐ?Ë

Π : ]a,b[r{s1, . . . ,sr} × F → {−1,1}
sl(t) < t < sl(t)+1 7→ Π(t,f) =

{

−1
ÅlÑ

sl(t) − sl(t)+1 > 0,
1
ÅlÑ

sl(t) − sl(t)+1 < 0,

Ð?Õ?Ä�É
l(t) ∈ {0, . . . ,r} âX��ÊeÇ�Å�ÍNÊeÎ¤ÄlË%ÊeÍQÅ�Ú � f 9`ÈuÔ�Ú

π = Π(·,f)
â

�i§aB!G¨§PL EF=r;(@CBQDAUG§a@CB
π
B!@ K G�§JBQ\¦§ I�K 9MLMW�@ K SiU�@ K U

t ∈]a,b[r{s1, . . . ,sr}
LMEJ9�G�9TBQG�\!9 ^ =?S¨§J=MUG§a@CB\!9}EJ=�;(@CBQDAUG§a@CB

f
G K S
EPO[§aB�U�9TS ^ =MEJEa9 ]

sl(t),sl(t)+1

[ pQqr@ K G K UG§aE�§JGH@CB!GdDT9lU�U%9};(@?B!DAU¨§J@CB
Π
\�=?B!G�EF=\!R n B¦§aU¨§J@CB�\Q9�BQ@?U%SH9yU�S%=?BQGH;(@CSHj�=MU¨§J@CBNp

� yPº *X$)&»$1�#*¼,/.BA ²�2cÊeÑ�Î
f ∈ F âiÂcÐ©Î�ËHÐ?ÍQÅ(ØsÊeËlàtÐ?Î�ÑgÊeÍ G(·,f)

Æ[Ä
f
Ä�ÅlÎwÆ[Ô)9]Í�ÑgÄ�ÚbÒ�ÊeÇuËVÎ«ÊeÇ[Î

t ∈]a,b[r{s0, . . . ,sr+1}
ÚcÒQÐ?Ë

G(t,f) = f(t)π(t)−
r
∑

k=0

π(t)f(sk)ll]sk,sk+1[(t) + f(s0) +
r
∑

k=1

|f(sk−1)− f(sk)|ll]sk,b[(t),

ÄlÎ�Ú.Ò�ÊeÇuË_Î«ÊeÇuÎ
k ∈ {0, . . . ,r + 1} Ú G(·,f)

Ä�ÅlÎ
Æ[Ô)9]Í�ÑgÄ
ÒQÐ?Ë

G(sk,f) = f(a) +
k
∑

l=1

|f(sl−1)− f(sl)| ,

Ð?Õ?Ä�É ∑0
l=1 |f(sl−1)− f(sl)| = 0

âX��ÊeÇ�Å�ÍNÊeÎ«ÄlË�ÊeÍQÅ�Ú �
f
9`ÈuÔ�Ä�Ú

g = G(·,f)
â

^R_�ÓE_¶` ô}¸¦e!Úi¸¹qlÛFp¹ÛM·
����� �!�#"%$'&($)�+*-,/.BA#³�2cÊeÑ�Î

f ∈ F â/±:ÓJÊeË%Å�ÚdÓoÐwØsÊeÍNÉlÎ�ÑgÊeÍ G(·,f)
Ä�ÅlÎ�ÅlËlÑgÉlÎ«Älà�ÄlÍ�Î
ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤ÄTâ

����<>=M?#<@,/.B~ ´Ã2cÊeÑ�Î
f ∈ F âX2cÊeÑ�Î k ∈ {0,1, . . . ,r} Ú�Å�ÊeÑ�Î t ∈]sk,sk+1[

Ú

g(t) = f(t)π(t)− π(t)f(sk) + f(s0) +
k
∑

l=1

|f(sl−1)− f(sl)|,

ÄlÍ�Ò�Ê�ÅTÐ?Í�Î ∑0
l=1 |f(sl−1)− f(sl)| = 0

âF±:Ñ�ÍQÅlÑJÚ

g(t)− f(s0)−
k
∑

l=1

|f(sl−1)− f(sl)| = π(t)(f(t)− f(sk)),

ÊeË%Ú*ÓoÐ}ØsÊeÍNÉlÎPÑgÊeÍ
f
Ä�ÅlÎ�ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�Î*à�ÊeÍNÊeÎ¤ÊeÍNÄ�ÅlÇ[Ë{Ó�Ö Ñ�Í�Î¤ÄlË�ÕeÐ?Ó�ÓJÄ

]sk,sk+1[
ÚwÆ[ÊeÍNÉ�ÚdÅlÑ

f
Ä�ÅlÎÅlÎ�ËlÑgÉlÎ«Älà�ÄlÍ�Î
ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤Ä Þ Ë%Ä�Å«ÒNâbÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î�Æ[Ô�ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤Ä ß Ú]Ð?ÓJÊeË%Å

f(·)− f(sk)



§?§ � ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ
Ä�ÅlÎ:ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�ÎVÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä Þ Ë%Ä�Å«ÒNâ*ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î�Æ[Ô�ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä ß ÚyÆ[ÄVÒ�Ó Ç�Å�Ú�Ò�ÊeÇ[Ë�Î«ÊeÇuÎ t ∈
]sk,sk+1[

Ú
π(t) = 1

Þ Ë%Ä�Å«ÒNâ −1 ß ,Æ`ÖÛÊ��
π(·)(f(·)− f(sk))Ä�ÅlÎ�ÅlÎ�ËlÑgÉlÎ«Älà�ÄlÍ�ÎwÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä�Ú�Æ`ÖÛÊ���Ú
g
Ä�ÅlÎ]ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�ÎvÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä_ÅlÇuË

]sk,sk+1[
â�:VÄ*Ò�Ó Ç�Å�ÚÅlÑ

f
Ä�ÅlÎ]ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î
ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä}ÅlÇ[Ë�Ó�Ö Ñ�Í�Î«ÄlË�ÕeÐ?Ó�ÓJÄ

]sk,sk+1[
Ú

g(t) = f(t)− f(sk) + f(s0) +
k
∑

l=1

|f(sl−1)− f(sl)|,

ÊeË%Ú�Æ`Ö ÐlÒ�ËG6�ÅyÓoÐ�Æ[Ô)9]Í�Ñ�Î�ÑgÊeÍQÚ

g(sk) = f(s0) +

k
∑

l=1

|f(sl−1)− f(sl)|

ÄlÎ
g(sk+1) = f(s0) +

k+1
∑

l=1

|f(sl−1)− f(sl)|,
Æ`ÖÛÊ���ÚcÒ�ÊeÇ[ËyÎ¤ÊeÇ[Î

t ∈]sk,sk+1[
Ú
g(sk)− g(t) = f(sk)− f(t) < 0ÄlÎ

g(t)− g(sk+1) = f(t)− f(sk+1) < 0,Æ[ÊeÍNÉ
g(sk) < g(t) < g(sk+1).:<ÊeÍNÉ�Ú

g
Ä�ÅlÎrÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î�ÉlË�ÊeÑJÅ�ÅTÐ?Í�Î«Ä{ÅlÇ[Ë�Ó�Ö Ñ�Í�Î«ÄlËlÕeÐ?ÓFÓJÄrØsÄlË�à�Ô

[sk,sk+1]
âW:�Ð?ÍQÅ�ÓJÄ#É�ÐeÅ�Ê��

f
Ä�ÅlÎwÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�Î_Æ[Ô�ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«ÄtÅlÇ[Ë�Ó�Ö Ñ�Í�Î«ÄlÕeÐ?Ó�ÓJÄ

]sk,sk+1[
Ú:ÓJÄ�Å©É�Ð?ÓJÉlÇ[Ó�ÅtÅ�ÊeÍ�ÎvÅlÑ�à{Ñ�ÓoÐ?Ñ�Ë%Ä�ÅTâ

:<ÊeÍNÉ�Ú�Ò�ÊeÇuËrÎ¤ÊeÇ[Î
k = 0, . . . ,r

ÚiÓoÐ
ØsÊeÍNÉlÎ�ÑgÊeÍ
g
Ä�ÅlÎmÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î�ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«ÄvÅlÇuËrÓ�Ö Ñ�Í�Î¤ÄlË�ÕeÐ?Ó�ÓJÄ

[sk,sk+1]
âX:VÊeÍNÉ�Ú

g
Ä�ÅlÎ�ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�Î
ÉlË�ÊeÑJÅ�ÅTÐ?Í�Î«Ä}ÅlÇ[Ë

[a,b]
â

�qw@?U%SH9�@?WXRAS%=MU�9 K S G U%S�=?B!G|;(@CS�jt9]\!@CB!D K B!9];(@CB!DAU¨§J@CB f ∈ F 9TB K B!9�;(@?B!DAU¨§J@CB g G|U%S¨§aDAU�9Tjt9TB�UDAS�@�§aG�G�=?B�U%9?pX�b= n � K S�9V¦up�í�B!@ K G:jt@CB�U%S�9�EgO�9l�u9Aj�W!Ea9y\!9<EJ=¢U�S%=?B!G|;(@CS�j�=MU¨§J@CB G =?WQW!E�§ I[K RT9 fEJ=<;(@CB!DlUG§J@?B
f : [0,1] → I ⊂ R

L�\!R n B¦§J9_W�=MS
t 7→ f(t) = 1397t6 − 3877t5 + 4004t4 − 1899t3 + 409t2 − 33t+ 3.

�P¦upa§ ­ �
�b=v;(@CB!DAU¨§J@CB

f
=?W!W!=?SHU¨§J9TB�UiY¦§J9AB f F pM�]EaEJ9dWX@?G�G�zA\!9 r = 5

@CWQU¨§Jj�=wEa@uDT= K ��\�=MB!G�EgO¿§JB�U�9TS ^ =?EaEJ9
]0,1[

L]9TBñEa9TG ^ =?Ea9 K SHG
s1 ≈ 0.06438

L
s2 ≈ 0.22752

L
s3 ≈ 0.44066

L
s4 ≈ 0.67062

9AU
s5 ≈ 0.90951

p`�i§JBQG¨§gLbEJ= n � K SH9�¦up�í B!@ K GVj�@?B�U�S�9�DT@Cjtj�9AB�U{=?��§oU<EJ=©U�S%=?B!G|;(@CS�j�=MU¨§J@CB GG K S�EJ=�;(@CBQDAUG§a@CB
f
pr©`@ K S�U�@ K U

k = 0, . . . ,r
LuEJ=y;(@CBQDAUG§a@CB

f
9TG|U
GHU�S¨§aDAU%9Aj�9AB�U
jt@CB!@?U�@CB!9wG K SEPO[§aB�U%9TS ^ =?EJEa9

[sk,sk+1]
9AUvEJ={;(@?B!DAU¨§J@CB

g
=?G�GH@uDN§JRT9 f DT9lU�§JB�U%9AS ^ =?EJEa9}BcO�9TG|U:= K U%SH9 I[K 9

{ K B!9_U%S�=?B!G�EJ=MUG§a@CB�W�@CG¨§oUG§ ^ 9_\!9
f
G¨§
f
9TG|U:DAS�@�§aG�G�=?B�U%9

,K B!9_U%S�=?B!G�EJ=MUG§a@CB�W�@CG¨§oUG§ ^ 9_\!9 −f Gª§ f 9TGHUw\!RADTSH@�§JGHG%=?B�U%9 .
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t

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

12

½�¾�¿*À�¦up�íVÁ#ÂbÄ�ÅVÉ�ÊeÇ[ËTÌlÄ�Å{É�ÊeË�Ë%Ä�Å«Ò�ÊeÍ�Æ[ÄlÍ�Î�ÚdÆ`Ö Ç[ÍNÄ*ÒQÐ?ËlÎ � ÓoÐwØsÊeÍNÉlÎ�ÑgÊeÍ
f
Æ[Ô)9]Í�ÑgÄ�ÒQÐ?Ë��P¦upo§ ­ ��ÚÄlÎ�Æ`Ö Ð?Ç[ÎPË%ÄVÒQÐ?Ë�Î�Ú � ÓoÐåÎPËHÐ?ÍQÅ(ØsÊeË�àtÐ?ÎPÑgÊeÍ2ÐeÅ�Å�Ê�ÉlÑgÔ�Ä

g
ôTÇ[Ñ�Ä�ÅlÎ}ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�Î<ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤ÄTâ�ÂbÄ�ÅÓ ÑoÙ?ÍNÄ�ÅVÄlÍ Î�Ñ�Ë%Ô�Å�Õ?ÄlË�ÎPÑgÉ�Ð?ÓJÄ�ÅVÉ�ÊeË�Ë%Ä�Å«Ò�ÊeÍ�Æ[ÄlÍ�Î�Ð?Ç?È�ÕeÐ?ÓJÄlÇuË%Å

(sk)k=1,...,r=5

â

¥rB!9�= K U�S�9]W!SH@CW!S¨§aRAU�R!§JB�U%RAS�9TGHG%=?B�U�9�\!9]EgO�@CW�RTS�=MU%9 K S G 9AGHU I[K 9�DA9AU�U�9dU�S%=?BQGH;(@CSHj�=MU¨§J@CBy=MWu£W!EB§ I�K RT9�G K S.EJ9AG.;(@CB!DAU¨§J@CBQG
(fi)i=1,...,m

B!@ K GbS�9TWQEF=?DA9d\!=?B!G.EJ9�DT=?\!SH9d\ K jt@[\!zTEa9v�g¦up��C�N9lUm\Q@CB!D\�=?BQGmEa9dDT=?\!SH9�\!9AGi���[WX@MU%�!zAG�9TGi\!9TG`U%�!RA@CS�zAj�9AG�¦upo§ �*9AU�¦upo§sír9lUi\Q9TGiDA@CS�@?EJEF=
§JS�9AGb¦upo§��r9lU�¦[p �u§?p�b={W!S�@CW�@CGª§aUG§a@CB�G K § ^ =?B�U%9yW!SHRTDN§JG�9�DT9lU�U�9�WQS�@CW!Sª§JRlU%R?p
����� �!�#"%$'&($)�+*-,/.B~�032cÊeÑgÄlÍ�Î�ÓoÐmØsÊeÍNÉlÎ�ÑgÊeÍ

f ∈ F ÄlÎXÓJÄ�Å!ØsÊeÍNÉlÎPÑgÊeÍQÅ�Æ[Ä�Æ[Ô(ØsÊeË�àtÐ?Î�ÑgÊeÍ (hi)i=1,...,mÆ[Ô)9]Í�ÑgÄ�ÅVÒQÐ?Ë2�g¦uphð��lâE±:ÓJÊeË�Å�Ú�ÓJÄ�Å©Î�ËHÐ?ÍQÅ(ØsÊeË�à�Ô�Ä�Å{ÒQÐ?Ë G Æ[Ä�ÅyØsÊeÍNÉlÎ�ÑgÊeÍQÅ (fi)i=1,...,m

Ú�ÍNÊeÎ¤Ô�Ä�Å
(gi)i=1,...,m

Ú�Å�ÊeÍ�ÎdÎ¤ÄlÓ�ÓJÄ�Å�ôTÇ�Ä
gi = g ◦ h−1

i .

����<>=M?#<@,/.B~#A�2cÊeÑ�Î
i ∈ {1, . . . ,m} 9`ÈuÔTâ#�lÓ�Å�Ö Ð�Ù?Ñ�Î(Ú�Æ�Ð?ÍQÅ:ÇuÍ¢Ò�Ë�Älà{ÑgÄlËrÎ¤Älà:Ò�Å�Ú�Æ[Ä:à�ÊeÍ�ÎPË%ÄlËôTÇ�ÄvÓoÐ]ØsÊeÍNÉlÎ�ÑgÊeÍ

fi ∈ F
â7;�Í�Ä(Ý}ÄlÎ(Ú

f ∈ F ÚbÆ[ÊeÍNÉ*Ñ�ÓXÄHÈCÑJÅlÎ«ÄwÆ[Ä�ÅvÕeÐ?ÓJÄlÇ[Ë%Å (sk)k=1,...,r

Æ[Ô)9]Í�ÑgÄ�ÅÒQÐ?Ë#�g¦upo§~`C�lâXCvÊ�Å�ÊeÍQÅ�Ú
∀k ∈ {1, . . . ,r}, sik = hi(sk).

±:Ñ�ÍQÅlÑJÚ�Å�ÊeÑ�Î
k ∈ {0, . . . ,r − 1} Ú�Å�ÊeÑgÄlÍ�Î
(t1,t2) ∈

]

sik,s
i
k+1

[

, (t3,t4) ∈
]

sik+1,s
i
k+2

[ /

t1 < t2
ÄlÎ
t3 < t4,
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Ð?ÓJÊeË%Å�Ú
(fi(t1)− fi(t2)) (fi(t3)− fi(t4)) =

(

f ◦ h−1
i (t1)− f ◦ h−1

i (t2)
) (

f ◦ h−1
i (t3)− f ◦ h−1

i (t4)
)

,

ÊeË%Ú]ÓoÐrØsÊeÍNÉlÎ�ÑgÊeÍ�Æ[Ä�Æ[Ô(ØsÊeË�àtÐ?Î�ÑgÊeÍ
h−1
i

Ä�ÅlÎ�ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�ÎvÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä�Ú�Æ[ÊeÍNÉ
sk < h−1

i (t1) < h−1
i (t2) < sk+1ÄlÎ

sk+1 < h−1
i (t3) < h−1

i (t3) < sk+2,Æ`ÖÛÊ���ÚcÒ�Ç[ÑJÅTôTÇ�Ä
f ∈ F Ú]ÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ

(fi(t1)− fi(t2)) (fi(t3)− fi(t4)) < 0.

:<ÊeÍNÉ
fi ∈ F â!±:Ñ�ÍQÅlÑJÚ*ÍNÊeÇ�Å_Ò�ÊeÇ[Õ?ÊeÍQÅ�É�Ð?ÓJÉlÇ[ÓJÄlË{ÓoÐ�ÎPËHÐ?ÍQÅ(ØsÊeË�à�Ô�Ä gi Æ[Ä fi âÐCvÊeÇuË¢Î«ÊeÇuÎ t ∈

]a,b[r{si1, . . . ,sir}
ÚdÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ

gi(t) = fi(t)Π(t,fi)−
r
∑

k=0

Π(t,fi)fi(s
i
k)ll]si

k
,si

k+1
[(t)+fi(s0)+

r
∑

k=1

∣

∣fi(s
i
k−1)− fi(s

i
k)
∣

∣ ll]si
k
,b[(t),

ÊeË
fi(t) = f ◦ h−1

i (t),

Π(t,fi) = Π(t,f ◦ h−1
i ) = Π(h−1

i (t),f),

ll]si
k
,si

k+1
[(t) = ll]hi(sk),hi(sk+1)[(t) = ll]sk,sk+1[

(

h−1
i (t)

)

.

:<Ä
Ò�Ó Ç�Å�ÚNÒ�ÊeÇuËyÓJÄ�Å�ÕeÐ?ÓJÄlÇ[Ë�Å {
si0, . . . ,s

i
r+1

} Ú]ÓJÄ{É�Ð?ÓJÉlÇ[ÓmÄ�ÅlÎ�Æ?Ñ�Ë�Ä�ÉlÎgâX: ÖÛÊ��
gi = g ◦ h−1

i .

�

^R_1ÓE_�Ó õ�ÚHÚ]jlqlmFÖ�prqleÐnØö÷nie�p>¸¦k°Õ×e�gHhMjck
�H§JB!Gª§gL�\cOh=?W!S�zAG
EJ9AG�W!SH@CW!Sª§JRAU�RTG�\ K W�=?S�=?�CS%=MW!�!9wW!S�RADTRT\Q9TB�UsL�EJ=yU�S%=?B!G|;(@CS�j�=MU¨§J@CB G 9AkX9TD�£U K RT9vG K S�D��!=?D K BQ9:\!9AGd;(@CBQDAUG§a@CB!G

(fi)i=1,...,m

BQ@ K GdWX9AS�jt9AU]\!9wS�9Aj�W!EJ=?DT9AS�EJ9vjt@u\!zAEJ9y�P¦up��C�lL
f G�= ^ @�§JS

Yij = f ◦H−1
i (tj), i = 1, . . . ,m, j = 0, · · · ,n,W!=?S*EJ9_jt@u\QzTEJ9

Zij = g ◦H−1
i (tj), i = 1, . . . ,m, j = 0, · · · ,n. �P¦upa§s���

�.9�W!S�@CYQEJzTjt9yj�=�ZH9 K SAL�W�@ K SwEgO K U¨§JE�§aG%=MU¨§J@CB�W!S%=eUG§ I�K 9�\!9�EF=VU%S�=?B!GH;(@?S�j�=MUG§a@CB G L�9AGHU I[K 9BQ@ K G:DA@CB!B�=
§JG�GH@CB!G}D��!= I�K 9<;(@CB!DlUG§a@CB
fi, i = 1, . . . ,m,

G K SrEF=t�CS¨§aEJEJ9
(tj)j=0,...,n

L�j�=
§JG I[K 9
BQ@ K G¢B!9�DT@CBQB�=«§JGHG�@CBQGtW!=?G¢EJ9TG ^ =?Ea9 K SHG

r ∈ N
L
(sk)k=1,...,r

9lU
(sik)i=1,...,m, k=1,...,r

p!©m@ K SSHRTGH@ K \!SH9�DA9�W!SH@CY!EazTjt9?L.D?O�9TG|UH£ f £«\¦§aS�9¢W�@ K SyWX@ KQ^ @�§aSyG�9tW!EF=?DA9TSy\�=?BQG�Ea9tjt@[\!zTEa9©�g¦upo§�����L�§JE9AGHUvB!RADT9AG�G%=
§JS�9�\!9_W�@ KQ^ @�§JS*=MW!W!S�@[D��!9ASr= K jÄ§J9 K ��EJ9TG ^ =?Ea9 K SHG
(Zij)i=1,...,m, j=0,...,n

L!9AUvDA9TDÂ§
G�=?B!GV;�=«§aS�9�=?W!W�9TE*= K �¨W�=?S�=?jtzAU%SH9TGÊ§aB!DT@CBQB K G

r ∈ N
L
(sk)k=1,...,r

9AU
(sik)i=1,...,m, k=1,...,r

p



ò ¶îí[¶ ®i°_·~÷ÄïÃ¼.° úd÷*¹V®w³`²l÷*¹
F
¹U\ µd·b³7±X°}·~®�´}÷*²|·Q·u°}¹{³mµ §C§ ¦

8<Oh=?W!SHzTGdEF=_GHU�S K DlU K SH9:\!9wEF=}U%S�=?B!G|;(@CS�j�=MUG§a@CB G L�§JE!W!=?S%=M¬aU]B�=MU K S�9AE�\NO�=?WQW!S�@[D��!9TSdEJ9AG ^ =MEJ9 K S�G
(Zij)i=1,...,m, j=0,...,n

W�=?Sm\!9TG�=?DTDAS�@�§aG�G�9Aj�9AB�U%GiG K DTDA9TGHG¨§a;(GAp�ç:O�9TGHU�WX@ K S I�K @�§[B!@ K Gi\!R n B¹§JG�GH@CB!GEF=VG K §aU�9y\!9 ^ =MS¨§F=MY!EJ9AG*=?EJRT=MU%@«§JS�9AGy��W�@ K S
i ∈ {1, . . . ,m} n �uRs�
Z̃i0 = Yi0

9AU
∀j ∈ {1, . . . ,n}, Z̃ij = Z̃ij−1 + |Yij − Yij−1| .

�P¦up �M���
����� �!�#"%$'&($)�+*-,/.B~#~�2cÊeÑ�Î

f ∈ F â�2cÊeÑgÄlÍ�Î i ∈ {1, . . . ,m} ÄlÎ t ∈ [a,b]
9`ÈuÔ�ÅTâR2cÊeÑ�Î_ÇuÍNÄÅlÇ[Ñ�Î¤Ä

(j(n))n∈N

Ð?Õ?Ä�É j(n)

n
−−−−→
n→+∞

t.

±:ÓJÊeË%Å�Ú
Z̃ij(n) − Zij(n)

ps−−−−→
n→+∞

0.

����<>=M?#<@,/.B~7�×2cÊeÑ�Î
i ∈ {1, . . . ,m} 9`ÈuÔTâ�2cÊeÑ�Î

t ∈]a,b[r {si1, . . . ,sir}
9`ÈuÔTâ�2cÊeÑ�Î

l ∈
{0,1, . . . ,r} Î«ÄlÓ`ôTÇ�Ä t ∈ ]sil,sil+1

[ âX2cÊeÑ�ÎdÇuÍNÄ_ÅlÇ[Ñ�Î«Ä

(j(n))n∈N

Ð?Õ?Ä�É j(n)

n
−−−−→
n→+∞

t,

Ð?ÓJÊeË%Å
∃n0 ∈ N / ∀n ∈ N, n ≥ n0 ⇒

j(n)

n
∈
]

sil,s
i
l+1

[

.

2cÊeÑ�Î
n ∈ N

Ð?Õ?Ä�É
n ≥ n0

ÚdÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ
Z̃ij(n) = Z̃ij(n)−1 +

∣

∣Yij(n) − Yij(n)−1

∣

∣

= Yi0 +

j(n)
∑

k=1

|Yik − Yik−1| .

:VÄ
Ò�Ó Ç�Å�Ú
Zij(n) = g ◦H−1

i

(

tj(n)

)

= Fi
(

tj(n)

)

Π
(

tj(n),Fi
)

+ Π
(

tj(n),Fi
)

Fi
(

sil
)

+ Fi(s0) +
l
∑

k=1

∣

∣Fi
(

sik−1

)

− Fi
(

sik
)∣

∣ ,

Ð?Õ?Ä�É ∑0
k=1

∣

∣Fi
(

sik−1

)

− Fi (s
i
k)
∣

∣ = 0
Ú�Æ`ÖÛÊ���Ú

Zij(n) = Π
(

tj(n),Fi
) (

Yij(n) − Fi
(

sil
))

+ Yi0 +

l
∑

k=1

∣

∣Fi
(

sik−1

)

− Fi
(

sik
)∣

∣

=
∣

∣Yij(n) − Fi
(

sil
)∣

∣+ Yi0 +
l
∑

k=1

∣

∣Fi
(

sik−1

)

− Fi
(

sik
)∣

∣

= A+ Yi0 +B.
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��ÊeÎ«ÊeÍQÅ�ÚcÒ�ÊeÇuËyÎ«ÊeÇuÎ

k = 1, . . . ,l + 1,

sik−1 ≤ tjk−pk
< · · · < tjk ≤ sik.

±:Ñ�ÍQÅlÑJÚNÒ�ÊeÇuËyÎ«ÊeÇuÎ
k = 1, . . . ,l

ÚdÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ
∣

∣Fi
(

sik−1

)

− Fi
(

sik
)∣

∣

=

∣

∣

∣

∣

∣

Fi
(

sik−1

)

− Fi (tjk−pk
) +

pk
∑

q=1

(Fi (tjk−q)− Fi (tjk−q+1)) + Fi (tjk)− Fi
(

sik
)

∣

∣

∣

∣

∣

=
∣

∣Fi
(

sik−1

)

− Fi (tjk−pk
)
∣

∣+

pk
∑

q=1

|Fi (tjk−q)− Fi (tjk−q+1)|+
∣

∣Fi (tjk)− Fi
(

sik
)∣

∣

=
∣

∣Fi
(

sik−1

)

− Yijk−pk

∣

∣+

pk
∑

q=1

|Yijk−q+1 − Yijk−q|+
∣

∣Yijk − Fi
(

sik
)∣

∣ ,

Æ[ÊeÍNÉ
B =

l
∑

k=1

∣

∣Fi
(

sik−1

)

− Fi
(

sik
)∣

∣

=

l
∑

k=1

∣

∣Fi
(

sik−1

)

− Yijk−pk

∣

∣+

l
∑

k=1

∣

∣Yijk − Fi
(

sik
)∣

∣+

l
∑

k=1

pk
∑

q=1

|Yijk−q+1 − Yijk−q|

=

l
∑

k=1

∣

∣Fi
(

sik−1

)

− Yijk−pk

∣

∣+

l
∑

k=1

∣

∣Yijk − Fi
(

sik
)∣

∣+

jl
∑

k=1

|Yik − Yik−1|

−
l−1
∑

k=1

|Yijk+1−pk+1
− Yijk+1−pk+1−1| − |Yi1 − Yi0|.

:<Äyà�álà�Ä�Ú]ÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ
A =

∣

∣Yij(n) − Fi
(

sil
)∣

∣ =
pl+1+1
∑

q=jl+1−j(n)+1

|Yijl+1−q+1 − Yijl+1−q|+
∣

∣Yijl+1−pl+1
− Fi

(

sil
)∣

∣− |Yijl+1−pl+1
− Yijl+1−pl+1−1|.

:<ÊeÍNÉ
Zij(n) − Z̃ij(n) =

l+1
∑

k=1

∣

∣Fi
(

sik−1

)

− Yijk−pk

∣

∣ +
l
∑

k=1

∣

∣Yijk − Fi
(

sik
)∣

∣

−
l
∑

k=1

|Yijk+1−pk+1
− Yijk+1−pk+1−1| − |Yi1 − Yi0|.

:�ÖÛÊ���ÚcÒQÐ?Ë<É�ÊeÍ�Î�Ñ�Í�Ç[Ñ�Î¤Ô<Æ[Ä�ÓoÐwØsÊeÍNÉlÎ�ÑgÊeÍ
f
Ú
Fi
Ä�ÅlÎ*É�ÊeÍ�ÎPÑ�Í�Ç�Ä�Ú�Æ[ÊeÍNÉ

Zij(n) − Z̃ij(n)
ps−−−−→

n→+∞
0.

CvÊeÇ[ËyÓJÄ�ÅyÕeÐ?ÓJÄlÇuË%Å<Æ[Ä
t ∈
{

si0, . . . ,s
i
r+1

} Ú�ÓJÄ�Å{É�Ð?ÓJÉlÇuÓ�Å}Å�ÊeÍ�Î�ÅlÑ�à{Ñ�ÓoÐ?Ñ�Ë%Ä�ÅTâ
�
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ç�@Cjtj�9VW�@ K S_Ea9TG};(@CBQDAUG§a@CB!G_=MEJRs=eU%@�§aS�9TG
(Fi)i=1,...,m

LNj�=«§aG}DT9lU�U�9V;(@�§JG¤£«DÂ§i\!9V;�=?>T@?Bå\QRl£U%9AS�jÄ§JB¦§aGHU�9?LQBQ@ K Gv\!R n B¦§JGHG�@CB!GwEF=VG K §aU�9
(yj = f(tj))j=0,...,n9AUvEJ={G K §oU%9_DTSH@�§JGHG%=?B�U�9�=MG�G�@[DÂ§aRT9
(zj = g(tj))j=0,...,n .8:9vEF=}jt�Tjt9�;�=?>A@CB I�K 9v\�=?B!G]EF=}\QR n B¦§oUG§a@CB©�g¦up��?����L�B!@ K G�\!R n B¹§JG�GH@CB!G K B!9vG K §aU%9

(z̃j)j=0,...,nU%9AEJEa9 I�K 9
z̃0 = y09AU

∀j ∈ {1, . . . ,n}, z̃j = z̃j−1 + |yj − yj−1| .
�P¦up �[§ �

qr@ K Gr\QRT\ K §aG�@CBQGr\¦§aS�9ADAU%9Aj�9AB�Ur\Q9�EJ=tW!SH@CW�@CG¨§oUG§J@?B©¦up�ð?ð I�K 9�WX@ K S K B!9 ^ =MEJ9 K Sw\Q9
t ∈ [a,b]n �uRT9ML�9AUvW�@ K S K B!9yG K §aU%9

(j(n))n∈N

= ^ 9TD j(n)

n
−−−−→
n→+∞

t,

B!@ K Gr= ^ @CB!G
z̃j(n) = zj(n) + o(1).�b= n � K S�9�¦up�¦�B!@ K G�j�@?B�U�S�9{Ea9{�CS%=?WQ�!9¢\!9�EJ=�;(@CB!DlUG§J@?B

f
\!R n B¦§a9t9ABñ�P¦upo§ ­ �:9AU�\!9tG%=U%S�=?B!G|;(@CS�jtRT9 G(·,f)

L
=«§aB!G¨§ I�K 9�EJ9AG ^ =?Ea9 K SHG�\!9TG�G K §aU�9TG
(yj)j=0,...,n

9AU
(z̃j)j=0,...,n

W�@ K S\¦§okNRAS�9TB�U�9TG ^ =?EJ9 K S�G_\!9
n
p.��O�=?WQW!S�@s�r§Jj�=MUG§a@CB \!9¢EJ=�;(@CB!DAU¨§J@CB

g = G(·,f)
W�=?S_Ea9TG ^ =?EJ9 K S�G

(z̃j)j=0,...,n

9AGHU<G%=MU¨§JGH;�=
§JG%=MB�U�9¢\!zTG I�K 9
n ≥ 20

p`8:9�WQE K GAL`DA9TG��CS%=MW!�!9TG�B!@ K G<W�9TS�jt9AUHU%9AB�U\!9�DA@Cj�WQS�9TBQ\!S�9 I�K 9�DT9 I�K §*9AGHUø§JjtW�@CSHU%=?B�UVW�@ K S K B!9�Y�@CB!B!9�=MW!W!S�@s�r§Jj�=MU¨§J@CBÃ\Q9
g
LiDT9BcO�9TG|U:W�=MGvU%=?B�UwEF= ^ =?EJ9 K S*\!9

n
L�j�=«§JG*W!E K UGùMUvEJ9};�=«§oU I[K O[§aE.9l�r§JG|U%9y\!9TG ^ =?EJ9 K S�GvG K SrEJ={�CS¨§aEJEJ9\!9�\¦§aG�DAS�RAU¨§JG�=MUG§a@CB I�K §
GH@�§J9AB�U¢WQS�@[D��!9TG{\!9AG ^ =MEJ9 K S�G

(sk)k=1,...,r

@C¡¨Ea9�G�9AB!G¢\!9 ^ =?S¨§J=MUG§a@CB\!9
f
D���=?BQ�C9?p]��B79AkX9AUsLiDT9TG ^ =?Ea9 K SHG{E f GH9TS ^ 9TB�U�\!9�W¦§ ^ @?U¢9AU¢W�9TSHj�9lU�U%9AB�U¢\!9�S�9AU�S�@ Ku^ 9TSEgOh=?jtW!E�§oU K \Q9r\!9

g
WX@ K S*EJ9AG ^ =MEJ9 K S�G*\!9

(tj)j=0,...,n

G K W�RTSª§J9 K S�9TGAp��i§aB!G¨§PL¹§JEX9TG|UrR ^ §J\!9AB�U I�K 9\!9�j�=MB¦§JzAS�9�=?GH�[jtWQU%@MUG§ I�K 9ML�DT@Cjtj�9yEa9�jt@CB�U%SH9�EJ=tWQS�@CW!Sª§JRlU%R<¦up�ð?ðQL�EgOh= Z K G|U%9Tjt9TB�U:9TGHUwU%SHzTGG%=eUG§JG|;�=«§JG�=?B�UsL�W K §JG I�K O¿§JE�9��¹§aGHU�9:\!9AG ^ =?EJ9 K S�Gd\!9:EJ=��?S¨§JEaEJ9
\Q9:\¦§aG�DTSHRAU¨§JG%=eUG§J@?B I�K §�G�@CB�U�\!9:W!E K G9TB©W!E K G*W!S�@[D��!9AGr\!9AG ^ =MEJ9 K S�G
(sk)k=1,...,r

p
8}=?B!GiEJ9dj�@[\!zTEa9}�P¦upo§�����LMEPO[§aB�U�RTSH�AUmW!S¨§aB!DÂ§aW�=?E�BcO�9TGHU�W�=?GiW�@CS|U%R?Le9TB{DA9 I�K §uB!@ K GmDT@CB!DA9TSHB!9?LG K S*EF=Vjt@ �?9TB!BQ9�G|U%S K DAU K S�9AEJEJ9ML f G%= ^ @«§JS g ◦ φ−1 L!j�=«§JG�W!E K U¨ù?U*G K S*EJ9AG
;(@CB!DAU¨§J@CBQG*\!9_\!RA;(@?S|£j�=MUG§a@CB

(hi)i=1,...,m

I�K §�B!@ K G�W�9TSHj�9lU�U%9AB�UsL[=?W!SHzTG K B!9w\!RA;(@CSHj�=eUG§J@?BÊ§JB ^ 9AS�G�9r\!9TG];(@CB!DlUG§a@CB!G
(fi)i=1,...,m

\Q9©SH9AU�S�@ KQ^ 9TS K B!9�9AGHUG§aj�=eUG§J@?BÃ\!9�EgO�9TGHWXRAS%=?B!DA9�GHU%S K DAU K S�9AEJEa9
f ◦ φ−1 p�� K G�G¨§PLEF={W!SH@CW�@CG¨§oUG§J@?B�¦[p�ðCð{B!@ K G:W�9TSHj�9lUr\Q9�\!R n B¦§aSTL�\!9y;�=?>T@?B�B�=MU K S�9AEJEa9?L K B#9TG|UG§Jj�=MU�9 K Sv9TjtW¦§ £S¨§ I�K 9r\Q9TG�;(@CBQDAUG§a@CB!Gd\!9:\QRA;(@CSHj�=MU¨§J@CBtY�=?GHR?L[B!@CB�WQE K GdG K S�EJ9TG ^ =?EJ9 K S�G

(Yij)i=1,...,m, j=0,...,n

L
j�=«§JGwG K S:EJ9TG ^ =MEJ9 K S�G (

Z̃ij

)

i=1,...,m, j=0,...,n

p.�u@�§oU
i0 ∈ {1, . . . ,m}

n �uR{9lU
t ∈ [a,b]

LNB!@ K G
\!R n B¦§JGHG�@CBQGTL!DA@CB!\¦§oUG§J@?B!B!9TEaEJ9Aj�9AB�U f Fi0 = fi0

LQEgO�9TG|UG§aj�=MU�9 K Sd9TjtW¦§aS¨§ I�K 9r\!9
φ ◦ h−1

i0
(t)
W�=?S

φ̃ ◦ h−1
i0 mn

(t) =
1

m− 1

m
∑

i=1
i6=i0

Tji,
�P¦up �?�C�
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n=10
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0
2

4
6

8
10

12

•
• • • • • • • • • • •

•
• •

•
•

• • • • • • • • • • •
•

• •

•

n=15

t

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

12

•
• • • • • • • • • • • • • • •

•
•

• •

•
•

• • • • • • • • • • • • • • •
•

•
• •

•

n=20

t

0.0 0.2 0.4 0.6 0.8 1.0

0
2

4
6

8
10

12

•
• • • • • • • • • • • • • • • • • • •

•
•

• •
•

•
•

• • • • • • • • • • • • • • • • • • •
•

•
• •

•

•

n=25

½d¾�¿*À`¦[p ¦¢ÁåÂbÄ�Å�É�ÊeÇ[ËAÌlÄ�Å�ÄlÍxÎ�ËHÐ?Ñ�Î�Ò�ÓJÄlÑ�Í7É�ÊeË�Ë%Ä�Å«Ò�ÊeÍ�Æ[ÄlÍ�Î(Ú*Æ`Ö ÇuÍNÄrÒQÐ?Ë�Î � ÓoÐyØsÊeÍNÉlÎ�ÑgÊeÍ
f
Æ[Ôl×

9]Í�ÑgÄrÒQÐ?Ëå�g¦upo§ ­ ��Ú}ÄlÎrÆ`Ö Ð?Ç[ÎPË%Ä}ÒQÐ?Ë�Î�Ú � ÓoÐ�ÎPËHÐ?ÍQÅ(ØsÊeË�àtÐ?ÎPÑgÊeÍÃÐeÅ�Å�Ê�ÉlÑgÔ�Ä
g
ôTÇuÑvÄ�ÅlÎ*ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�ÎÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«ÄTâ�Â`Ä�Å�Ò�ÊeÑ�Í�Î�Ñ�Ó�ÓJÔ�Å©É�ÊeË�Ë%Ä�Å«Ò�ÊeÍ�Æ[ÄlÍ�Î_Ð?ÇMÈ~ÕeÐ?ÓJÄlÇ[Ë%Å�Æ[Ä

(yj)j=0,...,n

ÄlÎ�Æ[Ä
(z̃j)j=0,...,nÆ[Ô)9]Í�ÑgÄ�ÅyÒQÐ?ËÃ�g¦up��u§ �©ÄlÎ�É�Ð?ÓJÉlÇ[ÓJÔ�Ä�Å¢ÅlÇuË (

tj = j
n

)

j=0,...,n

ÚyÐ?Õ?Ä�É
n = 10

Ú
n = 15

Ú
n = 20ÄlÎ

n = 25
âbÂbÄ�ÅyÓ ÑoÙ?ÍNÄ�Å�ÄlÍ Î�Ñ�Ë�Ô�Å_Õ?ÄlËlÎ�ÑgÉ�Ð?ÓJÄ�ÅVÉ�ÊeË�Ë%Ä�Å«Ò�ÊeÍ�Æ[ÄlÍ�ÎdÐ?Ç?È�ÕeÐ?ÓJÄlÇuË%Å

(sk)k=1,...,r=5

â/�sÉlÑJÚÓ�Ö ÐlÒ�Ò�Ë%ÊAÈCÑ�àtÐ?Î�ÑgÊeÍ�Æ[Ä�ÓoÐ:ØsÊeÍNÉlÎPÑgÊeÍ
g
ÒQÐ?Ë�ÓJÄ�Å�ÕeÐ?ÓJÄlÇuË%Å

(z̃j)j=0,...,n

Ä�ÅlÎdÅTÐ?Î�ÑJÅ(ØAÐ?ÑJÅTÐ?Í�Î¤Ä<Æ>6�Å<ôTÇ�Ä
n ≥ 20

â

@?¡cL!W�@ K S
U%@ K U
i ∈ {1, . . . ,m}r i0

L

Tji = arg min
tj∈{t0,...,tn}

∣

∣

∣
Z̃ij − Z̃i0j0

∣

∣

∣
,

= ^ 9TD
tj0 = arg min

tj∈{t0 ,...,tn}
|tj − t|.

�.9AGm9AGHUG§aj�=eUG§J@?B!G.9AkX9TDlU K RA9TG�\�=MB!GiEJ=wGH9TDAU¨§J@CB�G K § ^ =?B�U%9dG�9TSH@CB�Um;�=
§aU%9AG f EgOh=«§a\!9]\!9�DA9AUi9TGHU¨§Jj�=e£U�9 K SApQ��B�9lkN9lUsL[B!@ K G
WQS�9TBQ\!S�@CBQG
EgO�9l�u9TjtW!Ea9r\!9:EF=�;(@?B!DAU¨§J@CB
f
\!R n B¦§J9rW�=?S}�g¦upo§ ­ � I�K §NBcO�9TG|UW!=?G:G|U%S¨§aDAU�9Tjt9TB�U}DAS�@�§aG�G%=MB�U�9?pNqr@ K G}= K S�@?B!G:\!@?B!DVY�9TG�@«§JB�\Q9<;�=«§JSH9<=MW!WX9AE f EgO�@CWXRAS%=MU�9 K S GW�@ K S*9AGHU¨§Jjt9TS*EJ9AG
;(@CB!DlUG§J@?B!G*\!9y\!RA;(@?S�j�=MUG§a@CBcp



ò ¶îú[¶ ·u²|öñ»`¼b°:³`²l÷*¹:· §C§��
û¢üüû ý��N� V��Â�����N�5�UK

�.9TG*G¨§aj K EJ=MUG§a@CB!GdG�@CB�Uv9AkX9TDlU K RA9TGr= ^ 9TD_EJ=<;(@CB!DlUG§J@?B
f
S�9AW!S�RAG�9AB�U�RT9�G K S*EJ= n � K S�9�¦up�í{9AU\!R n B¦§J9<9TB7�g¦[pa§ ­ ��pcç�9AU�U�9<;(@CB!DlUG§a@CB BcO�9TG|UyW�=?G}G|U%S¨§aDAU�9Tjt9TB�U_DTSH@�§JGHG%=?B�U�9Vj�=
§JGr=?W!W�=?S|UG§a9TB�U fEgO�9TBQG�9Tj<Y!EJ9 F \QR n B¦§XW�=?S}�g¦upo§~`C�d= ^ 9TD r = 5

�
s1 ≈ 0.06438

L
s2 ≈ 0.22752

L
s3 ≈ 0.44066

L
s4 ≈ 0.67062

9AU
s5 ≈ 0.90951

p
^R_1ß�_cb þ�qcÕ°sijlÖ�prqceonÿgikM·Àå�eonim#prqleoni·Àgik3giÛMå�e!¸7Õ×Ö�prqleÐn
�.9TG{;(@CB!DlUG§J@?B!G¢\!9�\!RA;(@CSHj�=eUG§J@?B

(hi)i=1,...,m

GH@CB�UtG¨§Jj K EJRA9TG f W�=?SHU¨§JSV\NO K BQ9©;(@CBQDAUG§a@CBI�K 9�BQ@ K GV=MW!WX9AEJ@CBQGrØsÊeÍNÉlÎ�ÑgÊeÍ2ÔlÓJÔlà�ÄlÍ�Î"Ð?Ñ�Ë%Ä�Æ[Ä�Æ[Ô(ØsÊeË�àtÐ?ÎPÑgÊeÍ�pb¥wB!9�;(@CB!DlUG§a@CB~RAEJRAj�9AB�U%=«§JSH9\!9y\!Rl;(@CS�j�=MUG§a@CB�9AGHUr\!R n B¹§J9_W�=?S K B©DT@ K W!EJ9
(c,d) ∈]a,b[2

\!9yEJ=<;�=?>T@CB�G K § ^ =?B�U%9M�

u(c,d)(t) =

{

d−a
c−a (t− a) + a

G¨§
t ∈ [a,c],

b−d
b−c (t− b) + b

Gª§
t ∈]c,b].

�P¦up �Mð��
�b= n � K SH9©¦up[u B!@ K GVjt@CB�U%SH9 K B¨9l�u9Aj�W!Ea9�\!9�;(@CB!DlUG§a@CBÃRTEaRTjt9TB�U�=
§JS�9�\!9�\!Rl;(@CS�j�=MUG§a@CBcp`ª«EGTOh=?��§oUt\cO K B!9�;(@CB!DlUG§a@CB2G|U%S¨§aDAU�9Tjt9TB�U�DAS�@�§aG�G�=?B�U%9?L�=MïtB!9 G K S�\Q9 K �Üjt@CS�DA9s= K �Ü9lU�W�=?GHG%=?B�UW�=?S�EJ9AG<W�@�§JB�U%G

(a,a)
9AU

(b,b)
p��.9TG<�CS%=?WQ�!9TGV\Q9TGV;(@CB!DlUG§a@CB!G<\Q9�\!Rl;(@CS�j�=MUG§a@CBxW�@CS|U%9TB�U<9TB=?Y!GHDÂ§aG�G�9�EJ9dEF=?Y�9TE�Î«Älà:Ò�ÅvÐ�ÌlÅ�ÊeÓ Ç�9AUi9TBV@CSH\!@CB!BQRT9�Ea9�EJ=?Y�9TE�Î¤Älà:Ò�Å�Ë%ÄlÓoÐ?ÎPÑ Ø¢Ea@CS�G I�K 9�EJ=v;(@CBQDAUG§a@CB

hi,i = 1, . . . ,m,
9TG|UiSH9TW!SHRTGH9TB�U%RA9?L?9lU`S�RTDN§JW!SH@ I�K 9Aj�9AB�UiEa@CS�G I[K 9�EJ=*;(@?B!DAU¨§J@CB�§JB ^ 9TS�GH9

h−1
i ,i =

1, . . . ,m,
9AGHUvSH9TW!SHRTG�9AB�U%RT9MpXç�9 ^ @[Ds=?Y K EF=«§aS�9}W!SHRTDN§JG�9ML!B�=MU K S�9AEJEa9Tjt9TB�UsL I�K 9yEJ9:WQS�@[DT9TGHG K Gv\!9\!Rl;(@CS�j�=MUG§a@CB

H
\QRA;(@CSHj�9�EgOh=e�u9�\!9TGt=?YQG�DÂ§aG�GH9TG{G K S{EJ9 I�K 9AE
G�9�\QR n B¦§oU{EF=#GHU%S K DAU K S�9�\Q9�EF=;(@CB!DlUG§a@CB

f
L[9lU�W!=?S�E f £«jt�Tjt9MLCEJ9wW!S�@[DT9AG�G K G
\!Rl;(@CS�jt9rEJ=y;(@?B!DAU¨§J@CB f W�@ K SdD���= I�K 9]§aB!\¦§ ^ §a\ K

i ∈ {1, . . . ,m} p��i§aB!G¨§PL�WX@ K SrSH9AU�S�@ KQ^ 9TSrEgO�9TG�W�RTS�=?B!DA9<GHU�S K DlU K SH9TEaEJ9 f ◦ φ−1 f W�=?SHU¨§JSv\cO K B!9;(@CB!DlUG§a@CB
fi, i = 1, . . . ,m,

§JE�G K ï¢U*\!9}SH9TW!SHRTG�9AB�U%9TS
fi
\�=?BQG�EJ9wU%9Aj�W!G�=?Y!GH@CE K L�DMOh9AGHUH£ f £«\¹§JS�9MLG K SwEPO�= �Q9_\Q9TGr=?Y!G�DN§JGHG�9TGw\!Rl;(@CS�jtR_W�=?S*EJ={;(@?B!DAU¨§J@CB�\!9y\!Rl;(@CS�j�=MU¨§J@CB�§aB ^ 9TSHG�9

φ ◦ h−1
i

p
�b=�G¨§aj K EF=eUG§J@?B~\cO K B!9�;(@?B!DAU¨§J@CBÃ\Q9�\!RA;(@?S�j�=MUG§a@CB

h
9TG|U¢\!R n B¦§J9�W!=?S<EJ=�DT@CjtW�@CG�RA9�\!9W!E K G¨§a9 K SHG
;(@CB!DAU¨§J@CBQG*RTEJRAj�9AB�U�=«§aS�9TG*\Q9�\QRA;(@CSHj�=MU¨§J@CBN�

h = u(cL,dL) ◦ · · · ◦ u(c1,d1),= ^ 9AD
L ∈ N

pQ�i§aB!G¨§PLQEJ=�;(@CB!DlUG§J@?B
h
9AGHUsLQW�=?S*DT@?j�W�@CG¨§oUG§a@CBcL�DT@CB�U¨§JB K 9_9AU
GHU%Sª§JDlU%9Tjt9TB�UvDAS�@�§aG|£G%=MB�U�9?Lm9AU{Ea9TG<���[W�@?U%�!zAG�9AG©�g¦uphð���GH@CB�U ^ RAS¨§ n RT9AGTp�8:9�W!E K GALmEJ=�W!SH@CWX@?G¨§aU¨§J@CBåG K § ^ =?B�U%9�B!@ K Gjt@CB�U%S�9 I�K 9

h
9AGHUr=MïtB!9yW�=?Svjt@CS�DA9s= K �Np

����� �!�#"%$'&($)�+*-,/.B~#,�2cÊeÑ�ÎmÇuÍNÄvÅlÇ[Ñ�Î¤Ä_Æ[ÄbØsÊeÍNÉlÎ�ÑgÊeÍQÅ�ÔlÓJÔlà�ÄlÍ�ÎgÐ?Ñ�Ë%Ä�ÅrÆ[Ä}Æ[Ô(ØsÊeË�àtÐ?ÎPÑgÊeÍQÚiÆ[Ô)9]Í�ÑgÄÒQÐ?Ë
(u(cl,dl))l=1,...,L

ÄlÎ�ÍNÊeÎ«Ô�ÄVÆ[ÄdØAÐ�¤MÊeÍxÐ�ÌTË%ÔgÙ[Ô�Ä
(ul)l=1,...,L

Ú
Ð?Õ?Ä�É
L ∈ N

â�CvÊ�Å�ÊeÍQÅ�Ú.Ò�ÊeÇ[Ë
Î«ÊeÇuÎ

l ∈ {0,1, . . . ,L} Ú ul1 = ul ◦ · · · ◦ u1

Ú�Ð?Õ?Ä�É
u0

1

ÓoÐrØsÊeÍNÉlÎ�ÑgÊeÍ Ñ�Æ[ÄlÍ�Î�Ñ�Î¤Ô{ÄlÎ
uL1 = h

â�2cÊeÑ�Î�ÚÒ�ÊeÇ[Ë�Î«ÊeÇ[Î
l ∈ {1, . . . ,L} Ú

{

xl =
(

ul−1
1

)−1
(cl),

yl = h(xl).2cÊeÑgÄlÍ�Î
(x0,y0) = (a,a)

ÄlÎ
(xL+1,yL+1) = (b,b)

â72cÊeÑ�Î.ÓoÐ*Ò�ÄlË�à{Ç[Î"Ð?Î�ÑgÊeÍ
σ
Æ[Ä {0, . . . ,L+1} ÚÎ«ÄlÓ�ÓJÄ�ôTÇ�Ä

x0 = xσ(0) < xσ(1) ≤ xσ(2) ≤ · · · ≤ xσ(L−1) ≤ xσ(L) < xσ(L+1) = xL+1.



§��?� ®�¯w°}±�²T³m´wµóò ¶ µd·Q±]¸]´v°}¹V®�µº·b³m´V»�®w³:»m´wµ]¼b¼`µ

temps absolu

te
m

ps
 r

el
at

if

a b

a

b

c

d

½d¾�¿*Àd¦[pvu#ÁÃ½bÍNÄ_ØsÊeÍNÉlÎPÑgÊeÍ+ÔlÓJÔlà�ÄlÍ�ÎgÐ?Ñ�Ë�Ä�Æ[Ä©Æ[Ô(ØsÊeË�àtÐ?Î�ÑgÊeÍ
u(c,d) : [a,b] → [a,b]

Æ[Ô)9]Í�ÑgÄÒQÐ?Ë©�P¦up��?ð���Ä�ÅlÎ]ÇuÍNÄiØsÊeÍNÉlÎPÑgÊeÍ�ÅlÎPË�ÑgÉlÎ«Älà�ÄlÍ�Î*ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î«Ä�Ú]Ðªµ7ÍNÄrÅlÇuË�Æ[ÄlÇMÈ�à�ÊeË%É�Ä�Ð?Ç?È�ÄlÎcÒQÐeÅl×ÅTÐ?Í�ÎcÒQÐ?Ë
(a,a)

ÄlÎ
(b,b)

â

±:ÓJÊeË%Å�ÚcÒ�ÊeÇ[ËyÎ¤ÊeÇ[Î
k = 0, . . . ,L

Ú�ÓoÐvØsÊeÍNÉlÎPÑgÊeÍ
h
Ä�ÅlÎ�Ðªµ7ÍNÄ}ÅlÇuË [

xσ(k),xσ(k+1)

] Ú�Æ`ÖÛÔ�ôTÇQÐ?Î�ÑgÊeÍ

h(t) =
yσ(k+1) − yσ(k)

xσ(k+1) − xσ(k)

(

t− xσ(k)

)

+ yσ(k).

���(<>=�?#<@,/.B~  �2cÊeÑ�Î
k ∈ {0, . . . ,L} 9`ÈuÔ�ÄlÎwà�ÊeÍ�Î�Ë%ÊeÍQÅtôTÇ�Ä h Ä�ÅlÎrÐªµ7ÍNÄ<ÅlÇ[Ë{Ó�Ö Ñ�Í�Î¤ÄlË�ÕeÐ?Ó�ÓJÄ

[xσ(k),xσ(k+1)]
âXCvÊeÇuËyÎ«ÊeÇuÎ

l ∈ {1, . . . ,L} ÚdÍNÊeÇ�Å<Ð?Õ?ÊeÍQÅ
cl /∈

]

ul−1
1

(

xσ(k)

)

,ul−1
1

(

xσ(k+1)

)[

,

ÄlÍåÄ(Ý}ÄlÎ(Ú�ÅlÑ
ul−1

1

(

xσ(k)

)

< cl < ul−1
1

(

xσ(k+1)

)

,

Ð?ÓJÊeË%Å�ÚcÒ�Ç[ÑJÅTôTÇ�ÄyÓoÐ©É�Êeà:Ò�Ê�Å�Ô�Ä (
ul−1

1

)−1 Ä�ÅlÎ]ÅlÎ�Ë�ÑgÉlÎ¤Älà�ÄlÍ�Î*ÉlË%ÊeÑJÅ�ÅTÐ?Í�Î¤Ä�Ú�ÍNÊeÇ�Å�Ð?Õ?ÊeÍQÅ
xσ(k) <

(

ul−1
1

)−1
(cl) < xσ(k+1),
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ÊeË%Ú:É�Ä�ÉlÑrÄ�ÅlÎvÑ�à:Ò�Ê�Å�ÅlÑ�ÌTÓJÄ�Ú*Ð?Ç�Ë�ÄgÙ�Ð?ËHÆ#Æ[Ä¢ÓoÐ�Æ[Ô)9]Í�Ñ�Î�ÑgÊeÍ¨Æ[Ä¢ÓoÐVÒ�ÄlË�à{ÇuÎgÐ?ÎPÑgÊeÍ

σ
âo:VÊeÍNÉ�Ú�ÍNÊeÇ�ÅÐ?Õ?ÊeÍQÅ

cl ≤ ul−1
1

(

xσ(k)

) ÊeÇ
ul−1

1

(

xσ(k+1)

)

≤ cl,Ð?Ñ�ÍQÅlÑJÚ
ul
Ä�ÅlÎ�Ðªµ7ÍNÄ�ÅlÇ[Ë [

ul−1
1

(

xσ(k)

)

,ul−1
1

(

xσ(k+1)

)] â���Ä�ÉlÑ�ÔlÎgÐ?Í�Î�Õ�Ë�Ð?ÑdÒ�ÊeÇuË�Î«ÊeÇuÎ
l ∈

{1, . . . ,L} Ú#ÄlÎ<ÒQÐ?ËÜÉ�Êeà:Ò�Ê�ÅlÑ�ÎPÑgÊeÍ Æ[Ä�ØsÊeÍNÉlÎPÑgÊeÍQÅ¨Ðªµ7ÍNÄ�Å�Ú�ÓoÐ ØsÊeÍNÉlÎPÑgÊeÍ h Ä�ÅlÎ©Ðªµ7ÍNÄ~ÅlÇ[Ë
[

xσ(k),xσ(k+1)

] â
��b=ÃG¨§Jj K EF=MU¨§J@CBÜ\!9

m = 100
;(@CB!DlUG§J@?B!G�\!9�\!Rl;(@CS�j�=MUG§a@CB

(hi)i=1,...,m

9TG|U�9AkX9TDAU K RT9DT@?j�jt9}G K §aUsp¦©m@ K SvU%@ K U
i ∈ {1, . . . ,m} L�B!@ K GvWX@CGH@CB!G

hi = u(c1,d
i
1) ◦ u(c2,di2) ◦ u(c3,di3) ◦ u(c4,di4) ◦ u(c5,di5),

�P¦up �eí��
= ^ 9AD
Á
c1 = 0.06438

L
Á
c2 = 0.22752

L
Á
c3 = 0.44066

LÁ
c4 = 0.67062

L
Á
c5 = 0.90951

L
9AUTL�W�@ K S<U�@ K U

k ∈ {1, . . . ,5} LmEJ9AG ^ =MEJ9 K S�G (dik)i=1,...,m

G�@CB�U¢\!9AGtSHRs=?EB§JG�=MUG§a@CB!G�§JB!\!RAWX9ABu£\�=?B�U�9TGv\!9yEF= ^ =?S¨§J=?Y!Ea9}=?EaRs=MU�@�§JSH9 K B¦§o;(@CS�jt9
Dk

\!R n B¦§J9yW�=?S
Á
D1 ∼ U([c1 − 0.03,c1 + 0.03])

L
Á
D2 ∼ U([c2 − 0.09,c2 + 0.09])

L
Á
D3 ∼ U([c3 − 0.17,c3 + 0.17])

L
Á
D4 ∼ U([c4 − 0.11,c4 + 0.11])

L
Áã9lU

D5 ∼ U([c5 − 0.02,c5 + 0.02])
p¥rB~Ds=?EaD K E]\¦§aS�9ADAUVBQ@ K G�j�@CB�U�S�9 I[K 9�D���= I�K 9�;(@?B!DAU¨§J@CBåRTEaRTjt9TB�U�=«§aS�9¢\!9�\!RA;(@CSHj�=eUG§J@?Bå9AGHU\cO�9TGHWXRAS%=?B!DA9�RA��=?Ea9 f EPO[§a\!9TB�U¨§aU%RMp!8:@?B!D?L�B!@?U�S�9_W!SH@uDA9TGHG K Gr\!9y\!RA;(@CSHj�=eUG§J@?B

H = u(c1,D1) ◦ u(c2,D2) ◦ u(c3,D3) ◦ u(c4,D4) ◦ u(c5,D5)9TG|Uw\cOh9AG�W�RTS�=?B!DT9
φ
RT��=MEJ9 f EgO¿§J\!9AB�UG§aU�R?pQ�]B©9AkX9AUTL�WX@ K S
U%@ K U t ∈ [0,1]

L
φ(t) =E[H(t)]

=E[u(c1,D1) ◦ u(c2,D2) ◦ u(c3,D3) ◦ u(c4,D4) ◦ u(c5,D5)(t)]

=E[E(u(c1,D1) ◦ u(c2,D2) ◦ u(c3,D3) ◦ u(c4,D4) ◦ u(c5,D5)(t)

| u(c2,D2) ◦ u(c3,D3) ◦ u(c4,D4) ◦ u(c5,D5)(t))]

=E[u(c2,D2) ◦ u(c3,D3) ◦ u(c4,D4) ◦ u(c5,D5)(t)],9AU�9AB SHRTW�RAU%=?B�U#DA9AUHU%9�@CW�RTS%=eUG§J@?BcL�DMOh9AGHUH£ f £«\¹§JS�9�9AB K UG§JEB§JG�=?B�U�W!E K G¨§a9 K SHG�;(@«§JG�EPOh9AG�W�RTS%=MB!DT9DT@?B!\¦§aU¨§J@CBQB!9TEaEJ9?L[B!@ K Gr=MS�S¨§ ^ @CBQG f
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ÒQÐ?Ë#�P¦up �
u��Aâ`ÂcÐrØsÊeÍNÉlÎ�ÑgÊeÍ
f
Ä�ÅlÎ
ÄlÍ�Î�ËHÐ?Ñ�ÎbÒ�ÓJÄlÑ�Í�â

û¢ü%û é��5Kê��ë �AÿEKÉ� ÿEK�VY�mÿEK KM�5�ø� � ��V��Á���*ÿEK
8}=MB!GrDA9AUHU%9�G�9TDlUG§a@CBcL�B!@ K Gw9��uW!E�§aDÂ§aU�@CB!G K BQ9�jtRAU��!@u\Q9y= K U%@?j�=MU¨§ I�K 9_W�@ K S*SHRTG�@ K \!S�9�EJ9WQS�@CY!EazTjt9y\ K S�9ADs=?EJ=?�C9�\!9�DT@ K SHYX9AG}\�=?BQG:EJ9�Ds=M\!S�9�\!9<\Q@CB!B!RA9TG}jt9TG K S�RA9TG_= ^ 9AD K B YQS K §oUsp�H§JB!Gª§gLuEJ9TGv\!@?B!B!RT9AGrGH@CB�U�§JG�G K 9TGv\ K jt@u\!zAEJ9

Yij = f ◦H−1
i (tj) + εij, i = 1, . . . ,m, j = 0, . . . ,n,

�P¦up �-`C�
= ^ 9TDtEJ9TGyjt�Tjt9{���uW�@?U��!zTGH9TG I�K 9tW�@ K SyEJ9{jt@u\QzTEJ9©�P¦up��C��p`�[9 K Ea9Tjt9TB�U�§JDÂ§PLcB!@ K G�= ^ @CB!G K BYQS K §oUrG K S:BQ@CGrjt9TG K S�9AGTL�j�@[\!RAE�§JGHRyW�=?SwEJ9TG ^ =?S¨§J=?Y!Ea9TGv=?EaRs=MU�@�§JSH9TG

(εij)i=1,...,m, j=0,...,n

L�G K Wu£W�@CGHRT9TGo§aB!\!RTW�9TBQ\�=?B�U%9AGd9lU�\!9vjt�Tjt9�EJ@«§ N (0,σ2)
p?�i§aB!G¨§PL?Ea9TG�\!@CBQB!RT9AGdGª§Jj K EJRT9AG�G�@?B�U]DA9TEaEJ9TG\Q9�EF=vG�9ADAU¨§J@CB¢¦[phí_= K � I[K 9TEJEa9TGmB!@ K Gi= ^ @CB!G�=�ZH@ K U%R�EJ9AGiS�RT=?E�§aG%=MU¨§J@CBQG.\cO K B!9 ^ =?S¨§J=?Y!Ea9�=MEJRs=eU%@�§aS�9
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B!@CSHj�=MEJ9*DT9AB�U%S�RA9}9AU�\cO�RTDs=MSHUH£gU«�[WX9

σ = 0.05
puç�9AU�RTDs=MSHUdU«�uW�9}DA@CS�SH9TG�W�@CB!\�=?W!W!SH@��r§aj�=MU¨§ ^ 9l£jt9TB�U f 5%

\!9VEPO�=?jtW!EB§aU K \!9�9AB�U%S�9{Ea9TG_\!9 K ��@?WQUG§aj�=tEJ@[Ds= K ��G K DTDT9AG�Gª§a;(GyEJ9AG_W!E K G:W!S�@[D��!9TG\!9yEF=<;(@?B!DAU¨§J@CB
f
p

�b=~jtRAU%�Q@u\!9�\cO�9TG|UG§aj�=MU¨§J@CBÏ\!9#EF= ;(@CB!DlUG§a@CB
f ◦ φ−1 9AGHU�Y�=?GHRT9�G K S�EPOh9AGHU¨§Jj�=MUG§a@CBÃ\!9D���= I�K 9~;(@CB!DAU¨§J@CB

fi, i = 1, . . . ,m,
W!=?S K Bó9TGHU¨§Jj�=MU%9 K S f B!@���= K � ^ @«§JS©W�=?S�9��u9TjtW!EJ9�Ûé��C��¦e�F�lp���B!G K §aU�9?L�EPOh9AGHUG§aj�=eUG§J@?B~\!9AG{;(@CB!DAU¨§J@CBQGV\!9�\!Rl;(@CS�j�=MUG§a@CB (

φ ◦ h−1
i

)

i=1,...,m

B!@ K G
W�9TS�jt9AUy\Q9tSH9TDT=?EJ9AS�Ea9TG_;(@CB!DlUG§a@CB!G

(fi)i=1,...,m

9lU�\NOh9AB~DT=?EJD K EJ9AS_EF=�j�@��?9TB!B!9MLbD?O�9TGHU|£ f £"\¦§JSH9K B!9�9TG|UG§aj�=MU¨§J@CB�\Q9
f ◦ φ−1 p ©�E K GwWQS�RTDN§JGHRTjt9TB�UsL�EF={jtRAU��!@u\Q9 I�K 9�B!@ K G:=?WQWX9AEJEJ9AS�@CBQG�Ò�Ë�Êe×É�Ä�Å�ÅlÇ�Å�Æ[Ä�Ë%Ä�É�Ð?ÓoÐ�Ù[ÄlLQ9TG|UwY�=?G�RA9�G K SvEJ9AG*DÂ§JB I WX@«§JB�U%G*G K § ^ =?B�U%GA�

§Cp�©`@ K S*U%@ K U
i ∈ {1, . . . ,m} L�B!@ K Gw9AGHU¨§Jjt@CB!G*EF=V;(@CBQDAUG§a@CB fi W�=?S

f̂i(t0) =
1

m

m
∑

i=1

Yi0
ps−−−−→

m→+∞
f(t0),

f̂i(tn) =
1

m

m
∑

i=1

Yin
ps−−−−→

m→+∞
f(tn),

9lUsL!W�@ K S*U%@ K U
j ∈ {1, . . . ,n− 1} L!B!@ K Gr9AGHU¨§Jjt@CB!G fi(tj) W�=MS

f̂i(tj) =

∑n
k=0 YikΦ

(

tk−tj
νi

)

∑n
k=0 Φ

(

tk−tj
νi

) ,
�P¦up � ­ �

@C¡NL�EJ9TG ^ =?Ea9 K SHG
(Yij)i=1,...,m, j=0,...,n

G�@CB�U�\!@CB!B!RA9TGdW�=?S:�g¦up���`C��L�EF=};(@CBQDAUG§a@CB
Φ
L�=?W!W�9l£EaRT9¢ÓJÄ�ÍNÊeäCÐ?Ç[L�9TGHU:RT��=MEJ9 f EJ=t\Q9TB!Gª§aU%R�\cO K B!9<Ea@�§ N (0,1)

L�9AUrEJ9AG ^ =?Ea9 K SHG
(νi)i=1,...,m

L=?WQWX9AEJRT9AGyÓJÄ�ÅyÓoÐ?ËPÙ[ÄlÇuË%Å�Æ[Ä]ØsÄlÍNálÎ�Ë%ÄlL!G�@CB�Uw\�=?BQG
R∗

+

p
�up�©`@ K SrU�@ K U:DT@ K WQEJ9

(i,j) ∈ {i = 1, . . . ,m} × {0, . . . ,n} L�B!@ K G}DT=?EJD K EJ@?B!G:EJ= ^ =?EJ9 K S
žij
L.9AB~G K Y!GHU¨§aU K =?B�UsL.\�=MB!GyEF=�\!R n B¦§aU¨§J@CBÜ�P¦up �M����L.Ea9TG ^ =?Sª§F=?Y!Ea9TG

(Yij)ij
W�=MS_EJ9TGy9AGHUG§ £

j�=MUG§a@CB!G (
f̂i(tj)

)

ij

p
ðQp�©`@ K S_U%@ K U�DA@ K W!Ea9

(i,j) ∈ {i = 1, . . . ,m} × {1, . . . ,n − 1} LNB!@ K G�Ds=?EaD K Ea@CB!G K BQ99AGHUG§aj�=eUG§J@?B�\!9
φ ◦ h−1

i (tj)
L!B!@?U�RT9

ˇφ ◦ h−1

i (tj),
�P¦up �M���

9AB�G K Y!GHU¨§aU K =?B�Ui\!=?B!GbEF=*\!R n B¦§aU¨§J@CB��P¦up �?�C��L�Ea9TG ^ =?S¨§J=?Y!Ea9TG (
Z̃ij

)

ij

W�=MS`Ea9TGb9TG|UG§aj�=MU¨§J@CBQG
(žij)ij

p ît§J9AB�R ^ §J\!9Aj�jt9TB�UsL�W�@ K S.U�@ K U
i ∈ {1, . . . ,m} L�B!@ K GmW�@CG�@?B!G ˇφ ◦ h−1

i (t0) = 09lU ˇφ ◦ h−1

i (tn) = 1
p

í!p�©`@ K S�U�@ K U
i ∈ {1, . . . ,m} LuBQ@ K G*= ^ @?B!G K B!9}9AGHU¨§Jj�=MUG§a@CB�\Q9:EF=y;(@CB!DlUG§J@?B f ◦φ−1 L[9TBEa9TG*W�@�§JB�U%G {t0, . . . ,tn} L!\!@CBQB!RT9�W�=?S

f̂ i(t0) =
1

m

m
∑

i=1

Yi0, f̂
i(tn) =

1

m

m
∑

i=1

Yin,
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j ∈ {1, . . . ,n− 1} L

f̂ i(tj) =

∑n
k=0 YikΦ

(

ˇφ◦h−1

i (tk)−tj
τi

)

∑n
k=0 Φ

(

ˇφ◦h−1

i (tk)−tj
τi

) ,
�g¦uphðC���

= ^ 9TDMLXW�@ K S
U�@ K U
i ∈ {1, . . . ,m}, τi ∈ R∗

+

p
¦upv��B n BcL�EgO�9TG|UG§aj�=MU¨§J@CB�\!9

f ◦ φ−1 9AB#Ea9TG*W�@�§JB�U%G (tj)j=0,...,n

9TG|Ur\Q@CB!B!RA9�W�=MS

f̂(tj) =
1

m

m
∑

i=1

f̂ i(tj).
�g¦uphðQ§ �

©�S�=MUG§ I[K 9Tjt9TB�UsL.EJ=�jÄ§JGH9¢9TBxWQEF=?DA9t\Q9�DA9AU�U�9�jtRAU��!@[\!9¢\cOh9AGHU¨§Jj�=MUG§a@CB�B!RTDA9TGHG¨§aU�9�\!9t\!R n B¦§JSEa9TG ^ =?Ea9 K SHG�\Q9TGyEF=?SH�C9 K S�G_\!9{;(9TBQ�AU%SH9
(νi)i=1,...,m

K UG§aE�§JGHRT9AG}9TB2�g¦up�� ­ �:9lU
(τi)i=1,...,m

K U¨§JE�§ £GHRT9AG<9TB+�g¦uphðC����pi�.9tD��!@�§ �x\Q9TG<DA9TG ^ =MEJ9 K S�G<9AGHU�Y¦§J9ABÃR ^ §a\!9Tjtj�9AB�U�U�S�zTG�§JjtW�@CSHU%=?B�Usp�©�E K GWQS�RTDN§JGHRTjt9TB�UsLuEJ9wD��!@�§o��\!9AG ^ =?EJ9 K S�G
(νi)i=1,...,m

9AGHU�W!E K Gt§JjtWX@CS|U�=?B�U I�K 9}DA9TE K §X\!9AG ^ =?EJ9 K S�G
(τi)i=1,...,m

p?��B{9AkX9AUsLMEJ9AG ^ =?EJ9 K S�G
(νi)i=1,...,m

§JB�U�9TS ^ §a9TB!B!9AB�U�\!zTG�Ea9�\!RAY K U]\ K WQS�@[DT9TGHG K G�\Q9SH9TDT=?EF=?�?9_9AUvEgO�9TSHS�9 K Sv\cO�=MW!W!S�@s�r§Jj�=MU¨§J@CB�Sª§JG I[K 9�\Q9�GH9�WQS�@CW�=M�C9TSAL ^ @�§aS�9y\!9yGTOh=?jtW!E�§ n 9TSALQEa@CS�G\Q9TG�=MW!W!S�@s�r§Jj�=MU¨§J@CB!G{G K DTDA9TGHG¨§ ^ 9TGApE©i=?S�DT@CB�U%SH9?LdEJ9AG ^ =?Ea9 K SHG
(τi)i=1,...,m

BcO¿§JB�U�9TS ^ §a9TB!B!9AB�U
I�K 9v\�=MB!G]EJ9
DT=?EJD K E!\!9vEgO�9TG|UG§aj�=MU¨§J@CB

f̂
9TB n Bt\!9vW!S�@[DT9AG�G K GTp>©m@ K S]DT9AUHU%9vS%=
§JG�@?BcL?B!@ K G]D��!@�§o£Gª§JGHG�@CB!G<\cOh9AGHU¨§Jjt9TS<DA9TGV\Q9TS�B¹§JzTSH9TGVGª§JjtW!EJ9Aj�9AB�U<W�=MS ^ =?E�§a\�=MU¨§J@CB�DTSH@�§JGHRT9 �H�Ûé��C��¦e�F�lp�� K =MB�U= K D��Q@�§o�Ï\Q9TG ^ =MEJ9 K S�G

(νi)i=1,...,m

L�B!@ K Gt=?EaEJ@CB!G ^ @�§aStEa9�S�RAG K EoU�=MUt= ^ 9AD�\!9 K �7jtRAU%�Q@u\!9AGTL\NO K BQ9}W�=?S|U
EF= ^ =?E�§a\�=MU¨§J@CB¢DTSH@�§JGHRT9MLQ9AU�\cOh= K U%SH9}W�=?S|U K B!9}jtRAU%�Q@u\!9r\cO�9TGHU¨§Jj�=MUG§a@CBtY�=?G�RA9}G K SEJ=Vj�§aB¦§JjÄ§JG�=MUG§a@CBt\cO K B#DAS¨§aU�zTSH9_9TjtW¦§JSª§ I�K 9?p
�H§JB!Gª§gL K B!9
jtRAU��!@[\!9�DAEF=?GHG¨§ I�K 9MLM9AB{9TG|UG§Jj�=MU¨§J@CB�B!@CBVW!=?S%=?jtRAU�S¨§ I[K 9?L DT@CBQG¨§JG|U%9 f 9TGHU¨§Jjt9TSD��!=?D K BQ9<\!9AGrEJ=?S��C9 K S�Gv\!9_;(9AB!�AU�S�9�W�=?S ^ =ME�§J\!=MUG§a@CB�DTSH@�§JGHRT9Mp��`= n � K S�9<¦upa§s�tB!@ K Gr\Q@CB!B!9yEJ9SHRTG K EaU%=MU*\ K W!SH@uDA9TG�G K Gw\!9_S�9ADs=?EJ=?�C9}9lUv\cOh9AGHU¨§Jj�=MUG§a@CB�\!9_EPOh9AG�W�RTS%=MB!DT9yGHU�S K DlU K SH9TEaEJ9

f ◦ φ−19AB K U¨§JEB§JG%=MB�UyEJ= ^ =?EB§J\�=eUG§J@?B�DTS�@«§JG�RA9?p`�.9��?S%=?W!�Q9�\!9AG�;(@CB!DlUG§a@CB!Gy9TG|UG§JjtRT9AG (
f̂i

)

i=1,...,m

� n £
� K S�9v¦[pa§��uL?9TB{�!= K UsL f \!S�@«§aU%9s�mB!@ K G�j�@?B�U�S�9 I�K 9*Ea9
D��!@�§ �V\Q9*EF= ^ =?EB§J\�=MU¨§J@CB�DTSH@�§JGHRT9
DA@Cjtj�9jtRAU��!@[\!9_\cO�9TGHU¨§Jj�=MUG§a@CB�W�@ K SvEJ9AG ^ =MEJ9 K S�G

(νi)i=1,...,m

L�BcOh9AGHUwW�=?Gw@CWQU¨§Jj�=?Egpu��B#9lkN9lUsL7§aEc9TG|USH9TDA@CB!B K�I[K 9�EJ= ^ =?E�§a\�=MUG§a@CBtDTS�@«§JG�RA9 f U%9TBQ\�=?B!DA9 f 9AGHU¨§Jjt9TS
EJ=<EF=?SH�C9 K S
\!9};(9TBQ�AU%SH9yW�=?S K BQ9U�S�@CWÏW�9AU¨§aU%9 ^ =?Ea9 K SAL�DT9 I�K §v=�W�@ K S{DT@?B!G�R I[K 9TB!DA9 \cOh= ^ @�§JS{\Q9TG¢9TG|UG§Jj�=MU¨§J@CB!G (
f̂i

)

i=1,...,mU�S�zAG}W!S�@[D��!9AG_\!9VB!@CG:\!@CB!B!RA9TGALc9AU_\Q@CB!DVW�=MG_=?G�GH9Âç{\!RAY!S K §aU%RA9TGAp.ç�9TDN§�9TG|Uyj�=MB¦§a;(9AGHU%9�\�=?BQGEJ= n � K S�9�¦upo§��Ã�(9TB¨��= K UsL f \!SH@�§aU�9��lp`8}=MB!GVB!@?U�S�9�DT@CB�U%9��[U%9?LmDT9AEF=#\QRAU%RAS¨§a@CS�9�EgO�9TGHU¨§Jj�=MUG§a@CB\Q9�B!@?Gr;(@CB!DlUG§a@CB!Gv\!9<\QRA;(@CSHj�=MU¨§J@CBNL!9AU:\!@CB!D�EgO�9TG|UG§Jj�=MU¨§J@CB�\!9�B!@?U�S�9y;(@CB!DAU¨§J@CB
f ◦ φ−1 � n £� K S�9v¦[pa§��uL?9TB¢Y�=MG��lpM�i§aB!G¨§PL?B!@ K G�S�9Aj�=?S I�K @CB!G I�K O¿§JEu9TGHU]WQE K G�§aB�U%RTSH9TGHG%=?B�Ud\!9
G K S�R ^ =ME K 9AS�EJ9TG^ =?Ea9 K SHG

(νi)i=1,...,m

LCW!E K UGù?U I[K 9w\Q9*EJ9TG�D��Q@�§JGª§JSiU�S�@CW{W�9AU¨§aU%9AGTp�ç�9AEF=_G�9*DA@CjtW!S�9AB!\t=«§JGHRTjt9TB�UsLW K §JG I[K 9VEgO�9TG|UG§Jj�=MU¨§J@CB©\!9TGr;(@CB!DAU¨§J@CBQG
(fi)i=1,...,m

9TGHU K UG§aE�§JGHRT9�WX@ K S:9AGHUG§aj�9AS:Ea9TGr;(@?B!DAU¨§J@CB!G\Q9:\!Rl;(@CS�j�=MUG§a@CBcL�9AU�B!@CB�W�=MG�W�@ K S
= ^ @�§JS K B!9}9AGHUG§aj�=eUG§J@?B�\!9AG�;(@CB!DlUG§a@CB!G
(fi)i=1,...,m

9AEJEJ9AG|£jt�Tjt9TGAp��i§aB!G¨§PL7§JE.GTOh=?��§oUv\!9�Y¦§J9AB�\!RAY!S K §oU%9ASrB!@?Gr\!@?B!B!RT9AGTL I�K §aU�9 f = ^ @�§aSw\Q9TG:9AGHU¨§Jj�=MUG§a@CB!G
(

f̂i

)

i=1,...,m

I�K §!GH@ K G¤£«9TG|UG§aj�9AB�U]EPO�=Mj�W!EB§aU K \!9�\Q9TG�;(@CB!DlUG§J@?B!G
(fi)i=1,...,m

p�qr@ K G�WX@ KQ^ @CBQGÐ§aDÂ§
DA@CB!DAE K SH9?L I�K 9?L[WX@ K S]DT9AU�9l�u9TjtW!Ea9?L�EF= ^ =?E�§a\�=MU¨§J@CB{DAS�@�§aG�RT9wB!9w\!@CB!BQ9:W�=?Gd\!9wYX@?B�S�RAG K EoU�=MU�GTp
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��B{9AkX9AUTLCEF= n � K S�9*¦upa§s�}B!@ K G�jt@CB�U%SH9 I�K O K B¢�CS%=?BQ\{B!@CjVY!SH9
\!9
;(@CBQDAUG§a@CB!Gm\!9*\!RA;(@?S�j�=MUG§a@CB9TG|Uwj�=?EN9TGHU¨§JjtRt� n � K S�9�¦upo§��QL�9AB#Y�=MGTL f ��= K D��!9s�
9AU I�K 9�EJ=V;(@CB!DAU¨§J@CB f ◦ φ−1 BcOh9AGHUw� K zAS�9jÄ§J9 K ��9TG|UG§aj�RA9 I[K 9�W!=?SvEF=Vjt@ �?9TB!BQ9�� n � K SH9<¦[pa§��uL!9TB©Y�=?GAL f \QS�@�§oU%9���p
¥rB!9_\Q9 K �r§JzAj�9:j�RlU%�!@[\!9}\cO�9TG|UG§aj�=MU¨§J@CB�\!9TG ^ =?Ea9 K SHG

(νi)i=1,...,m

DT@CB!Gª§JG|U%9 f D��!@«§JG¨§aS�Ea9TG^ =?EJ9 K S�G I�K §ujÄ§JB¹§JjÄ§JG�9AB�U K B{DTSª§aU%zAS�9�=?W!W!SH@CW!S¨§aR?pe8}=?BQG�DT9
DT=?GTL�§JE�9AGHU�R ^ §a\!9TB�U I�K 9�EJ9TGmDs=?EaD K EaGG�9AS�@CB�U�\cO�= K U�=?B�U�W!E K GÏ§JjtW�@CSHU%=?B�U%G©��9AB2U%9Aj�WQG�\!9©Ds=?EaD K Ewj�=?D��¦§JBQ9�� I�K 9 EJ9�B!@?jVY!S�9©\!9W�=?S�=?jtzAU%SH9TG f 9TG|UG§aj�9AS�GH9TS%=5§JjtWX@CS|U�=?B�UTp�� K GHG¨§gL[B!@ K G
D��!@�§aG¨§JGHG�@CBQGt§JDN§�\!9:BcO K U¨§JE�§aG�9AS I�K O K B!9G�9 K EJ9wEF=MS��C9 K S�\!9v;(9TB!�lU%S�9
ν
WX@ K S�B!@?G

m
;(@CB!DAU¨§J@CBQG (

f̂i

)

i=1,...,m

p��H§JB!Gª§gL�B!@ K G�SH9TjtW!EF=?>A@CB!GAL
\�=?BQGwEa9_W!S�@[DT9AG�G K Gr\Q9�SH9TDT=?EF=?�?9?L!EPOh9AGHUG§aj�=eUG§J@?B��g¦up�� ­ �dW�=?S

f̂i(tj) =

∑n
k=0 YikΦ

(

tk−tj
ν

)

∑n
k=0 Φ

(

tk−tj
ν

) ,

= ^ 9AD
ν ∈ R∗

+

p�8r9�W!E K GTL]EgO�9TG|UG§aj�=MU¨§J@CBÏ\!9
ν
\Q@�§aUt�AU�S�9#@CWQUG§aj�=MEJ9�W�@ K StEJ9©S�9ADs=?EJ=?�C9�\!9TGDT@ K S�Y�9TG

(fi)i=1,...,m

p�ª«Eb9AGHUr\!@CB!D�B�=MU K S�9AE`\Q9�D��!@«§JG¨§aSvEF= ^ =?EJ9 K Sv\!9
ν
I�K § ^ =¢jÄ§JB¦§aj�§aG�9TS�EJ9DTSª§aU�zTS�9

m
∑

i=1

n
∑

j=0

∣

∣

∣
f̂ i(tj)− f̂(tj)

∣

∣

∣
,

�P¦up�ðC�C�
G�@«§aU

ν̂ = arg min
ν∈L

m
∑

i=1

n
∑

j=0

∣

∣

∣
f̂ i(tj)− f̂(tj)

∣

∣

∣
,

= ^ 9AD
L
K B©9AB!G�9AjVY!Ea9�DA@CB ^ 9TB!=?Y!EJ9Aj�9AB�UrD��Q@�§JGª§gp!ª«DN§gL!B!@ K Gw= ^ @CB!GwD��!@�§aG¨§

L = { 5

1000
,

6

1000
, . . . ,

14

1000
,

15

1000
}.

8:@CBQD?L[EF=yW!S�@[DTRA\ K S�9r\cO�9TGHU¨§Jj�=MUG§a@CB¢\!9
ν̂
DT@?B!G¨§aGHU%9 f SHRTW�RAU%9AS�Ea9TGdDÂ§JB I RAU�=MWX9AG�\ K W!S�@[DT9AG�G K G\!9{SH9TDs=MEF=?�C9<WX@ K S}EJ9AG}\¦§akXRTSH9TB�U%9AG ^ =MEJ9 K S�G}\!9

ν ∈ L
LN9AU f D��!@�§aG¨§aS}EF= ^ =?Ea9 K S:j�§aB¦§JjÄ§JG�=?B�UEJ9#DTSª§aU%zAS�9Ã�g¦uphð��C��p
�b= n � K S�9�¦[pa§C§�B!@ K G�jt@CB�U%SH9�EJ9#S�RAG K EoU�=MU�\!9 DT9AG�Ds=?EaD K EaG�W�@ K S

ν ∈
{ 5

1000
, 6
1000

, . . . , 14
1000

, 15
1000

} p��b= ^ =?EJ9 K S*jÄ§JB¦§aj�=?Ea9r9AGHUr=MUHU%9Â§aB�U%9yWX@ K S ν̂ = 0.011
p

�b= n � K S�9�¦[pa§ ��B!@ K G<\!@CBQB!9�Ea9�SHRTG K EaU�=eU<\ K S�9TDT=?EF=M�C9¢\!9TG�DT@ K SHYX9AG
(fi)i=1,...,m

9AU�\!9EgO�9TG|UG§aj�=MU¨§J@CB#\!9
f ◦ φ−1 Lb= ^ 9AD�EPOh9AGHU¨§Jj�=MUG§a@CB \!9 ν � ν̂ = 0.011

p.�.9tSHRTG K EaU%=MU�\ K SH9TDT=?EF=?�?9\!9AGwDA@ K SHYX9AGr9lUv\!9yEgO�9TGHU¨§Jj�=MUG§a@CB�\!9
f ◦ φ−1 9TG|Ui§aDÂ§.=?GHG�9Nç�G�=MUG§aGH;�=«§aG%=?B�Usp
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Æ?Ë%ÊeÑ�Î«Ä�Ú�ÓJÄ�Å�ØsÊeÍNÉlÎ�ÑgÊeÍQÅ (

f̂i

)

i=1,...,m

É�Ð?ÓJÉlÇ[ÓJÔ�Ä�ÅtÒQÐ?Ë2�g¦[p � ­ ��ÚVÐ?Õ?Ä�É©ÓJÄ�Å#ÓoÐ?ËgÙ[ÄlÇ[Ë%Å Æ[Ä�ØsÄlÍNálÎ�Ë%Ä
(νi)i=1,...,m

Ä�ÅlÎ�Ñ�à�Ô�Ä�Å�ÒQÐ?Ë�ÕeÐ?Ó Ñ�Æ�Ð?Î�ÑgÊeÍ ÉlË%ÊeÑJÅ�Ô�ÄTâ�;�Í Ì�ÐeÅ�Ú � Ù�Ð?Ç�É�4�Ä�ÚtÓJÄ�ÅVØsÊeÍNÉlÎPÑgÊeÍQÅ~ÌTË�Ç[Ñ�×
Î«Ô�Ä�Å{Ë%Ä�É�Ð?ÓJÔ�Ä�Å�ÚrÉ�ÖÛÄ�ÅlÎP× � ×|Æ?Ñ�Ë%Ä{ÓJÄ�ÅrÒ�ÊeÑ�Í�Î(Å ( ˇφ ◦ h−1

i (tj),yij

)

i=1,...,m, j=0,...,n

ÚwÐ?Õ?Ä�É{ÓJÄ�Å{ÕeÐ?ÓJÄlÇ[Ë%Å
(

ˇφ ◦ h−1

i (tj)
)

i=1,...,m, j=0,...,n

Ä�ÅlÎPÑ�à�Ô�Ä�ÅdÒQÐ?Ë��g¦[p �?�C�<ÄlÎ�ÓJÄ�Å_Æ[ÊeÍ�ÍNÔ�Ä�Å
(yij)i=1,...,m, j=0,...,n

ÅlÑ�×
à{Ç[ÓJÔ�Ä�ÅwÒQÐ?Ëå�g¦up���`C�lâo;�Í¨Ì�ÐeÅ�Ú � Æ?Ë%ÊeÑ�Î¤Ä�Ú
ÓoÐyØsÊeÍNÉlÎ�ÑgÊeÍ

f
Þ ÄlÍ~ÎPËHÐ?Ñ�Î�Ò�ÓJÄlÑ�Í ß Ú
ÓoÐ�à�Êeä�ÄlÍ�ÍNÄ{Æ[Ä�ÅØsÊeÍNÉlÎ�ÑgÊeÍQÅ�Ë%Ä�É�Ð?ÓJÔ�Ä�Å Þ ÄlÍåÎPÑ�Ë%Ô�Å ß Ä�ÅlÎPÑ�à�Ô�ÄwÒQÐ?Ë��g¦[p�ðQ§��tÄlÎ*ÓoÐ©à�Êeä�ÄlÍ�ÍNÄ�Ê?ÌTÎ«ÄlÍ�Ç�Ä�ÅTÐ?ÍQÅ{Ð?Ó ÑoÙ?ÍNÄl×à�ÄlÍ�Î Þ ÄlÍ�Ò�ÊeÑ�Í�Î�Ñ�Ó�ÓJÔ�Å ß â
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1000

, 15
1000

} âbÂbÄ�à{Ñ�Í�Ñ�à{Ç[à Ä�ÅlÎ�Ð?ÎPÎ«ÄlÑ�Í�ÎbÒ�ÊeÇ[Ë ν̂ = 0.011
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� Æ?Ë�ÊeÑ�Î«Ä�Ú�ÓJÄ�Å�Ä�ÅlÎ�Ñ�àtÐ?ÎPÑgÊeÍQÅ (

f̂i

)

i=1,...,m

É�Ð?ÓJÉlÇuÓJÔ�Ä�ÅVÒQÐ?Ë2�g¦[p � ­ �%Ú<Ð?Õ?Ä�É�ÓJÄ�Å©ÓoÐ?ËPÙ[ÄlÇ[Ë%Å�Æ[Ä_ØsÄl×
ÍNálÎ�Ë%Ä

(νi)i=1,...,m

Î¤ÊeÇ[Î«Ä�Å�ÔgÙ�Ð?ÓJÄ�Å �
ν̂ = 0.011

âE;�ÍãÌ�ÐeÅ�Ú � Ù�Ð?Ç�É�4�Ä�ÚyÓJÄ�Å_ØsÊeÍNÉlÎ�ÑgÊeÍQÅ#ÌTË�Ç[Ñ�×
Î«Ô�Ä�Å{Ë%Ä�É�Ð?ÓJÔ�Ä�Å�ÚrÉ�ÖÛÄ�ÅlÎP× � ×|Æ?Ñ�Ë%Ä{ÓJÄ�ÅrÒ�ÊeÑ�Í�Î(Å ( ˇφ ◦ h−1

i (tj),yij

)

i=1,...,m, j=0,...,n

ÚwÐ?Õ?Ä�É{ÓJÄ�Å{ÕeÐ?ÓJÄlÇ[Ë%Å
(

ˇφ ◦ h−1

i (tj)
)

i=1,...,m, j=0,...,n

Ä�ÅlÎPÑ�à�Ô�Ä�ÅdÒQÐ?Ë��g¦[p �?�C�<ÄlÎ�ÓJÄ�Å_Æ[ÊeÍ�ÍNÔ�Ä�Å
(yij)i=1,...,m, j=0,...,n

ÅlÑ�×
à{Ç[ÓJÔ�Ä�ÅwÒQÐ?Ëå�g¦up���`C�lâo;�Í¨Ì�ÐeÅ�Ú � Æ?Ë%ÊeÑ�Î¤Ä�Ú
ÓoÐyØsÊeÍNÉlÎ�ÑgÊeÍ

f
Þ ÄlÍ~ÎPËHÐ?Ñ�Î�Ò�ÓJÄlÑ�Í ß Ú
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